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Recalling Poisson geometry (19th cent.)

Dynamics on R2n with position-momentum coordinates (qi, pi) and
Hamiltonian H ∈ C∞(R2n): the trajectory (qi,pi) satisfies

q′
i =

∂H

pi
, p′

i = −
∂H

qi
.

(F = mq′′ is recovered for H = p2

2m + V (q), with mass m, potential V .)

Poisson: it can be rewritten using the bracket, for f, g ∈ C∞(R2n),

{f, g} =
∑
i

(
∂f

∂pi

∂g

∂qi
− ∂g

∂pi

∂f

∂qi

)
simply as

q′
i = {H,qi}, p′

i = {H,pi}.

Moral: for H ∈ C∞(R2n), the vector field {H, } determines the dynamics.
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Recalling Poisson geometry (20th cent.)
Consider a smooth manifold M (instead of R2n), we want:

C∞(M)→ X(M)

f 7→ Xf

:= π(df),

(⋆)

depending on f up to a constant (i.e., df) and linearly ⇒ (2, 0)-tensor π,
Hamiltonian f preserved by its flow, π(df, df) = 0 ⇒ π ∈ X2(M),
‘time-independence of laws of physics’, ⇒ [π, π] = 0.

Definition

A Poisson structure is a bivector field π ∈ X2(M) such that [π, π] = 0.

(it gives a Poisson bracket {f, g}π := π(df, dg) satisfying the Jacobi identity)

[π, π] = 0 is equivalent to (⋆) being an algebra morphism

(C∞(M), { , }π)→ (X(M), [ , ])

X{f,g}π = [Xf , Xg].

[ , ] denotes the Schouten bracket, natural extension of the Lie bracket
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Poisson structures in geometry and algebra

Im(π : T ∗M → TM) ⊂ TM
is an integrable singular distribution

For α, β ∈ T ∗M ,
ω(π(α), π(β)) := π(α, β)

makes it into a symplectic foliation.

For non-degenerate ω ∈ Ω2(M),
ω symplectic←→ π := ω−1 Poisson.

(Poisson is generalized by Dirac)

Example:

π = z ∂x ∧ ∂y + x ∂y ∧ ∂z + y ∂z ∧ ∂x

For vector space V ,
linear Poisson ←→ Lie algebra

(V ∗, π)←→ (V, [ , ])
Given, for ι : V ∼= C∞lin(V ∗), by

{ιu, ιv}π = ι[u,v]

What geometry is encoded by symmetric bivector fields?

A non-degenerate

symmetric bivector field ϑ ∈ X2
sym(M) := Γ(Sym2 TM)

gives a (pseudo-)Riemannian metric g := ϑ−1.
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Integrability condition for a symmetric bivector field ϑ

Following the Poisson geometry approach, every ϑ ∈ X2
sym(M) gives

{f, g} := ϑ(df, dg),

grad: C∞(M)→ X(M)

f 7→ ϑ(df).

What integrability condition? Naively...

[ϑ, ϑ] = 0 is always true, and
Jacobi for { , } gives ϑ = 0,

grad: (C∞(M), { , })→ (X(M), [ , ])
being an algebra morphism gives ϑ = 0.

Behind the integrability condition of a skew-symmetric bivector field π lies
the exterior derivative, the ‘generator’ of Cartan calculus on Ω•(M).

We need some symmetric tools!
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Symmetric Cartan calculus
Moučka, R., Symmetric Cartan calculus, the
Patterson-Walker metric and symmetric
cohomology. arXiv:2501.12442.

exterior derivative d on
Ω•(M)

symmetric derivative ∇s on
Γ(Sym• T ∗M)

dψ = (r + 1) skew (∇ψ) ∇sφ = (r + 1) sym (∇φ)

canonical
depending on the choice of ∇, which we
can assume torsion-free (only option!)

We generate symmetric Cartan calculus by

Ls
X := [ιX ,∇s], ι[X,Y ]s := [Ls

X , ιY ].

The bracket is explicitly given by

[X,Y ]s = ∇XY +∇YX,

and extend it to the symmetric Schouten bracket [ , ]s on X•
sym(M).

Compare with: LX = [ιX , d]g and ι[X,Y ] = [LX , ιY ]g.
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Integrability condition for a pair (ϑ,∇)
π ∈ X2(M) Poisson structure

if [π, π] = 0.
Equivalently, algebra morphism

X{f,g}π = [Xf , Xg].

Definition: (ϑ,∇) is a sym-
metric Poisson structure if

[ϑ, ϑ]s = 0.

(((((((
Equivalently,

X{f,g} = [Xf , Xg]s.

(or, equivalently, ∇ϑ( )ϑ = 0)

For ϑ non-degenerate and g := ϑ−1,

(ϑ,∇) is symmetric Poisson

⇔
∇sg = 0,

i.e., g is a Killing 2-tensor for ∇.

(ϑ,∇) is strong symmetric Poisson

⇔

∇ is the Levi-Civita connection of g.

(all information contained in ϑ)
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Examples



The characteristic distribution and module

The characteristic distribution

Imϑ := {ϑ(ζ) | ζ ∈ T ∗M} ⊆ TM

The characteristic module

Fϑ := {ϑ(α) |α ∈ Ω1(M)} ⊆ X(M)

(ϑ,∇) is symmetric Poisson

⇒ Fϑ not necessarily Lie involutive,

but preserved by symmetric bracket,

[Fϑ,Fϑ]s ⊆ Fϑ.

(ϑ,∇) is strong symmetric Poisson

⇒ Fϑ is moreover Lie involutive,

so it yields a singular foliation,

[Fϑ,Fϑ] ⊆ Fϑ.

This motivates an a priori intermediate class


symmetric

Poisson structures

[ϑ, ϑ]s = 0

 ⊋


involutive symmetric
Poisson structures

[Fϑ,Fϑ] ⊆ Fϑ

 ⊃
?


strong symmetric
Poisson structures

∇ϑ( )ϑ = 0

 .
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Low-hanging fruits and first questions

When ϑ is regular (ϑ : T ∗M → TM of constant rank):

Imϑ geodesically invariant for ∇

(from control theory: if the speed of a geodesic is in Imϑ, all its speeds are in Imϑ).

If ϑ is moreover involutive:

the leaves are totally geodesic submanifolds

(a geodesic tangent to the leaf at a point stays tangent to it).

Is there any extra structure on the leaves/distribution?

What happens in the singular case?

What happens in the non-involutive case?



Low-hanging fruits and first questions
When ϑ is regular (ϑ : T ∗M → TM of constant rank):

Imϑ geodesically invariant for ∇

(from control theory: if the speed of a geodesic is in Imϑ, all its speeds are in Imϑ).

If ϑ is moreover involutive:

the leaves are totally geodesic submanifolds

(a geodesic tangent to the leaf at a point stays tangent to it).

Is there any extra structure on the leaves/distribution?

What happens in the singular case?

What happens in the non-involutive case?



Low-hanging fruits and first questions
When ϑ is regular (ϑ : T ∗M → TM of constant rank):

Imϑ geodesically invariant for ∇

(from control theory: if the speed of a geodesic is in Imϑ, all its speeds are in Imϑ).

If ϑ is moreover involutive:

the leaves are totally geodesic submanifolds

(a geodesic tangent to the leaf at a point stays tangent to it).

Is there any extra structure on the leaves/distribution?

What happens in the singular case?

What happens in the non-involutive case?



Low-hanging fruits and first questions
When ϑ is regular (ϑ : T ∗M → TM of constant rank):

Imϑ geodesically invariant for ∇

(from control theory: if the speed of a geodesic is in Imϑ, all its speeds are in Imϑ).

If ϑ is moreover involutive:

the leaves are totally geodesic submanifolds

(a geodesic tangent to the leaf at a point stays tangent to it).

Is there any extra structure on the leaves/distribution?

What happens in the singular case?

What happens in the non-involutive case?



Extra structure at each m ∈M :

Characteristic metric on Imϑm, for α, β ∈ T ∗M ,

gϑm(ϑ(α), ϑ(β)) := ϑ(α, β).

Generally,
speed squared of
ϑ-admissible
geodesics γ is
constant.

(that is, if there is a
curve a on T ∗M such
that ϑ ◦ a = γ̇)

Still a question:
what happens in
general?

On every leaf N of the foliation:

• leaf metric gN = ϑ−1
N ,

• torsion-free leaf connection ∇N ,

(ϑN ,∇N ) for strong,

non-degenerate ∇N = ∇LC,gN

Theorem 1. The leaves of the characteristic
partition of an involutive symmetric Poisson
structure, even if singular, are totally geodesic
and non-degenerate symmetric Poisson.
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What about dynamics? (sorry about the verbosity)

Recall skew-symmetry π(df, df) = 0 meant Hamiltonian f preserved.
Dynamics with this property for ϑ symmetric? Yes, if df is isotropic.

Another finding from symmetric Cartan calculus: the canonical symplectic
form dθ on T ∗M has a symmetric analogue, gPW := ∇s

θ, a metric of split
signature on T ∗M , defined on the 50s as the Patterson-Walker metric.

(g−1
PW ,∇LC) is a strong symmetric Poisson structure on T ∗M ,

for H ∈ C∞(T ∗M), we call the dynamics of {H, } Patterson-Walker
dynamics (parallel transport, gradient extension of dynamical system...)

Inspiration to define the notion of locally geodesically invariant, if the
speed of a geodesic is in Imϑ, all its speeds are locally in Imϑ, and prove:

Theorem 2. The characteristic distribution of a symmetric Poisson
structure (ϑ,∇) is locally geodesically invariant.
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A couple of high-hanging questions


symmetric

Poisson structures

[ϑ, ϑ]s = 0

 ⊋


involutive symmetric
Poisson structures

[Fϑ,Fϑ] ⊆ Fϑ

 ⊋


strong symmetric
Poisson structures

∇ϑ( )ϑ = 0

 .

Q1: can any involutive symmetric Poisson structure (ϑ,∇)
be made strong if we replace its connection?

Q2: are there singular non-involutive Poisson structures?
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Linear symmetric Poisson structures
Now M = V ∗ for a real finite-dimensional vector space V .

ϑ ∈ X2
sym(V

∗) is called linear if {C∞lin(V ∗), C∞lin(V ∗)} ⊆ C∞lin(V ∗).

ι : V ∼= C∞lin(V ∗), so ϑ equivalent to commutative · on V by {ιu, ιv} = ιu·v

[Burde,Fialowski’14] A commutative algebra (J , ·) is called
Jacobi-Jordan (Jordan of nil-index 3, Lie-Jordan, or mock-Lie algebras) if

u · (v · w) + v · (w · u) + w · (u · v) = 0.

V ∗ is naturally equipped with the Euclidean connection ∇Euc, we prove
linear symmetric
Poisson structures
(ϑ,∇Euc) on V ∗

 ∼←→


Jacobi-Jordan

algebra structures
· on V
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(A parenthesis: Koszul-Vinberg structures)

After our development, Prof. Sheng told us that pairs consisting of a flat
torsion-free connection ∇ and a symmetric bivector ϑ had been considered.

[Benayadi,Boucetta’19] introduced Koszul-Vinberg structures to describe
degenerations of pseudo-Hessian structures ((pseudo-)Riemannian metric
and flat torsion-free connection such that (∇Xg)(Y, Z) = (∇Y g)(X,Z)).
Associated foliation of pseudo-Hessian leaves, linear structures are
commutative associative. Sym. Poisson ∩ KV = Flat strong sym. Poisson.

We believe symmetric and strong symmetric Poisson structures offer a
more general and fundamental approach, rooted in symmetric Cartan
calculus and analogous to Poisson geometry.

Let me show you.
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The two-way relation with Jacobi-Jordan algebras

[BF’14]: Jacobi-Jordan algebras are associative if dimV ≤ 4

⇒ symmetric Poisson structures (ϑ,∇Euc) on V ∗ are strong if dimV ≤ 4.

dimV ϑ

leaf dim. leaf metric signatures

2

y ∂x ⊗ ∂x 0, 1 (1, 0), (0, 1)

3

z ∂x ⊗ ∂x 0, 1 (1, 0), (0, 1)

z (∂x ⊗ ∂x + ∂y ⊗ ∂y) 0, 2 (2, 0), (0, 2)

Geometric invariants can be defined for Jacobi-Jordan algebras.

It all looks very flat, but...
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Dimension 5
[BF’14]: Unique non-associative Jacobi-Jordan algebra for dimV = 5.

⇒ The normal form of a 5-dim linear non-strong sym. Poisson structure:

ϑ = x2 ∂x1 ⊗ ∂x1 + x5 ∂x1 ⊙ ∂x4 −
1

2
x3 ∂x1 ⊙ ∂x5 + x3 ∂x2 ⊙ ∂x4 .

Its characteristic module Fϑ is generated by

X1 := x2 ∂x1 + x5 ∂x4 −
1

2
x3 ∂x5 , X2 := x3 ∂x4 ,

X3 := x5 ∂x1 + x3 ∂x2 , X4 := x3 ∂x1 .

Only non-trivial bracket [X1, X3] =
1
2X4, so involutive & answer to Q1!

Dimensions of leaves: 0, 1, 2, 4 with signatures (1, 0), (0, 1), (1, 1), (2, 2).
For every leaf N , the leaf connection ∇N is the Euclidean connection.
Moreover, ∇N is the Levi-Civita connection of gN

, except on the
4-dimensional leaves (x3 = c, c ̸= 0),

where the scalar curvature of gN is

Rc = −
x2
c2
.
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Dimension 6

[BF’14]: There are exactly five non-associative Jacobi-Jordan algebras up
to isomorphism in dimension 6

⇒ Their symmetric bivector fields are

ϑ :=x2∂x1 ⊗ ∂x1 + x5∂x1 ⊙ ∂x3 + x6∂x1 ⊙ ∂x4 + x4∂x3 ⊗ ∂x3 − 1

2
x6∂x3 ⊙ ∂x5

ϑλ,µ :=x2∂x1 ⊗ ∂x1 − λx2∂x1 ⊙ ∂x3 + x5∂x1 ⊙ ∂x4 − 1

2
x6∂x1 ⊙ ∂x5 + x6∂x2 ⊙ ∂x4

+ µx6∂x3 ⊗ ∂x3 + λx6∂x3 ⊙ ∂x5

for λ, µ ∈ {0, 1}. Of these, we check that ϑ1,µ are not involutive.

So, (ϑ1,0,∇Euc) and (ϑ1,1,∇Euc) provide the first examples of singular
non-involutive symmetric Poisson structures. Answer to Q2.

Dimension 5 and 6 answer our two high-hanging questions.



Dimension 6

[BF’14]: There are exactly five non-associative Jacobi-Jordan algebras up
to isomorphism in dimension 6 ⇒ Their symmetric bivector fields are

ϑ :=x2∂x1 ⊗ ∂x1 + x5∂x1 ⊙ ∂x3 + x6∂x1 ⊙ ∂x4 + x4∂x3 ⊗ ∂x3 − 1

2
x6∂x3 ⊙ ∂x5

ϑλ,µ :=x2∂x1 ⊗ ∂x1 − λx2∂x1 ⊙ ∂x3 + x5∂x1 ⊙ ∂x4 − 1

2
x6∂x1 ⊙ ∂x5 + x6∂x2 ⊙ ∂x4

+ µx6∂x3 ⊗ ∂x3 + λx6∂x3 ⊙ ∂x5

for λ, µ ∈ {0, 1}.

Of these, we check that ϑ1,µ are not involutive.

So, (ϑ1,0,∇Euc) and (ϑ1,1,∇Euc) provide the first examples of singular
non-involutive symmetric Poisson structures. Answer to Q2.

Dimension 5 and 6 answer our two high-hanging questions.



Dimension 6

[BF’14]: There are exactly five non-associative Jacobi-Jordan algebras up
to isomorphism in dimension 6 ⇒ Their symmetric bivector fields are

ϑ :=x2∂x1 ⊗ ∂x1 + x5∂x1 ⊙ ∂x3 + x6∂x1 ⊙ ∂x4 + x4∂x3 ⊗ ∂x3 − 1

2
x6∂x3 ⊙ ∂x5

ϑλ,µ :=x2∂x1 ⊗ ∂x1 − λx2∂x1 ⊙ ∂x3 + x5∂x1 ⊙ ∂x4 − 1

2
x6∂x1 ⊙ ∂x5 + x6∂x2 ⊙ ∂x4

+ µx6∂x3 ⊗ ∂x3 + λx6∂x3 ⊙ ∂x5

for λ, µ ∈ {0, 1}. Of these, we check that ϑ1,µ are not involutive.

So, (ϑ1,0,∇Euc) and (ϑ1,1,∇Euc) provide the first examples of singular
non-involutive symmetric Poisson structures. Answer to Q2.

Dimension 5 and 6 answer our two high-hanging questions.



Dimension 6

[BF’14]: There are exactly five non-associative Jacobi-Jordan algebras up
to isomorphism in dimension 6 ⇒ Their symmetric bivector fields are

ϑ :=x2∂x1 ⊗ ∂x1 + x5∂x1 ⊙ ∂x3 + x6∂x1 ⊙ ∂x4 + x4∂x3 ⊗ ∂x3 − 1

2
x6∂x3 ⊙ ∂x5

ϑλ,µ :=x2∂x1 ⊗ ∂x1 − λx2∂x1 ⊙ ∂x3 + x5∂x1 ⊙ ∂x4 − 1

2
x6∂x1 ⊙ ∂x5 + x6∂x2 ⊙ ∂x4

+ µx6∂x3 ⊗ ∂x3 + λx6∂x3 ⊙ ∂x5

for λ, µ ∈ {0, 1}. Of these, we check that ϑ1,µ are not involutive.

So, (ϑ1,0,∇Euc) and (ϑ1,1,∇Euc) provide the first examples of singular
non-involutive symmetric Poisson structures. Answer to Q2.

Dimension 5 and 6 answer our two high-hanging questions.



Dimension 6

[BF’14]: There are exactly five non-associative Jacobi-Jordan algebras up
to isomorphism in dimension 6 ⇒ Their symmetric bivector fields are

ϑ :=x2∂x1 ⊗ ∂x1 + x5∂x1 ⊙ ∂x3 + x6∂x1 ⊙ ∂x4 + x4∂x3 ⊗ ∂x3 − 1

2
x6∂x3 ⊙ ∂x5

ϑλ,µ :=x2∂x1 ⊗ ∂x1 − λx2∂x1 ⊙ ∂x3 + x5∂x1 ⊙ ∂x4 − 1

2
x6∂x1 ⊙ ∂x5 + x6∂x2 ⊙ ∂x4

+ µx6∂x3 ⊗ ∂x3 + λx6∂x3 ⊙ ∂x5

for λ, µ ∈ {0, 1}. Of these, we check that ϑ1,µ are not involutive.

So, (ϑ1,0,∇Euc) and (ϑ1,1,∇Euc) provide the first examples of singular
non-involutive symmetric Poisson structures. Answer to Q2.

Dimension 5 and 6 answer our two high-hanging questions.



A few open questions

Does there exist a symmetric Poisson structure whose characteristic
distribution is locally geodesically invariant but not geodesically invariant?

Does there exists a distribution preserved by the symmetric bracket
that is not locally geodesically invariant?

Is there a splitting theorem for symmetric Poisson?

What about (pseudo-)Riemannian realizations?

To know more, and references,

Moučka, R. Symmetric Poisson geometry,
totally geodesic foliations and

Jacobi-Jordan algebras, arXiv:2508.15890.
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Moučka, R. Symmetric Poisson geometry,
totally geodesic foliations and

Jacobi-Jordan algebras, arXiv:2508.15890.

but before we finish...



A few open questions

Does there exist a symmetric Poisson structure whose characteristic
distribution is locally geodesically invariant but not geodesically invariant?

Does there exists a distribution preserved by the symmetric bracket
that is not locally geodesically invariant?

Is there a splitting theorem for symmetric Poisson?

What about (pseudo-)Riemannian realizations?

To know more, and references,
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Beyond symmetric Poisson

We mentioned ‘Poisson is generalized by Dirac’.

Is symmetric Poisson generalized by something?

Actually, I told you the story backwards, it all started there!

Symmetric Poisson structures are examples of Cn-Dirac structures,
the generalized geometry coming from the skew-symmetric pairing.

I hope I can tell you about it next time!
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Thank you for your attention!

RYC2020-030114-I

PID2022-137667NA-I00

CNS2024-154695

Slides will be available at
mat.uab.cat/gentle

mat.uab.cat/gentle

