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Abstract

In this article, we determine the automorphism group of all the quotient modular
curves of the modular curve Xy(pq), where p,q are two distinct primes. In obtaining
such results, we provide different insights to compute the automorphism group for any
quotient modular curve, which are very effective when the level of the curve is square-
free. In particular, in the case where the level of the quotient curve is non square-free,
we would mention that we present an unfamiliar automorphism of order 3 for the genus
4 curve X (25 - 11) defined over Q[v/5].

1 Introduction

Kenku and Momose in [KM88|, determined the automorphism group of all modular curves
Xo(N) with genus > 1, except for N = 63, which was solved by Elkies in |[Elk90], and N = 108
in [Harl4].

For the modular curve X (N) := Xo(N)/(wy), where wy denotes the Fricke involution,
in [BaHa03] Baker and Hasegawa determined the automorphism group when N is a prime.
When N is the square of a prime, the automorphism group of X (N) was studied in [Gon16].

Later Gonzélez and the first author in [BaGo21] determined the automorphism group for
the modular curves Xj(N) = Xo(N)/B(N), with N square-free, where B(NV) is the group of
the Atkin-Lehner involutions wy with d||N (i.e., d|N and (d, N/d) = 1) of the modular curve
Xo(N).

The present paper is the first in this direction, where we determine the automorphism group
for Xo(N)/Wy with Wy a non-trivial subgroup of B(/N) such that genus(Xo(N)/Wx) > 2 and
provide first insights to determine the automorphism group of Xj(N) with N a fixed non
square-free positive integer. In particular, we extend the results of [BaHa03] in the sense
that, as applications of the techniques presented, we determine the automorphism group of
Xo(N)/Wyx when N is a product of two different primes and Wy is any non-trivial subgroup of
B(N). Another generalization of the results of [BaHa03| and |Gon16| for the Cartan subgroups
can be found in the recent paper of Dose, Lido and Mercuri (cf. [DLM22]).

First, observe that B(N)/Wy is always a commutative subgroup of Aut(Xo(N)/Wy), the
automorphism group of Xo(N)/Wy. Following the case of Xy(NN), one can ask whether
B(N)/Wy will coincide with Aut(Xo(N)/Wy) for almost all N with 4 { N and 9 t N
(cf. [AtLe70, Theorem 8|, [KM88, Theorem 0.1], [BaGo21, Theorem 2] and [Lan01}, §3, Corol-
lary]). We call any u € Aut(Xo(N)/Wn)\(B(N)/Wy) anon Atkin-Lehner type automorphism
of the quotient modular curve Xo(N)/Wyx. In particular, if any u € Aut(Xo(N)/Wy) com-
mutes with an element w € B(N)/Wy, then it induces a non-trivial automorphism for the
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quotient curve Xo(N)/(Wy,w). Unfortunately, such commutative situation only works with-
out any problem in the case when the Q-decomposition on isogeny factors of the Jacobian of
Xo(N)/Wy has no repeated factors, see §3.

In general, if the Jacobian decomposition does not involve abelian varieties associated to
modular forms with complex multiplication, we can control the decomposition of the Jacobian
over a number field. Concretely, we know the smallest number field K where all automor-
phisms are defined ( §2) and control the repeated factors in the K-isogeny decomposition of
the Jacobian. Thus, in the case when repeated factors appear (under the assumption that no
CM modular form appears), we provide in §3 different results following ideas of Baker and
Hasegawa in [BaHa03| and of Gonzdlez and the first author in [BaGo20| and [BaGo21], in §4
following results by computing automorphisms via the canonical model (which is also known
as Petri’s model) as explained, and in §5 following ideas of Hasegawa in [Has97| and ad-hoc
results for particular quotient curves.

In particular, we derive

Theorem 1. Consider C' = Xo(N)/Wx a quotient modular curve of genus g]V\I,/N, write by gy
the genus of X;(N). Then Aut(Xo(N)/Wy) = B(N)/Wx in the following situations:

(i) (Corollary[23 in text) N is an odd square-free natural number such that the Jacobian de-
composition of C' over Q has no repeated factors with Gon(X§(N)) > 3 (where Gon(X§(N))
denotes the gonality of X;(N)) and satisfies gy~ > dg’y+(d—1)5, whered := |B(N)/Wy.

(ii) (Corollary[17 in text) N = Mp is a square-free natural number with p prime, and Wy =
(wg | d||M) such that g5, = 0 and g~ > 2.

(i1i) (Corollary 36 in text) N is square-free natural number with N > 645 and M|N with
Wy = B(M).

We remark that for a fixed square-free level N and subgroup Wy such that the Jacobian of
Xo(N)/Wy has no repeated factors in the Q-decomposition, it is computationally manageable
to compute its automorphism group as we indicate in §3 with few examples.

For levels that are products of two or three primes we can go further in general (results
corresponding to main results in §6 and §7 respectively).

Theorem 2. [Theorem[37, Theorem[3§ in text] Consider C = Xo(N)/Wx a quotient modular
curve with N = pq, where p,q are two different primes with gjv\‘,/N > 2 and Wy = (wq) with d|pq,
and denote the curve C by (N,d). Then Aut((N,d)) = B(N)/{wq) except for the following
quotient curves whose automorphism group is isomorphic to 7./27 x 7./27. where we have new
inwvolutions because they are hyperelliptic or bielliptic curves:

(57,57), (74,74), (77,77), (85, 85), (91,91), (111, 111), (143, 143)
(57.3), (58,29), (142, 71).

Theorem 3. Consider C = Xo(N)/Wyx a quotient modular curve with N = pqr, where p,q
and r are three different primes with gK,/N > 2.

(1) (Proposition |4 in text) Assume that g& = 0 and consider Wy = (wgp, w,), and denote
such quotient curve C' by (N;r). Then Aut(C) = B(N)/{wgp,, w,) except for

(102;2), (114:2), (138;2), (165; 11), (195; 3), (195: 5), (238; 2), (154; 2), (231;7), (285; 3), (286, 2),

where all such exceptions correspond to hyperelliptic or bielliptic curves, and in each case
the automorphism group is isomorphic to Z/27 x 7./ 27Z.
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(i) (Proposition[41]in text) Assume that gF = 0 and Wy = (wy,), then Aut(C) = B(N)/Wy.

(ii) (Proposition[{qin text) Assume Wy = (w,) or Wy = (wy, wg), then Aut(C') = B(N)/Wy,
except for the hyperelliptic or bielliptic curves: Xo(190)/(ws,w19), Xo(138)/(ws, was3) ,
Xo(130) /(we, wn3), Xo(114)/{ws, wie) and Xo(102)/({ws, wy7) with automorphism group
isomorphic to 7/27 X 7./ 27.

The proof of Theorem [1f(iii), Theorem 2]and Theorem [3|heavily depends on whether there is a
map between Aut(Xo(N)/Wy) and Aut(Xo(N)/(Wy,w)) for a certain Atkin-Lehner involution
w € B(N)\ Wy. We prove that such map exists for certain cases (cf. Theorem [34] for the
precise statement in a concrete situation).

Finally, for non-square free levels we derive some insights in §4, the more remarkable are:

Proposition 4. Consider the quotient curves Xo(p*q)/{w,r) and X§(p*q) with p, q two different
primes and k > 1 and assume that g;k = 0. Then

(1) (C’orollary in text) Any non-trivial automorphism of Xo(p*q)/(w) over Q different
from w, induces a non-trivial automorphism of X (p*q).

(i) (Lemmal[25 in text) Aut(X((275)) = Ss, where an element of order three is defined over
Q[V5], corresponding to a non Atkin-Lehner type automorphism of order 3.

All the codes to verify the computations in this paper can be found at https://github.
com/FrancescBars/Files-on-Automorphism-Quotient-Curves.

The paper is organized as follows: In §2] we discuss various techniques for computing the
field of definition of automorphisms of quotient modular curves. In §3] we discuss some initial
techniques to compute the automorphism group and prove Theorem [If(ii), Proposition [4(i).
In §3.1} we prove Theorem [I(i). In we discuss how to compute the automorphism group
by reduction modulo primes of good reduction and prove Proposition [4f(ii), Proposition [4(iii).
In §5 by studying the reduction at bad primes, we establish an exact sequence between the
automorphism groups of certain quotient modular curves and prove Theorem (iii). Finally, in
§6] we prove Theorem [2| and in §7] we prove Theorem [3]

2 On the field of definition of the automorphism group

In order to compute the automorphisms of a curve, we first need to decide what is the field
of definition of the automorphisms. The main objective of this section is to discuss how to
compute the field of definition of automorphisms of quotient modular curves.

As usual, for a smooth, proper curve X over a number field k£ we denote by Aut(X) the
automorphism group of X and by Auty(X) the automorphisms of X defined over k.

We first recall the following general results.

Lemma 5. [BaHa03, Lemma 2.1] Let X be a smooth proper and geometrically connected
algebraic curve of genus g > 2 over a field k, and let J(X) be its Jacobian variety over k. Then
Aut(X) ingects into End,(J(X)).

Theorem 6. [Rib75, Corollary 1.4] Let A be a semistable abelian variety over the rationals.
Then every endomorphism of A is defined over the rationals.
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Now assume that N is a natural number and let B(NN) denote the group of automorphisms
of Xo(N) generated by the Atkin-Lehner involutions. For any subgroup Wy < B(N), consider
the quotient modular curve Xo(N)/Wy. Clearly, we have a natural inclusion

B(N)/Wy < Auto(Xo(N)/Wh).

Furthermore, for a fixed number field K and w € B(N)/Wy, if w commutes with all elements
of Autg(Xo(N)/Wx), then we have an exact sequence:

1 = (w) = Aut (Xo(N)/Wy) = Aut g (Xo(N)/(Wy,w)).

We now study the automorphism group of quotient modular curves inside its Jacobian.
Recall that the Jacobian Jo(N) of Xo(IN) decomposes over Q as

N~ TI A I1 11 47 (2.1)

feNew /GQ M|N feNew s /G@
M<N

where ny is the number of positive divisors of % (for any field F', the notation ~p denotes
“isogenous over F”).

Let J)'¥(N) (vesp., Ji(N)) denote the Jacobian of the quotient curve X'~ (N) := X(N) /Wy
(resp., X§(N)). We have the Jacobian decomposition

BN~ I A I 11 A7 (2:2)

fENeWYVVN /Gq ]\]‘J/[L]X/' fENeWZN /Go

where 0 < my <ny and f € NeWVNVN (resp., f € NeWJ\VZN) means f € Newy (resp., f € Newy,)

such that flwy = f for all wy € Wy (resp., for all wy € Wy with d|M). Hence

End(Jy"(N)@Q= [] Kr-]] I Mo, (5. (2.3)
fENeW?N /Go ]\]\4453[\[ fENesz /Go

where Ky denote the totally real number field associated to f.

Proposition 7. [BaHa03, Proposition 2.4] Let X be an algebraic curve over Q of genus > 1.
If the Jacobian variety J(X) is semistable over Q, then every automorphism of X is defined
over Q. Furthermore, if End(Jac(X)) ® Q is a product of totally real fields, then Aut(X) is
an elementary abelian 2-group i.e Aut(X) = Z/2Z & --- ® Z/2Z.

When N is square-free, as consequences of Proposition [7|, we obtain the following results.

Theorem 8. ( [Rib75, Proposition 3.1]) For any square-free integer N, the Jacobian variety
Jo(N) is a semistable over Q. Consequently, Jy'¥(N) is also semistable over Q and every
automorphism of Xo(N)/Wy is defined over Q for any subgroup Wy < B(N).

Proof. Since N square-free, Jy(N) is semi-stable over Q by [Rib75, Proposition 3.1] (which
refers to [DeRa72, Theorem 6.9, DeRa-144]). Now the result follows from the fact that any
Q-isogeny factor of .J;'¥ (N) appears in Jy(N). O

Corollary 9 ( |[BaHa03|). Let N be a square-free integer and suppose the decomposition of
JOWN(N) over Q has no repeated factors (i.e., mg =1 for all f appearing in the product )
Then End(Jy'™ (N))®Q is a product of totally real fields, thus Aut(Xo(N)/Wy) is a 2-abelian
group. In particular if Wy = B(N), then Jég(N)(N) has no repeated factors, thus Aut(X;(N))
1s a 2-abelian group.



Proof. The endomorphism ring (tensored by Q) for each Q-isogeny factor A; of Jo(NN) (in
particular for J)'~ (N)) is a totally real number field (cf. [Rib80, (3.9), Theorem 5.1] or [MuPa08,
Corollary 4.2]). Now by Proposition 7] we conclude the first statement. Finally, JZY)(N) has
no repeated Q-isogeny factors by [BaHa03, before Corollary 2.6] (see |Rib80]). O

Therefore when N is square-free, every automorphism of Xo(N)/Wy is defined over Q, i.e.,
Autg(Xo(N) /W) = Aut(Xo(N)/Why).
On the other hand, for any arbitrary positive integer N there is an injective mapping

Aut(Xo(N)/Wy) = Endg(J3"™(N)) ® Q.

Moreover, we know the decomposition of Jéy N(N) over Q. The following proposition gives us
a criterion to check when the automorphisms of Xy(N)/Wy are defined over Q.

Proposition 10. ( /[BaGo020, Proposition 2.4, Remark 2.5]) Let A be a modular abelian variety
defined over Q such that A ~q [[iZ, A} for some f; € Newy,, where Ay, are pairwise non-
isogenous over Q. All endomorphisms of A are defined over Q if and only if, for every non
trivial quadratic Dirichlet character x, the newform f;Qx s different from any Galois conjugate
of fj for alli and j.

Moreover, for any quadratic Dirichlet character x attached to the quadratic number field
F = Q(VD), the abelian varieties As and Ay ® x are isogenous over F'.

Remark 11. Take Ay with f € Newys the Shimura abelian variety defined over Q associated
to a modular form f with dim(Az) > 1. A lot of authors studied the Q-decomposition of A;
as isogeny factors, see for example [Pyl04] and references therein. Recall that if f # [ ® x
for all x quadratic Dirichlet character (i.e. f has no CM), then Ay, in order to have a one
dimensional quotient, need to satisfy that a,(f)* € Z for any prime p, where a,(f) denotes the
p-th term of the q-expansion of the modular form f, see [Pyl04)].

The following result will be very useful for computing the field of definition of automorphisms
of a quotient modular curve.
Corollary 12. Write J;'V(N) ~q [, A;Lf”‘, and assume that each f; has no inner twist (i.e
fi® x # fl for any Dirichlet character x and Galois conjugate f! of f;). List all the quadratic
twists involving the different f;’s by f; @ xi; = f; (for i # j) with quadratic field K; ; associated
to xi;, and denote by K the composition of all K; ;. Then any u € Aut(Xo(N)/Wn) is defined
over K, thus Aut(Xo(N)/Wy) = Autg(Xo(N)/W).

Proof. Consider u € Aut(Xo(N)/Wy), then naturally u can be considered as an element of
End(J)"¥(N)). Tt is well-known that if f; does not have any inner twists, then the abelian
variety Ay, is simple over Q (if f; has no inner twists, then the twisting group of f; (as defined
in [MuPa08, Page 19] or [Rib80, Page 48]) is trivial, consequently, Endg(Ay,) is a field and
this forces that Ay, is simple over Q (cf. [MuPa08, Corollary 4.2 and the proof]).) Thus by
Proposition , we have Endg(Ay,) = Endg(Ay,). If Ay, and Ay, are isogenous over Q but not
over Q, then there exists a Dirichlet character y such that Ay, = Ay, ®x [BGGPO05, Proposition
4.2]. In particular, Ay, ~g, Ay (ie., Ay and Ay, are isogenous over Kj;;). Therefore the
automorphism w should keep Ay, invariant over K. Now the result follows from the fact that

the isogeny decomposition of ng N(N) remains the same for any extension of K in Q. O]



3 Insights on involutions of Xy(N)/Wy

In this section we discuss various techniques to compute the automorphisms of quotient modular
curves. Consider the quotient modular curve Xo(N)/Wy of genus gh”. Clearly, B(N)/Wy is
an abelian subgroup of Autg(Xo(N)/Wy) given only by involutions. Moreover, such involutions
are modular in the sense that they are obtained from the normalizer of (I'o(V), Wy ) in PSLy(R).

In the case when gK,/N > 3 and X(V)/Wy is not hyperelliptic, by Petri’s theorem we can
obtain the canonical model of this curve given by an explicit system of quadratic or cubic

equations in IP’QIVVVN_l which is easily computable. If there are no repeated factors (over Q) in
Jo"¥ (N), then any possible involution (over Q) can be computed as mentioned in [BaGol9, Page
2947]. Such procedure will cover all automorphism groups when N is square-free.

Recall that for a non-hyperelliptic curve X defined over C with genus g > 2, the image of
the canonical map X — P91 is the common zero locus of a set of homogeneous polynomials
of degree 2 and 3, when g > 3, or of a homogenous polynomial of degree 4, if g = 3.

More precisely, assume that X is defined over Q and choose a basis wy, - ,w, of Q% 10
For any integer ¢ > 2, let us denote by L; the QQ-vector space of homogeneous polynomials
Q € Qlxy,--- , 4] of degree i that satisty Q(wy, -+ ,w,) = 0. Of course, dim £; < dim £;44
because one has z; - Q) € L;1; for all @ € £; and for 1 < j <g.

If g =3, then dim £y = dim L3 = 0 and dim £y = 1. Any generator of £4 provides an
equation for X. On the other hand, for ¢ > 3, dim £y = (g — 2)(g — 3)/2 > 0 and a basis of
Lo @ L3 provides a system of equations for X. When X is neither trigonal nor a smooth plane
quintic (¢ = 6), it suffices to take a basis of Ls.

As before, assume that JOWN (N) 2 Aill X -XAZZ for some normalized eigenforms hq,--- , hy €
SyYN(N). These abelian varieties Ap, are simple and pairwise nonisogenous over Q and, any
automorphism u of Xy(N)/Wy defined over QQ leaves each Ai stable. In the case when N is
square-free and k; = 1 for all 4, any non trivial automorphism u of X(N)/Wy is an involution
defined over Q. Thus u acts on )y as the product by —1 or the identity.

Choose a basis {wy, - - ,wglvVVN} of Q%XO(N)/WN)/@ obtained as the ordered union of bases of

all Qf, .

A3 /Q

non-trivial automorphisms of Xo(N)/Wy are involutions defined over Q. An involution u of
. . * . 1 1 3

Xo(N)/Wy induces a linear map u* : €y vy wyyo — xo(v) w0 Sending (wr, - ,ngvVvN)

Assume that N is square-free, and k; = 1 for all 7. Under these assumptions all

to (eqwy, - - ,engwng) with g, = £1 for all i < g]V\I,/N and satisfy
N N
Q(e1xq, - - ,5ngxng) € L; for all Q € L; and for all i > 2. (3.1)
N N

The genus of the quotient curve Xo(N)/(Wy,u) is the cardinality of the set Z = {i: ¢; = 1}
and {w;} ez is a basis of the pullback of the regular differentials of the quotient curve. For any
linear map u* as above satisfying condition (3.1f), only one of the two maps £u* comes from an
involution of the curve, because we are assuming that X is non-hyperelliptic. Therefore, we can
determine the Automorphism group of non-hyperelliptic Xo(N)/Wy for N square-free, under
the assumption that its Jacobian decomposition over Q has no repeated factors. We present here
two such examples. The Mathematica codes to verify the following computations can be found
in \github.com/FrancescBars/Mathematica-files-on-Automorphism-Quotient-Curves.

For simplicity of notations, instead of writting a Q-isogeny Jacobian decomposition of
JYN(N) by [TA%, we will write it by > (dim(Ay,)a; )", where d; denotes the notation of
the modular form f; as in [LMFDB| when dim(Ay,) > 2, and d; denotes the Cremona level
(cf. [Cre]) of the elliptic curve corresponding to the modular form f; when dim(Ay,) = 1.
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Example 13. Consider the genus 5 quotient modular curve C := X(210)/(ws, w3, ws). Since
N = 210 s square-free, all automorphisms of C' are defined over Q. The Jacobian decomposition
of C over Q is given by

1E14a,1, + 1E350, 5, + 2105.2.00,15 + 1E2104, 14

and any automorphism of C acts as an automorphism on each factor as +1. Since C is non-
hyperelliptic, we consider the following canonical model of C in (z:y:z:t:s) € P

—1260s% — 1575t — 1815tz + 48022 + 1059ty + 15zy — 1179tz + 90022 — 135yz = 0,

—900s% — 9225t* — 3225tz + 2685ty + 11852y + 480y + 315tz + 54022 — 1305yz = 0,
—600s% + 2850t* — 1150tz + 790ty — 2102y — 2790tz + 360x2 — 30yz + 4802 = 0.

From the canonical model we can easily conclude that the only non-trivial automorphism of C'
is given by w; which acts as x <> —x, y <> —y, (z,t) <> (—z,—t) and s < s, implying that
Aut(C) = {id, wr}.

Example 14. Consider the genus 10 quotient modular curve C := Xy(210)/{we, wig, w1s).
Since N = 210 1is square-free, all automorphisms of C' are defined over Q. The Jacobian
decomposition of C' over Q is given by

1Eta,f, + 1E210,f, + 1E35a, 15 + 235200, + 1E1050, 15 + 2105.2.0.6,fs T 1E2104, /7 + 1E210e, 5

and any automorphism of C acts as an automorphism on each factor as +1. Since C is non-
hyperelliptic, by constructing a canonical model of C in (xy : ... : x19) € P? it can be easily
verified that all automorphism of C' corresponds to B(210)/(wes, w1o) = Z/27 x Z]27.

For the general case when N is not necessarily square-free (recall here that the automor-
phisms may not be defined over Q), if w € Aut(Xo(N)/Wy) commutes with B(N)/Wy then
it induces an automorphism of Xj(N).

Lemma 15. Let N be a positive integer and let Wy be a subgroup of B(N). Assume that
the Jacobian decomposition of Xo(N)/Wx over Q has no repeated factors. Then any w €
Autg(Xo(N)/Wn) \ (B(N)/Wy) induces a non-trivial automorphism of X§(N) defined over
Q.

Proof. Write Jg'¥ (N) ~g T[], As.. Note that Autg(Xo(N)/Wy) C [, Endg(Ay,). Since
the isomorphisms of each factor Endg(Ay,) ®Q correspond to a totally real field K; and the only
finite order elements in K; are {£1}, we obtain that Autg(Xo(N)/Wy) is an abelian 2-group.
Therefore any w € Autg(Xo(N)/Wn)\ (B(N)/Wy) commutes with all elements of B(N)/Wy.

Consequently, w induces a non-trivial involution of Xj(N). O

When N is square-free, by the work of the first author and Gonzalez, we know the structure
of the automorphism group of X§(N). More precisely, we have

Theorem 16. [BaGo21, Theorem 1,Theorem 2] Let N be a square-free integer such that the
curve X5 (N) has genus > 2 and it is not biellipti{]

Then, the group Aut(X;(N)) is non-trivial if and only if N = 366,645. In both cases, the
order of this group is 2 and the genus of the quotient curve by the non trivial involution is 2.

As a consequence of Lemma [I5] and Theorem [I6], we obtain the following result.

ie. N ¢ {178,183,246,249, 258, 290, 303, 318, 370, 430, 455, 510}.
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Corollary 17. Let N be a square-free positive integer and p be a prime such that (p, N) = 1
and gy = 0 Consider the concrete subgroup W := (wq | d||N) C B(Np), in particular,
(W, w,) = B(Np). If gX¥ > 2, then we have an ezact sequence

1 — (w,) = Aut(Xo(Np)/W) — Aut(X;(Np)).
Furthermore, if gy, > 2, then Aut(Xo(Np)/W) = {id,w,} for
Np ¢ {178,183, 246, 249, 258, 290, 303, 318, 366, 370, 430, 455, 510, 645}

Proof. Since N is square-free, all the automorphisms of Xo(N)/W and X§(N) are defined over
Q. Consider the Jacobian decomposition of Xo(N)/W over Q:

k
TV (Np) ~o [ AT, (3.2)
=1

where f; is a weight 2 newform of level [; with [;|Np and n; > 1 is an integer. If possible, let
p 1 l; for some i and let f; be a newform of level I; appearing in the Jacobian decomposition
. Let [; = Hle p; be the prime factorization of /;. By definition of W, we have w,, € W
for j = 1,...,k. Since f; appears in the Jacobian decomposition of J}V(Np), all wy, 1,8 (here
wp, 1, denotes the p;-th Atkin-Lehner operator acting on level [; and w,, denotes the p;-th
Atkin-Lehner operator acting on level Np) acts as +1 on f; (the £1 action of the Atkin-Lehner
involution wy, ;, acting on a modular form f; of level /; remains unchanged for all the liftings
of f; at level M1; with (M,[;) = 1, i.e. wp, v, acts exactly in the same way as w,,;, for each
lift of f; at level MI; [AtLe70]). By [BaGo20, Lemma 2.1,Proposition 2.2|, f; can be lifted to
a weight 2 cuspform for (I'o(V), B(N)) (since f; has level I; and N/I; is a product of distinct
primes coprime with [;, we can lift f; to an old form in I'o(/V) such that w; acts as 41 for each
prime ¢ with €|N/li, and wy at level N acts in the same way as wy;, at level [; for each prime ¢
dividing ;) . This contradicts the assumption that gx = 0.

Hence p|l; for all i. Consider a cuspform f; of level [; = pl’ appearing in the Jacobian
decomposition . Let I' = H;Zl q; be the prime decomposition of I’ Since w,, € W,
each Atkin-Lehner involution w,,;, acts as +1 on f; (the argument is similar as before ).
By |[BaGo20, Lemma 2.1, Proposition 2.2|, f; can be uniquely lifted to a weight 2 cuspform for
(Co(pN), W) (since f; has level [; = pl’ and N/I; is a product of distinct primes coprime with [;,
we can lift f; to an old form in I'g(Np) such that w, acts as +1 for each prime ¢ with ¢|N/I; and
wy, acts as +1 for each prime ¢; dividing ', thus such lift becomes a cuspform for (I'o(pV'), W),
furthermore such lift is unique up to multiple by constants when N is square-free (cf. loc.cit.)).
Therefore n; = 1 for all 4, i.e., the decomposition of JJY(Np) over Q has no repeated factors.
By Corollary [0f Aut(Xo(N)/W) is an abelian group. Now the first part follows from Lemma
15l

The second part follows from the first part and Theorem [16] O

We now discuss some criteria to compute the automorphism group of Xo(N)/Wx when N
is not necessarily square-free.

Lemma 18. Let K be a number field, N be a positive integer and Wy be a subgroup of B(N).
Assume that each wg € B(N)/Wyx acts as 1 on each repeated factor appearing in the Jacobian
decomposition of Xo(N) /Wy over K (where £ depends only on d and the repeated factor). Then
any w € Autg(Xo(N)/Wn) \ (B(N)/Wy) induces a non-trivial automorphism of X;(N) over
K.

2Recall that g3 = 0 for N in the list: 2, 3, 5, 6,7, 10,11, 13, 14, 15, 17, 19, 21, 22, 23, 26, 29, 30, 31, 33, 34,
35, 38, 39, 41, 42, 46, 47, 51, 55, 59, 62, 66, 69, 70, 71, 78, 87, 94, 95, 105, 110, 119.
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Proof. Take w € Autg(Xo(N)/Wy), then naturally w can be considered as an element of
Endg (J)N(N)). Let Jy¥(N) ~g [T:2, A7" be the decomposition of the Jacobian over K,
where the factors Ay,’s are pairwise non-isogenous over K. Then each A} remains stable
under the action of w. Since wy acts as £+1 on each repeated factor, we have that in each
factor w commutes with wy. Therefore w o wy = wy 0w in the group AutK(XO( )/Wx). Since
Xo(N)/Wxn — X§(N) is a Galois cover given by wy’s, we conclude that w induces a non-trivial
automorphism in Xj(N). O

Corollary 19. Let p,q be two distinct primes and k > 2 be an integer such that the genus
of X;(p) is zemﬂ Then any non-trivial w € Autg(Xo(p*q)/(wyr)) with w # w, induces a
non-trivial automorphism of X (p*q) over Q.

Moreover, assume that for any two non-Q-isogeny factors Ay, and Ay, of the Jacobian of
Xo(p*q)/(wyr) which are isogenous over Q, the involution w, acts as +1 on both factors or
exactly as -1 on both factors. Then, any non-trivial w € Aut(Xo(p*q)/{w,r)) with w # w,
induces a non-trivial automorphism of X (p*q).

Proof. We show that for any number field K, the Atkin-Lehner involution w, acts as =1 on
the repeated factors appearing in the Jacobian decomposition of Xo(p*q)/(w,r) over K. Then
the result follows from Lemma [I8

First consider the Jacobian decomposition over Q (we take K = Q).

Assume that a factor Ay, appears in such decomposition corresponding to a newform f; of
level [ with I|p*q. If ¢ 1 [, then by [BaGo20,, Lemma 2.1,Prop.2.2] we can lift f; to level p* which
is fixed by wx, this contradicts the assumption that g;k = 0. Therefore g|l, and write | = ¢p*
for some non-negative integer s.

The newform f; has level gp®. Let wys g (fi) = € - f; (recall that wys 4« denotes the p*-th
Atkin-Lehner operator on level ¢p®, and € = 1 when s = 0). Let Sy, be the vector subspace of
Sy (To(p*q)) generated by the k—s+1 linearly independent eigenforms { f(2), f(pz),..., f(p**2)}.
Then using the similar arguments as in the proof of [BaGo20, Proposition 2.2], we get that the
dimension ny, of the vector space S5 (To(pFq)) ) N Sy, is

(3.3)

k3

if k— siseven.

_{% if k— sis odd,

nf' - k—s+1—¢
2

In particular, this dimension encodes the number of repeated factors for Ay, at level pFq that
appears in the Jacobian decomposition of Xo(p*q)/(w,r). Also, note that if wg g« (fi) = 0y, fi
(recall that 8y, € {£1}), then for any g € Sy(To(pFq))™» N Sy, we have wy(g) = d5,g (ie.,
the action of w, on every element of Sy(I'o(pFq))™’ N Sy, is same as the action of wy s on
fi). Consequently, w, acts as 1 on the repeated factor corresponding to Ay, appearing in the
Jacobian decomposition of Xo(p*q)/({w,+). This concludes the proof for K = Q.

Consider now that Ay, and Ay non Q-isogeny factors that are isogenous over Q. By
[BGGPO5|, Proposition.4.2] they are isogenous in a quadratic twist in a quadratic number field
K by its Dirichlet character f; @ x = f;, but from the above argument, one has level gp** and
the other ¢p* and because the action of w, remains unchanged by hypothesis, we obtain the
result arguing as in the rational field case. O]

We give an example where we apply Corollary [19| to compute the automorphism group.

Example 20. We have Aut(X}(245)) = Aut(X(147)) = Z/27 and all the automorphisms
are defined over Q. Moreover, for p € {3,5}, Autg(Xo(49 - p)/(wag)) = (wy), and Aut(Xo(49 -

p)/{wag)) = Aulg/=7(Xo(49 - p)/{wao)).
*Recall g%, = 0 with k > 2 iff p* € {4,8,9,16,25,27, 32,49}
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Proof. First observe that X (72-3) is a hyperelliptic curve of genus 2 with the hyperelliptic invo-
lution defined over Q. The Jacobian decomposition is given by J(147) ~? 2147 904. The dimen-
sion two factor does not break into two elliptic curves in the algebraic closure (cf. [Pyl04]) and
the corresponding modular form does not have CM. Thus by Corollary [12] all automorphisms
of X}(7%-3) are defined over Q, and by Magma we see that the only non-trivial automorphism
over Q is the hyperelliptic involution. Hence Aut(Xg(7?-3)) = Z/27Z. On the other hand, the
curve X;(49-5) is bielliptic with bielliptic involution defined over Q (cf. |[BaGo20| Propositiom
5.1]). The Jacobian decompositions over Q of the curve is given by

Jr(245) ~Q 1Essa,f + 2245.2.0.e-

By a similar argument as previous, we get that all automorphisms of X(245) are defined
over @Q and one can easily check that (by constructing an explicit model using Petri’s theorem
as discussed earlier) the automorphism group is Z/2Z, given by the bielliptic involution(cf,
[BaGo21, Lemma 2]).

For the quotient curves X(147)/(ws) and X¢(245)/(wyg), the Q-decompositions of the
Jacobian are given by:

Jéw49>(147) ~Q 1E21a,g1 + 1E147b,g2 + 2147.2.a.d,gg=g + 21472&6794

Jéw4g>(245) ~0 1E35a,f1 T 235.2.00,f T 2245.2.0.¢,f3=h + 2245.2.a.f,f2 T 2245.2.0.h, 5 -

The cusp forms appearing in the above Jacobian decomposition have no inner twist, but h ®
Xo/=7 = fa and g ® Xqj/=7 = 94. Therefore, all the automorphisms of such quotient modular
curves are defined over Q[v/—7].

Observe that the operator w; acts on the Q-decomposition of Ji"*'(147) as follows: on the
dimension 2 factor corresponding to the modular form ¢ it acts as +1 and on the dimension
two factor corresponding to the modular form g4 it acts as —1. Thus the automorphisms
of Xo(147)/(w4e) defined over Q[v/—7] are not necessarily coming from an automorphism of
X;(147). A similar argument holds in the case 245.

Since gj, = 0, by Corollary , any (non-trivial) non Atkin-Lehner type automorphism
of Xo(245)/(w49) over Q maps to the bielliptic involution of X (245). Since the Jacobian
decomposition of X((245)/(wy9) over Q has no repeated factors, every element of the group
Autg(Xo(245)/(wyg)) is an involution. We need to check whether the bielliptic involution of
X;(245) lifts to an automorphism of Xo(245)/(wsg). If such lift exists, then it acts as +1
on E35a and -1 on 294594, (or vice-versa). Now using the canonical model it is easy to
check that no such lift is possible (the Mathematica files for verifying the computations can be
found in https://github.com/FrancescBars/Files-on-Automorphism-Quotient-Curves).
Therefore, Autg(Xo(245)/(wa9)) = {id,ws}. A similar argument holds for N = 147. O

3.1 N odd square-free and no repeated factors in JSV N(N)

In this section, we present a criterion to compute the automorphism group of quotient modular
curves of odd level.

Proposition 21. Let N be a square-free positive integer and W < B(N) such that Xo(N)/W is

non-hyperelliptic with g := g(Xo(N)/W') > 3 and that the Jacobian decomposition of Xo(N)/W

over Q has no repeated factors. If u is any non-trivial involution of Xo(N)/W, then u(oco) # co.
In particular, if u ¢ B(N)/W, then u(oco) is not a cusp.
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Proof. By Theorem [8] u is defined over Q and the eigenvalues of u on Sy((I'o(N), W)) are
+1. If all the eigenvalues are +1, then u = id on Xo(N)/W. On the other hand, if all the
eigenvalues are —1, then X(V)/W is hyperelliptic and u is the hyperelliptic involution.

Thus +1 and —1 both are eigenvalues of u. There are differentials wy,w, € H*(Xo(N)/W, Q1)
such that u*w; = wy and u*wy = —wy, which are normalized eigendifferentials under the action
of the Hecke algebra. The g-expansion at oo of wj; is of the form

Wi = ( Z Clmq]) _q’
j=1 1

where a;; = 1 for i € {1,2}.

This implies that w = w; 4+ wy does not vanish at co but u*w = w; — wy vanishes at oco. This
shows that u(co) # oco. This proves the first part.

Since N is square-free, the Atkin-Lehner involutions act transitively on the cusps. If u(o0)
is a cusp, then there exists w € B(NN)/W such that u(co) = w(o0), i.e., wu(oco) = co. By the
first part, we conclude that uw € B(N)/W. The result follows. O

Proposition 22. Assume that N is an odd square-free positive integer and W < B(N) such that
Xo(N)/W is non-hyperelliptic with g :== g(Xo(N)/W) > 3 and that the Jacobian decomposition
of Xo(N)/W over Q has no repeated factors. If w ¢ B(N)/W is a non-trivial involution of
Xo(N)/W, then the Q-gonality of Xo(N)/W is < 6.

Proof. Since u is defined over QQ, by Eichler-Shimura congruence we have
ul; = Tiu on Jac(Xo(N)/W), for any prime [ N. (3.4)
In particular, we have
uTy = Tou on Jac(Xo(N)/W). (3.5)

From Proposition we know that () = u(oo) is not a cusp. Let P € Yy(N) such that
mw (P) = u(00), where my is the natural projection mapping my : Xo(INV) = Xo(N)/W.
Since P is not a cusp, there exists an elliptic curve E defined over Q and an N-cyclic

subgroup Cy of E(Q) such that P = (E,Cy). If wg € W, then
wa(P) = (E/Caq, (Eld] + Cx)/Ca),

where Cy denotes the d-th cyclic subgroup of Cy, i.e., Cq = Cy N E|d].
Let S € Xo(N)/W be a non cuspidal point. Consider the divisor

Dg = (uTy — Thu)(oo — 5).
From (3.5)) we see that Dg is linearly equivalent to zero. If Dy is identically zero then
uTy(00) + Tou(S) = uT(S) + Tou(oco). (3.6)

Since all the points in the support of T(00) are cusps and all the points in the support of T5(S)
are noncuspidal, applying u to both sides of we see that there is no cancellation between
the points in the support of uTy(c0) and uTy(S). Therefore implies uTh(c0) = Thu(oo),
i.e., 3(Q) = T2(Q). Recall that

3

Q) =Y _mw((E/Gy, (Cy + Gy)/Gy)),

i=1
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where G;, 1 <1i < 3, are the 2-cyclic subgroups of E[2].

If 3(Q) = T5(Q), then each elliptic curve E/G; is isomorphic to E/C, for some d|N such that
wg € W. Therefore, E has CM by a quadratic order O of discriminant D with odd conductor.
Moreover, this property holds for all elliptic curves E/Cy with d|N such that wy € W and also
for all elliptic curves E/G,;.

From the proof of [BaGo21, Proposition 2|, we know that for every elliptic curve E with CM
by the order of discriminant D with odd conductor, there is at least a 2-subgroup G of E|[2] such
that the discriminant of the order End(E/G) has even conductor. Therefore T5(Q) # 3(Q),
i.e., Dg is not identically zero.

Since u(oo) is not a cusp, taking S = u(co), we see that Dg is a divisor of a non-constant
function which is difference of effective rational degree 6 divisors. Thus the Q-gonality of
Xo(N)/W is at most 6. O

As an immediate consequence of Proposition and Castelnuovo-Severi’s inequality, we
obtain the following result which will be helpful for computing the automorphism group of
quotient modular curves of higher genus.

Corollary 23. Assume that N is an odd square-free positive integer and W < B(N) such that
Gon(X§(N)) > 3 (where Gon(X§(N)) denotes the gonality of X;(N)) and that the Jacobian
decomposition of Xo(N)/W over Q has no repeated factors. Let g* (resp., g) denote the genus of
X3 (N) (resp., Xo(N)/W ) andd := |B(N)/W|. If g > d-g*+(d—1)-5, then Aut(Xo(N)/W) =
B(N)/W.

Proof. By Corollary [0 we have Aut(Xo(N)/W) = Z/2Z x --- x Z/2Z. Recall that there is
a degree d mapping f1 : Xo(N)/W — X} (N) defined over Q. By Proposition 22| (note that
the assumption Gon(XJ(N)) > 3 implies that Xo(N)/W is non-hyperelliptic and g > 3), if
u ¢ B(N)/W is any non trivial involution of Xy(N)/W, then the Q-gonality of Xo(N)/W is
< 6. Let fo : Xo(IN)/W — P! be a mapping of degree d’ < 6. If possible let f; and f, factor
through a common map f5 : Xo(N)/W — Y of degree > 1. Since f5 factors through f3, we
have Gon(Y') < 3. On the other hand since f; factors through f5, we have 3 < Gon(Xj(N)) <
Gon(Y'), which is a contradiction (the values of N such that Gon(Xj(N)) < 3 can be found
in [HaHa96] and [HaSh00]). Thus the mappings f1, fo do not factor through a common map.
By Castelnuovo-Severi’s inequality we must have

g < d-g(X3(645)) + (d—1)-5,

which is a contradiction. Thus Aut(Xy(N)/W) = B(N)/W. O
We now discuss an application of Corollary 23]

Corollary 24. Aut(Xy(645)/(ws, ws)) = (was).

Proof. Note that ¢g(Xo(645)/(ws,ws)) = 21, g(X;(645)) = 5, Gon(X§(645)) > 3 (cf. [HaShOO|
Theorem 1]) and the Jacobian decomposition of X,(645)/(ws,ws) over @ has no repeated
factors. Since g(X(645)/(ws, ws)) > 2¢g(X;(645)) + 5, by Corollary (with d = 2) we
conclude that Aut(Xo(645)/{ws, ws)) = B(645)/{ws, ws) = (wys). O

4 A computation bound for |Aut(Xy(N)/Wy)|

In this section we discuss how to compute the automorphism group by obtaining an explicitly
computable upper bound on it. Throughout the section we always assume that g(Xo(N)/Wy) >
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2. Recall that B(N)/Wyx < Aut(Xo(N)/Wy), moreover for p{ N we have an injective map
L Aut(Xo(N)/Wy) = Aut(Xo(N) /W),

where Xo(N)/Wy denote the reduction mod p of the curve Xo(N)/Wyx. More concretely, if we
consider all automorphisms of Xo(N)/Wyx defined over a number field K, then for each prime
p of K with p NZ = pZ (recall that p{ N), we have an injective map

LK - AutK(X()(N)/WN) — Aut@K/p(Xo(N)/WN).

The Magma code “XONQuotient (N, [WN])” gives a model for the quotient curve Xo(N)/Wy
over Q (here “WN” should be replaced by the integers d;’s such that wgy,’s generate Wy). In
many cases this model is a good model to study the mod p reduction for some prime p { N.
However, in some cases this built-in model is not good to study the mod p reduction for some
p1 N, in those cases, using Magma we construct a good model of Xy(N)/Wy. Then the Magma
code

“#Automorphisms (ChangeRing (XONQuotient (N, [WN]) ,GF(q)))”

computes the number of automorphisms of X, (N)/Wy modulo p over the finite field GF (¢ = p?)
for some prime p{ N and z € N. Thus we obtain an upper bound for |Aut(Xy(N)/Wx)| and if it
coincides with |B(N)/Wy/| then we obtain Aut(Xo(N)/Wy) = B(N)/Wy. By abuse notations
we denote Auty .(Xo(N)/Wn) by Autr . (Xo(N)/Wy).

Following the notations of §, suppose that the Jacobian decomposition of Xo(p*q)/(w,x)
is of the form > (dim(Ay,)q, r,)™. Since we are interested in the action of w, on the mod-
ular forms appearing the Jacobian decomposition, we write > (dim(Ay,)a, r,+,)" instead of
> (dim(Ay,)a, )™, where t; denotes the action of w, on the modular form f;.

We now discuss an interesting example.

Lemma 25. We have Aulo(X((275)) = Z/2Z, Aut(X(275)) = Autgz(X35(275)) = S;,
Autg(Xo(275) /wes) = {id, w11 }. Moreover, there is an exact sequence:

Proof. The Jacobian decomposition of X(275)/(wss) over Q is given by
Jé25)(275) ~® (1g11ag.-1)% + 1Essa.gs1 + 255200, 1 + LE2750.94.1+

1B2750,95,—1 + 2275.2.0.e,96,1 T 2275.2.0.f,97,—1 T 2275.2.a.h,g8,—1-

The cusp forms g;’s have only the inner twist gg ® Xgpg = s, and the quadratic twists
correspond to g2 ® Xgp 5 = 945 91 ® Xgpvz = 95 and g6 ® Xgqp 5 = 97- Therefore the automor-
phisms of X(275) and the automorphisms of X(275)/wss are defined over Q[v/5]. Moreover,
any non-trivial automorphism of X(275)/wqs which is not Atkin-Lehner type, induces a non-
trivial automorphism of X3(275) (cf. Corollary [19). By [BaGo20], we know that X;(275)
is bielliptic over Q and using Magma we see that the automorphism groups of X(275) and
X0(275) /was over Fy have exactly two elements. Thus Autg(Xo(275)/wes) = {id,wy;} and
Auto(X5(275)) = {id, biel} where biel is the bielliptic involution of X{j(275) (cf. [BaGo20, Proof
of Proposition 6.1]). Again, using Magma we see that the automorphism groups over Q[v/5]
of the curves Xo(275)/(wqs) and X(275) each have at most 6 elements. We prove that we do
have an order three automorphism over Q[v/5] for X(275) and the result follows.
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The Jacobian decomposition of X(275) over Q[v/5] is given by J:(275) ~ows Lissags T
2975.2.0.¢,9 a0d a canonical model over Q for X;(275) (following notations and techniques also
introduced in [BaGo20| or [BaGo21]) is given by

—24t + 32 + 5y + 6tz — 222 = 0,

135tx? + 384t%y — 19222y + 225ty* + 102t%2 + 122%2 — 96tyz + 20y 2 + 6t2° 4 32y2* = 0.

Now over Q[\/g], a non-trivial automorphism u acts on the decomposition 132 + 24, (up to
multiplication by —1) as follows: on 132 it acts by a 2 x 2 matrix and on 24 it acts as +1.

1 _V5
We take A = — ( 3 12|, A acting on (z,y) corresponding to 1ssq g, + lo754,9, and (z,¢)
25 2

invariant corresponding to 2,,. Such order three automorphism does not commute with the
bielliptic involution = <+ —z (keeping v, z, t invariant), thus the automorphism group of X (275)
is isomorphic to the symmetric group Ss.

Now apply Corollary [19| to conclude the result (recall that w;; acts as +1 on both go and

Ga). L]

Remark 26. For the automorphism of X;(25-p) or Xo(25 - p)/was with p =7 , p =13 and
p = 17 we make the following comments:

e N =175: The Jacobian decomposition of Xo(25 - 7)/waes over Q is given by

Jéw25>(175) ~Q L1E35a,£1,(wr=)—1 T 235.2.0.6,52,1 + 1E1750, 131 + 2175.2.0.,f4,—1 T 2175.2.0.1,5,—1

where each f; has no inner twists, and the only quadratic twist between them correspond to
f1®XQ[\/g} = f3 and f2®XQ[\/5] = f5. Therefore, all automorphisms of X{(175) are defined

over Q (the factors of Jéw25>(175) that remains in J§(175) are the ones with w; acting as
+1) and all automorphisms of Xo(175)/(was) are defined over Q[v/5] (cf. Corollary .
Now using Magma we see that Autg,(X5(175)) is trivial, therefore Aut(X;(175)) = {id}.
Because the action of wr is different in the repeated factors of the isogeny decomposition
over Q(v/5) of the curve Xo(175)/(wss), if such quotient curve has an automorphism,
then it may not descend to an automorphism of X§(175). Thus we need to deal directly
with the quotient curve Xo(175)/(wqs). Using Magma we get | Autr, (Xo(175)/(was))| = 2,
thus Autg(Xo(175)/(wes)) = {id, wr}. Moreover, |Auty, (Xo(175)/(wss))| = 6 with ¢ = p
for any prime p which splits in @[\/5] and q = p? for any prime p which remains inert in
Q[V/E], with p < 61 and pt35. Thus a study of an automorphism of order 8 over Q[v/5]
is needed for the genus 8 quotient curve Xo(175)/(was) as we did for level N = 275.

o Consider N = 325:
Jéw25>(325) ~? Tesantws=1 + 2652.0.ch2,1 + 265.2.a.643.1 + Lsosp a1 + 132sens 1+

1325¢,16,—1 + 2325.2.0.9,07,1 T+ 2325.2.a.h,h8,—1 + 2325.2.0.1,h9,—1

where each h; has no inner twist, and the quadratic twists correspond to hq @ Xqp /5 = hs,
ho ® Xq[vE = hz and hs ® Xq[vE = hg. The operator wys acts differently in each compo-
nent, thus we obtain that Autg(Xg(325)) = Aut(Xg(325)) and Autg/5(Xo(325)/was) =
Aut(Xo(325)/(was)). Now using Magma we see that Auty,(X;(325)) = {id} and we have
Autq(X;(325)) = {id}. Moreover, Autg(Xo(325)/(wss)) = {id, w13} by Corollary [19,
and using Magma we see that Autp,, (Xo(325)/(wes)) = Autp,,(Xo(325)/(wes)) = 6. It
remains to study whether there is an order 3 element in Aut(Xy(325)/{wss)), similar to
the case N = 175 and 275. We hope to resolve this issue in future work.
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o N =425:
Jéw25>(425) ~Q ((117a,j1,w17=71)2 + 185a,50,—1 + 285.2.0.b,43,1 T 285.2.a.c,j5,1F

14050551 + Lazsejo,1 + Lazsd jr1 + 24252.a.e,55,—1 + 2425.2.a.f.jo,~1 T D425.2.0.4,j10,—1

where each j; has no inner twist and there are the quadratic twists 71 @ x5 = J5, J3 @
X5 = Jo and jy ® x5 = js between them. Therefore all automorphisms of X;(425) and
X0(425)/(wys) are defined over Q[v/5]. Using Magma we see that |Autg, (X (425))| = 1,
hence Aut(Xj(425)) = {id}.

Remark 27. Continuing with Example the Q-decomposition of the Jacobian of Xo(49 -
p)/{wao) for p € {3,5,11,13,17} has isogeny factors over Q[v/=T], where w, is not acting with
the same sign in both isogeny factors. Thus all automorphisms of such quotient curves are
defined over Q[\/=T7| (if any automorphism is defined over Q[v/=7] but not over Q, then such
automorphism does not induce an automorphism for X;(49-p)), but for p = 11 or when we con-
sider X (49 -p) with p € {3,5,11,13,17}, the modular forms appearing in the Q-decomposition
of the Jacobian have no quadratic twists. Thus, in such cases all automorphisms are defined
over Q. Using Magma we get | Auty,(X5(49-p))| = 1 forp € {11,13,17}, thus Aut(X;(49-p)) =
{id} for such primes. Moreover, |Auty,(Xo(147)/(wa9))| = |Autr,(X0(245)/(w49))| = 2, thus
Aut g =7 (Xo(147) (wao)) = {id, w3} and Autg =) (Xo(245)/(wag)) = {id,ws}. Unfortu-
nately, for the other values of p, the genus of Xo(49 - p)/{wag) is big and we are not able
to get any conclusion using the current version of Magma (V2.27-7).

Lemma 28. Consider the curves Xo(160)/(wsa) and XF(160). Then, Aut(X;(160)) = Z /27 x
Z)2Z, generated by the bielliptic involution of X;(160) defined over Q(i) and an involution
defined over Q and we have an exact sequence:

1 — {id,ws} — Aut(Xo(160)/wss) — Aut(X;(160)).
Moreover, we have Autg(Xo(160)/(ws2)) = Z /27 x 7/ 27.

Proof. Observe that the genus 4 quotient curve X;(160) is non-hyperelliptic and it is bielliptic
over Q(4) (but not over Q) (cf. [BaGo20, Theorem 1.2]). The Jacobian decomposition of X (160)
over Q and Q(7) are given by:

Ji(160) ~¢ E20a® x E80b x E160a,

J5(160) ~qp (E20a)* x E160a.

Moreover, E20a and E160a have no inner twists. Thus all automorphisms of X(160) are
defined over Q(7). Observe that 7 is inert in Q(7), thus the order of the automorphism group of
X (160) is bounded by the order of Autg,, (X (160)). Using Magma we get |Autg,, (X;(160))| =
4 and |Auty,(X;(160))| = 2. Recall that the normalizer of I'g(160) in PSLy(Z) is strictly bigger
than (I'(160), B(160)) because 4]160 (cf. [AtLe70, Theorem 8]). In particular, it contains Sy =
( (1) 1{2 ) (which does not belong to (I'g(160), B(160))), and is well-known that V5 = Syws3259
commutes with ws and wss [BKS23, Proposition 4.15], thus induces a non-trivial automorphism
of X;(160) over Q. Therefore Autqg(XG(160)) = {id, Va} and Autqp)(X;(160)) = Z/27 x 7./ 27
by the bound on the order of automorphism group over finite fields.
Now the Q-isogeny decomposition of the Jacobian of X(160)/(wss) is:

(1520a.7, ) + (140a.£,)* + 1E80a.ss + Lesos.fs + L160a.ss + 2160.2.0.c.f65
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the corresponding modular forms have only the inner twist fs ® xqp = fs, and the quadratic
twists f1 @ xopu = fa and fo® xqpj = f3. Thus the automorphisms of X(160)/(wsz) are defined
over Q[i]. The factors 1goga,r, and lgsos r, (resp., 1gaoa,f, and lgsoq,f,) are non-isogenous over
Q but isogenous over Q(i), and ws acts as +1 (resp., —1) on both factors. By Corollary [19]
any non-trivial u € Aut(Xy(160)/(wss2)) with u # ws induces a non-trivial automorphism of
X;(160). This proved the first part.

Using Magma we see that |Autg, (Xo(160)/(wss2))| = 4. Hence the automorphism group of
X0(160)/(ws2) over Q is generated by ws and V4 (cf. [BKS23, Proposition 4.15]). O

Remark 29. Using the canonical model of X§(N), in [BaGo20, §2] (resp., in [BaGo21, Lemma
2]), the first author and Gonzdilez gave a methodology to check if X§(N) has a bielliptic invo-
lution over Q (resp., any involution over Q when N square-free). In general, to obtain all
automorphisms over Q we need to find all matrices of finite order in PGLyx (Q) which leaves
the canonical model (which is obtained using the cusp forms appearing in the Q-isogeny decom-
position of the Jacobian) invariant. Since we know the Q-isogeny decomposition of its Jacobian
and each isogeny factor remains invariant under the action of any automorphism, such matrices
can be obtained by blocks. For example, we know that J;(160) ~g E20a* x F80b x E160a. In
order to obtain an automorphism of X;(160) over Q, it suffices to compute a matriz of the form
A
+1 with A € GLy(Q), which fizes the canonical model of X;(160) in 4 variables
+1

4x4
X1, Ta, T3, Ta, where x1, o correspond to E20a%, x5 corresponds to E80b, and x4 corresponds to

FE160a (we denote the corresponding automorphism by A x £1 x £1).

5 On automorphisms group for square free N = Mg by
reduction modulo ¢

Let N = gM, where M is a positive integer and ¢ is a prime such that ¢ t+ M. For any subgroup
Wy of B(N), if u € Aut(Xo(N)/Wy) commutes with all wy € B(N) \ Wy, then u induces
a non-trivial automorphism on X§(N). By [BaGo20], we know the structure of the group
Aut(X§(N)) when N is square-free.

By Deligne-Rapaport [DeRa72], the reduction modulo ¢ of Xo(g- M) consists of two copies Z
and Z' of Xo(M) over F, which intersects transversally at the supersingular points on Xo(M).
The Atkin-Lehner involution wy with d|N acts on Xy(/N) modulo ¢ as follows:

(i) if ¢ { d, then w, fixes each component Z and Z’ and it acts in characteristic ¢ in the
same way as in characteristic zero. Note that in this case, wy still acts as an involution on
Xo(M) and the image wq(P) of a point P is supersingular if and only if P is supersingular
on Xo(M). Therefore a point on Xo(M)/(w,) is supersingular if and only if its preimage
under the quotient map is supersingular on Xy(M) (recall that a point on a quotient
curve Xo(M)/W is supersingular if the underlying elliptic curve is supersingular).

(ii) if g|d, then w, interchanges Z and Z'. In particular, if wy = w, then w, fixes each F, -
rational supersingular point while it exchanges each properly g .-rational supersingular
points to its conjugate.

Now consider a subgroup Wy < B(N) generated by certain Atkin-Lehner involutions. If Wy
is generated by wg’s with ¢ t d, then Xo(N)/Wx mod ¢ consists of two copies Z and Z’ of
Xo(M)/Wy over F,, meeting transversally at the supersingular points on Xo(M)/Wy (note
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that the assumption on Wy implies Wy < B(N) N B(M)). On the other hand, if wy € Wy
such that ¢|d, then X,(N)/Wy mod ¢ consists of only one component Z", where Z" is some
quotient of Xo(M) (cf. |[Has97| and [FuHa99] for more details).

Lemma 30. Let N = gM, where M is a positive integer and q is a prime such that gt M. For
any subgroup Wy of B(gM) such that (q,d) = 1 for all wg € Wy, the number of intersection
points for the two components Z and Z' of Xo(M)/Wx modulo q is equal to:

14 g(Xo(N)/ W) =2 g(Xo(M)/Why).
Moreover, all the points in Z N Z" are F 2-rational.

Proof. By the specialization principle, the arithmetic genus of Z+ 7' is equal to g(Xo(N)/Wy).
Moreover, we have the following relation

L+ pa(Z+ 2" =pa(Z) +pa(Z)+ Z - Z' = g(Xo(M) /W) + g(Xo(M)/Wx)+ Z - Z',

where p, denotes the arithmetic genus. Since Z and Z’ intersect transversally, Z - Z’ is exactly
the number of intersection points of Z and Z’ (which is also equal to the number of supersingular
points on Xo(M)/Wy mod q). Therefore

Z-2' = 42027 =1+ g(Xo(N)/Wy) — 2 g(Xo(M)/Wy).

This proves the first part. Recall that the set Z N Z’ contains only the supersingular points on
Xo(M)/Wy in characteristic ¢, and a point on Xo(M)/Wy is supersingular if and only if its
preimage is supersingular on Xo(M ). Since the supersingular points on Xo(M) in characteristic
q are F-rational, all the points in Z N Z" are Fz-rational. O

Lemma 31. Let N = qM, where M is a square-free positive integer and q is a prime such that
q1 M. Suppose Wy is a subgroup of B(¢gM) such that (q,d) = 1 for all wy € Wy . For any u €
Aut(Xo(N)/Wi)\{id}, consider the automorphism v := uowgou " ow, " € Aut(Xo(N)/Wy).
If n denotes the order of v, then we have

9(Xo(N)/Wx) =1 = n(g(Xo(N)/Wx) — 1 = 29(Xo(M)/Wy)). (5.1)

Proof. Recall that Xo(N)/Wyx mod q is Z + Z' where Z and Z’ isomorphic to Xo(M)/Wy
mod ¢. Since u either fixes or swaps Z and Z’, v mod ¢ fixes both Z and Z’. Thus v mod g¢
can be thought as an automorphism on X, (M)/Wy mod ¢. Since u is rational and w, acts as
Frobenius on Z N Z’, v fixes every point in Z N Z' (recall that every point in Z N Z’ is Fe-
rational). Therefore v mod ¢ induces an automorphism of order n on Z = Xo(M)/Wy mod ¢
which fixes every point in ZNZ'. Since #ZNZ" =1+ g(Xo(N)/Wn) —2- g(Xo(M)/Wn) (cf.
Lemma , by Riemann Hurwitz formula we obtain

29(Xo(M)/Wx) =2 2 n(2g —2) + (n — (1 + g(Xo(N) /W) = 2- g(Xo(M)/Wy))  (5.2)
> =2n+ (n = 1)1+ g(Xo(N)/Wy) = 2- g(Xo(M)/Wn)), (5.3)

where g denotes the genus of Z/v. In particular, we have

9(Xo(N)/Wx) =1 2> n(g(Xo(N)/Wy) =1 —29(Xo(M)/Wh)). (5.4)
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Corollary 32. Let M, q, N,Wy,u,v and n be as in Lemma. Ifn =1 forallu € Aut(Xo(N)/Wn)\
{id}, then we have an exact sequence:

1 = (wy) = Aut(Xo(N = q¢M) /W) — Aut(Xo(N)/(Wn,w,)).

Proof. Supposen = 1forall u € Aut(Xo(N)/Wy)\{id}, then uow, = wyou on Aut(Xo(N)/Wn).
Thus u € Aut(Xo(N)/(Wn,w,)) and there is a natural mapping

g+ Aut(Xo(N)/Wy) — Aut(Xo(N) (W, w,)).

Now to prove the corollary it suffices to prove that ker(yp,) = (w,). Let u € Aut(Xo(N)/ W)
such that v = id on Aut(Xo(N)/(Wn,w,)). Consider a non-trivial element u € Aut(Xo(N)/Wy)
such that u # w,. Since automorphisms u, w, ' ou € Aut(Xo(N)/Wy) have finitely many fixed
points on Xo(N)/Wy, there exists P € Xo(NN)/Wy such that u(P) & {P,w,(P)}. Therefore
u # id on Xo(N)/(Wn,w,) and we conclude that ker(¢,) = (w,). O

Lemma 33. Suppose M > 2 is a square-free integer and q is a prime such that (¢, M) = 1. For
any d||M, let v(M,d) (resp., v(¢M,d)) denote the number of fized points of the Atkin-Lehner
involution wq on Xo(M) (resp., Xo(¢M)). Then we have

2u(M,d) — v(gM,d) > 0. (5.5)
Proof. For any square-free positive integer N and d||N, we have

v(N,d) = (T] er() ) n(—1a) + {(pr; ex(p) Jh(~d) if 4 <d =3 (mod 4)

0, otherwise

N {Hpv; (1+(5)) ifa=2

0, otherwise

+ {Hm@f (1+ (‘73)) if d =3

0, otherwise,

N
plg

where, for 1 = 1,2
14 *Tfl), ifp#2,d=3 (mod 4)
d

¢ip) = i, %)’ifzﬁég,dii% (mod 4),

@) 1, ifd=1 (mod4) and 2||N
c1(2) =
! 2, if d=3 (mod 4) and 2||N
—d
2(2) == 1+ (7> itd=3 (mod 4).
In particular for any d||M, it is easy to see that

(2 = c2(q))h(—d) HM% c2(p),
20(M,d) — v(qgM,d) = (2 = c1(q)h(—4d) [] e1(p)+ if4<d=3 (mod 4)

M .
pl 0, otherwise

4 {<1_ (5) My (14 (54)), it =2

0, otherwise

+ {<1_ () My (14 (5)) i a=3

0, otherwise.
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Since ¢;(q) < 2, we always have 2v(M,d) — v(qM,d) > 0. The result follows. O
We are now ready to prove the main theorem of this section.

Theorem 34. Suppose M > 2 is a square-free integer and q is a prime such that (¢, M) = 1.
Let W be any subgroup of B(qM) such that (q,d) =1 for all wg € W and g(Xo(gM)/W) > 2.
Then there is an exact sequence

1 = (wy) — Aut(Xo(gM) /W) — Aut(Xo(gM)/ (W, w,)).

Proof. We follow the approach of [Ogg77, Hilfsatz 11]. Observe that by assumption on W, we
have W C B(qM) N B(M). For simplicity of notations, we denote Z=Xy(M)/W (mod q) by
Xo(M)/W. Let u € Aut(Xo(gM)/W)\{id}, and consider the automorphism v := wow,ou ' o

w;l on Xo(gM)/W. From the proof of Lemma , we see that v induces an automorphism

on Xo(M)/W, and it fixes at least 1+ g(Xo(¢M)/W) — 2 g(Xo(M)/W) points over Fp2. If n
denotes the order of v, then by Lemma we have

29(Xo(M)/W) =2 2n(29 —2) + (n — 1)(1 + g(Xo(qgM)/W) — 2 g(Xo(M)/W))  (5.6)

> —2n+ (n— 1)(1+ g(Xo(gM)/W) — 2 g(Xo(M)/W), (5.7)

where g denotes the genus of Z/v. In particular we have
9(Xo(gM)/W) =1 = n(g(Xo(qgM)/W) =1 = 29(Xo(M)/W)). (5-8)

We show that n = 1. This implies v = id, i.e., w, commutes with « and the result follows.
Note that if Aut(Xo(¢M)/W) is commutative, then we automatically have n = 1.
Let |W| = 2°. Recall that

9(Xolad)/W) = 7 (20(X0(aM) — 2+ 27 = 3 vgM,d)) and,  (59)
9X(M)/W) = o (2006 (M) — 2427 = 37 w(i0,a)), (5.10)

where v(M, d) (resp., v(qM,d)) denote the number of fixed points of the Atkin-Lehner involu-
tion wy on Xo(M) (resp., Xo(gM)).
For any square-free positive integer N, the genus of Xy(N) is given by

Y(N) . fi—a(NN) . p—3(IV) _ornl < 4 M _grn-l

Xo(N)) =1 A1
where
y(N)=]]p+1)
pIN
—m
wemN) =TT (1 n (-)) for m € {3,4},
P
pIN
and ry denotes the number of distinct prime divisors of V.
Recall that for any wq € B(¢M) N B(M), from Lemma [33 we have
2v(M,d) — v(gM,d) > 0. (5.12)
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Combining (5.9), (5.10), (5.11)) and (5.12), we get

9(Xo(qgM)/W) =1 = 2g(Xo(M)/W)

= oot (200X0(aM)) +2 - 27 — 4g(Xo(M)) + 3 (2w(M,d) — vlaM, d)))

b (2 (e (1 ()0 ()l

+ > (2v(M,d) - v(gM, d)))

wageW

ie.,

o(Xo(ah)/W) ~ 1~ 2900/ W) 2 (2 1 (- )P (s
On the other hand, from . and - we obtain
o(Xo(aM)/W) ~1 < o1 (200%0(aa) ~2) < L(UBD o) sy

We now compute the values of the triple (¢, M, W) such that g(Xo(¢M)/W)—1-29(Xo(M)/W) <
0.

If g(Xo(gM)/W) —1—2g(Xo(M)/W) <0, then from (5.13]) we have

(q_ ) ( ) S s+1 S 21“M+1’ (515>
12
where ), denotes the number of distinct prime divisors of M.
If possible let ry; > 4. Since ¢ > 2 and M > 2, from ([5.15]) we get

3.4.6-8. 84 (M)

< —1)—= <
5 <(q )12 <

27”M+1 < 27”M+1’
which is a contradiction. Therefore, we must have r; < 3. Using this bound, from (5.15]) we

obtain
(¢ = DyY(M) <12-2' =192, (5.16)

Since ¢ > 2, M > 2 and M < (M), from ([5.16) it is easy to see that ¢ < 64 and M < 192.
Furthermore, for 2 < ¢ < 64 and 2 < M < 192 with ¢ 1 M, using MAGMA we get
9(Xo(gM)/W) —1 —2g(Xo(M)/W) <0 if and only if

(Q7 Mv W) € SO = {(27 15’ <w3>)7 (27 21a <w7>)7 (27 33a <w3>)7 (27 35a <w7>)7 (37 14a <w2>>}

Therefore, we conclude that g(Xo(¢M)/W)—1—-2g(Xo(M)/W) < 0if and only if (¢, M, W) €
S().

For (¢, M,W) € Sy, using MAGMA, we see that |Autr,(Xo(¢M)/W)| = 4 for some prime
p 1 qM (choose the primes p = 7,11, 5, 3,5 respectively). Hence the group Autg(Xo(¢gM)/W)
is commutative for (¢, M, W) € Sy. Consequently, for such values of (¢, M, W) we must have
v=1d,ie,n=1.

From now on we assume that

(C], M, W) Q {(2a 15, <’LU3>), (2a 21, <’LU7>), (2a 33, <’LU3>), (2’ 35, <w7>>7 (3a 14, <w2>)}
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For such values of ¢, M and W we have g(Xo(¢M)/W) —1 —29(Xo(M)/W) > 0.

We now study the validity of . Here, the main idea is that we show the inequality
does not hold when some parameters are too large.

Case I: ¢ > 5.

First consider the case ¢ > 5. If possible let n > 2 for ¢ > 5. From (5.8), we have

9(Xo(gM)/W) =1 = 2(g9(Xo(¢M)/W) — 1 = 29(Xo(M)/W)). (5.17)

Combining (5.17)), (5.13) and (5.14)), we get

Q/J(QM) ) @/)(M)
— ™M > _DF 2(¢g — 1)——=. 1
D > 20 -1 (5.18)
Simplifying we get (recall that s < ry)
M
0< (q—&% < 25%2 _orw < 3. 9mm, (5.19)
If possible let 3, > 4. Since g > 5, from ([5.19) we obtain
12-3.2H < 2.3.4.6-8 (12)™ 4 < (q—3)(M) < 12-3- 2™, (5.20)

which is a contradiction. Therefore ry; < 3.
Since ¢ > 5 and 1y < 3, from ((5.19)) we get

OM < (q—3)W(M)<12-3-8, ie., M < 144.
On the other hand, since (M) > 3 and r; < 3, from (5.19)) we obtain
(g—3)-3<(q—3)(M)<12-3-8, ie. g < 99. (5.21)

Using MAGMA, we conclude that for prime 5 < ¢ < 99, r)y < 3 and 2 < M < 144 (recall that
9(Xo(gM)/W) > 2), the inequality is satisfied if and only if (¢, M, W) = (5, 14, (w.)).

Therefore, for ¢ > 5 and (¢, M, W) # (5,14, (ws)), we must have n = 1, i.e., w, commutes
with wu.

Now consider the curve Xo(5 - 14)/(ws). Clearly, (ws, w7) € Aut(Xo(5 - 14)/(ws)). Using
MAGMA, we see that # Autp, (Xo(5 - 14)/{ws)) = 4. Hence Aut(Xo(5 - 14)/{ws)) = (ws, wy), i.e.,
Aut(Xo(5 - 14)/(ws)) is commutative. Consequently, in this case we have n = 1.

Therefore, in the case ¢ > 5 and M > 2, we conclude that n = 1, i.e., w, commutes with u
and the result follows.

Case II: ¢ € {2,3} and n > 4.

Now assume that ¢ € {2,3}. If possible let n > 4. Then we have

9(Xo(gM)/W) =1 > 4(g(Xo(qM)/W) =1 = 29(Xo(M)/W)). (5.22)

Combining (5.22)), (5.13)) and (5.14)) we get

(3¢ — 5)% <23 _9rm < 7L 9 (5.23)

If rpy > 4, then from (5.23)) we have

72T <

3.6-8-12- (14)m—4
(14) <(3¢g—5)

(M)
12 = 14

< 7.2, (5.24)
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which is a contradiction. Hence we must have r; < 3. Using this bound, from ([5.23) we have
(3¢ —B5)(M) < T7-12.2™ < 7.12- 2% (5.25)

If ¢ = 2, then from (5.25) we get M < »(M) < 672. On the other hand, if ¢ = 3, then from
(5.25) we get M < (M) < 168.

For simplicity of notations, we denote the triple (¢, M, W) by (¢, M,dy,ds, ..., dy), where
W= (wq,, Way, - - ., Wq,)-

Using MAGMA, we see that for ¢ € {2, 3} the inequality is satisfied only for the values of
(g, M, W) appearing in Table[2| For the triples (¢, M, W) appearing in Table[2] if we can show
that either Autr, (Xo(M)/W) has no element of order > 4 or Aut(Xo(¢M)/W) is commutative,
then we can conclude that for such values of (¢, M, W) the only possibility is n < 3.

Now consider the triples (¢, M, W) appearing in Table [2| Using MAGMAEL we see that

|Aut[g2 (X0(115)/<w23>)| = 2, and |Aut]F2(X0(165)/(w3,w5>)| = 2.

Hence for the triples (2,115,23) and (2,165,3,5), we must have n < 3 (since there is no
automorphism of order > 4).

For the remaining triples (¢, M, W) in Table , using MAGMA, we see that |Autg, (Xo(qgM)/W)| <
4 for some prime p  ¢M (cf. Table[3). Hence for the remaining values of (¢, M, W) in Table 2]
the group Autg(Xo(¢M)/W) is commutative. Consequently, for such values of (¢, M, W) we
must have n = 1.

Therefore in any case, we have n < 3. We now show that n # 3 for ¢ € {2, 3}.

Case III: n =3 and ¢ =3

Consider the case ¢ = 3 and n = 3. For such cases we have

9(Xo(gM)/W) =1 = 3(g(Xo(gM)/W) =1 = 29(Xo(M)/W)). (5.26)

Combining (5.26)), (5.14) and ([5.13]) we obtain

12 6
If rpy > 4, then from (5.27)) we get
27-4-2'™ <3.6-8-12-(14)* <652 (5.28)

which is a contradiction. Hence we must have 5, < 3. Using this bound, from ([5.27)) we have
M < (M) < 30 - 2% = 240. (5.29)

Using MAGMA, we see that for ¢ = 3 and 2 < M < 240, the inequality is satisfied only for
the triples (3,22,2), (3,35,7). But using MAGMA, we see that the curves Xy(22)/(wy) (mod 3)
and X(35)/(wz) (mod 3) have no automorphism of order 3.

Therefore for ¢ = 3, we must have n < 2.

Case IV: n=3 and ¢ = 2.

Now consider the case ¢ = 2 and n = 3. If possible let g > 1 (recall that g denotes the
genus of (Xo(M)/W)/v).

From , we get

29(Xo(M)/W) =2 = 2(1 + g(Xo(2M)/W) — 29(Xo(M)/W)), (5.30)

4For the curves Xo(115)/(wa3) and Xo(165)/ (w3, ws), the built-in models in MAGMA are not good over GF(2),
for these curves we first construct good models over GF(2) and then compute the automorphism group.
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ie.,

39(Xo(M)/W) —2 > g(Xo(2M)/W). (5.31)
Note that we have the following commutative diagram over Q:

deg 3

Xo(2M) Xo(M)
deg 23l ldeg 29 (532>
Xo(2M)/W —— Xo(M)/W

Since the natural mapping X(2M)/W — Xo(M)/W is not unramified (it ramifies atleast at
one cusp), by Riemann Hurwitz theorem we have

29(Xo(2M)/W) =2 > 3(29(Xo(M)/W) - 2), (5.33)

ie.,

9(Xo(2M)/W) > 3g(Xo(M)/W) — 2, (5.34)

which contradicts (5.31)). Therefore if ¢ = 2 and n = 3, then g = 0. Thus X,(M)/W is trigonal
over Fy, i.e., there is a degree 3 mapping Xo(M)/W — P! defined over F,. Consequently, we
must have

#Xo(M)(Foa) < 2°- #Xo(M) /W (Fya) < 3-2° - P (Faa) for a € N. (5.35)
In particular, we have (cf. |[Ogg74, Page 455-456])

M _
% Lo < Y X (M(Fy) <3-2°-5. (5.36)
From (.36, we see that ryy < 4 and M < (M

)
similar as for the equation ([5.28))). Moreover, since g
inequality (cf. (5.8))

9(Xo(2M)/W) =1 = 3(g(Xo(2M)/W) — 1 = 29(Xo(M)/W)). (5.37)

Using MAGMA, we see that for ¢ = 2 and M < 2688, the inequalities ((5.35)), (5.36[), and (5.37)) are
satisfied onlifor the values of (¢, M, W) appearing in Table[d For the triples (¢, M, W) appear-

ing in Table ], if we can show that either Xo(M)/W is not trigonal over Fy or Autp,(Xo(M)/W)
has no element of order 3 or the group Aut(Xy(¢M)/W) is commutative, then we can conclude
that n can not take the value 3 when ¢ = 2.

Now consider the values of (¢, M, W) appearing in Table 4, Let w € B(M)\W such that
g(Xo(M)/{W,w)) > 1. Recall that there is a degree 2 mapping Xo(M)/W — Xo(M)/ (W, w)
defined over F,. By Castelnuovo-Severi’s inequality, if Xo(M)/W is trigonal over Fy, then we
must have

216 - 14 = 2688 (the arguments are

<1
= 0, M and W should satisfy the following

9(Xo(M)/W) < 29(Xo(M)/(W,w)) + 2. (5.38)

For example, consider the curve X,(105)/(ws). There is degree 2 mapping X,(105)/(ws) —
X0(105)/{ws, ws5) defined over Fa, where g(X(105)/(ws, wss)) = 1. Since

7= g(Xo(105)/(ws)) > 2g9(Xo(105)/(ws, wss)) + 2,

by Castelnuovo-Severi’s inequality we get that X¢(105)/(ws) is not trigonal over Fy. Using a
similar argument we conclude that Xy(M)/W is not trigonal over IF, for the following values

of (¢, M, W):
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(2,105,7), (2,105,15), (2,111,37), (2,123,3), (2,129,43), (2,143,11), (2,143,13), (2,159,3), (2,161,23),
(2,177,177), (2,183,61), (2,185.5), (2,185,37), (2,187,11), (2,195,3,5), (2,195,3,13), (2,203,29),
(2,200,11), (2,215,43), (2.217,7), (2,231,3,7), (2,231,3,11), (2,247,19), (2,255.,3,5), (2,255,5,17),
(2,285,3,5), (2,285,3,19), (2,357,3,7), (2,357,7,51).

On the other hand, for the following values of (g, M, W), the automorphism group of the
curve Xo(M)/W has no element of order 3 over F,:

(2,115,5),(2,115,23), (2,163,163), (2,165,3,5),(2,165,3,55), (2,165,5,33), (2,165,15,33), (2,235,5,47),
(2,253,11,23), (2,265,5,53), (2,273,3,7,13).

For the remaining triples (¢, M, W) in Table[d] using MAGMA, we see that |Autg, (Xo(¢M)/W)| <
4 for some prime p f ¢gM (cf. Table[5). Hence for the remaining values of (¢, M, W) in Table [4]
we see that Autg(Xo(¢M)/W) is commutative. Consequently, for such values of (¢, M, W) we
must have n = 1.

Therefore for ¢ = 2, we must have n < 2. Summarizing the discussions so far, we conclude
that for ¢ € {2,3}, the only possibility is n < 2. We now prove that n can not take the value
2 for ¢ € {2,3}.

Cast Vin =2 and ¢ = 3.

Consider the case ¢ = 3 and n = 2. Note that we have the following commutative diagram
over Q:

deg4

Xo(3M) Xo(M)
deg 2sl ldeg 28 (539)
Xal3M)/W o Xo(M)/W

A similar argument as in the case ¢ = 2 and n = 3 shows that g = 0, i.e., Xo(M)/W is
hyperelliptic over F3. Consequently, we must have

#Xo(M)(Fsza) < 2% #Xo(M) /W (Fza) < 2571 . PY(F30) for a € N. (5.40)
In particular, we have (cf. |[Ogg74, Page 455-456])

M -
2. % 4+ 2™ < # X (M)(Fg2) < 2°F1 . 10, (5.41)
Using a similar argument as in (5.28)), from (5.41)), we see that ry; < 4 and M < (M) <
6-19 - 2% = 1824. Moreover, since g = 0, M and W should satisfy the following inequality (cf.

(5.8))
9(XoBM)/W) —1 = 2(g(Xo(3M)/W) — 1 — 29(Xo(M)/W)). (5.42)

Using MAGMA, we see that for ¢ = 3 and M < 1824, the inequalities ([5.40), (5.41), and ({5.42])
are satisfied only for the values of (¢, M, W) appearing in Table [§ For the triples (¢, M, W)

appearing in Table |§|, if we can show that either Xo(M)/W is not hyperelliptic over F3 or
Autp, (Xo(M)/W) has no element of order 2 which fixes at least 1 + g(Xo(¢M)/W) — 2 -
g(Xo(M)/W) points over Fz: (from the proof of Lemma [31] recall that v has at least 1 +
9(Xo(gM)/W) — 2 - g(Xo(M)/W) fixed points over Fs2) or the group Aut(Xo(¢M)/W) is
commutative, then we can conclude that n can not take the value 2 when ¢ = 3. Consequently,
we must have n = 1.

Now consider the triples (g, M, W) appearing in Table [f| Let w € B(M)\W such that
g(Xo(M)/(W,w)) > 1. By Castelnuovo-Severi’s inequality, if Xo(M)/W is hyperelliptic over
F3, then we must have

9(Xo(M)/W) < 29(Xo(M)/ (W, w)) + 1. (5.43)
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Since 7 = ¢g(X¢(190) /{ws, wss)) > 29(Xo(190)/(ws, wss, wa)) + 1 = 5, by Castelnuovo-Severi’s
inequality we get that the curve X4(190)/(ws, wsg) is not hyperelliptic over F3. Using a similar
argument, we conclude that Xo(M)/W is not hyperelliptic over F, for the following values of
(¢, M, W):

(3,91,7), (3,143,11), (3,154,2,11).

Furthermore using MAGM we see that Xo(M)/W is not hyperelliptic over I, for the following
values of (¢, M, W):

(3,65,5), (3,65,13), (3,85,5), (3,85,17).

Now consider the curve Xy(94)/(wq) over F3. Using MAGMA we see that X((94)/(ws) is
hyperelliptic over F3 and Autp,(Xo(94)/(ws)) = (), where ¢ is the hyperelliptic involution.
Thus for the triple (3,94, 2), if n = 2, then we must have t = v (mod 3). Since the supersingular
points on X(94)/(ws) in characteristic 3 are Fs» rational and fixed by v, the equality ¢ = v
(mod 3) implies that ¢ fixes at least 1+ ¢g(Xo(3-94)/(wsa)) — 29(Xo(94)/(w2)) = 12 points over
[F32. Using MAGMA, we see that ¢ fixes only 4 points over Fs2, which is a contradiction. Therefore,
for (¢, M, W) = (3,94,2), n can not take the value 2, hence we must have n = 1. A similar
argument shows that, in the case (3,95,5) we have n = 1.

For the remaining values of (¢, M, W) in Table |§|, using MAGMA, we see that |Autg, (Xo(qM)/W)| <
4 for some prime p t ¢M (cf. Table [7)). Hence for such values of (g, M, W), the group
Autg(Xo(gM)/W) is commutative. Consequently, for such values of (¢, M, W) we must have
n=1.

Therefore for ¢ = 3, we must have n = 1.

Case VI: n =2 and ¢ = 2.

Now consider the case ¢ = 2 and n = 2. If possible let g > 1. Since the mapping Z — Z/v
is wildly ramified (note that v has fixed points and the ramification at the fixed points is 2),
by Riemann-Hurwitz-Hasse theorem we have

29(Xo(M)/W) =2 = 2(29 = 2) + 2(1 + g(Xo(2M) /W) = 29(Xo(M)/W)), i.e.,

29(Xo(M)/W) =2 2 2(1 + g(Xo(2M)/W) — 29(Xo(M)/W)). (5.44)
The inequality implies
3(29(Xo(M) /W) = 2) = 2g(Xo(2M) /W) — 2. (5.45)

which contradicts (5.33)). Hence in the case n = ¢ = 2, we must have g = 0, i.e., Xo(M)/W is
hyperelliptic over . Consequently, we must have

#Xo(M)(Fya) <25 #Xo(M) /W (Fya) < 2571 . PY(Fya) for a € N. (5.46)
In particular, we have
’l/J(M) M ~ (A1) s+1
BTE + 2" < H#Xo(M)(Fy) <2775, (5.47)

Using a similar argument as in (5.28)), from (5.47), we see that ry; < 3 and M < (M) <
9-12-8 = 864. Moreover, since g = 0, M and W should satisfy the following inequality (cf.

p-8)
9(Xo(2M)/W) =1 = 2(g(Xo(2M)/W) — 1 = 29(Xo(M)/W)). (5.48)

Using MAGMA, we see that for ¢ = 2 and M < 864, the inequalities ([5.46]), , and (/5.48))
are satisfied only for the values of (¢, M, W) appearing in Table . For the triples (¢, M, W)

appearing in Table , if we can show that either Xo(M)/W is not hyperelliptic over Fy or the

SFor example, in MAGMA use the code "IsHyperelliptic(ChangeRing (XONQuotient (65, [5]),GF(3)));"
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group Aut(Xo(¢M)/W) is commutative, then we can conclude that n can not take the value 2
when ¢ = 2, consequently we must have n = 1.

Now consider the values of (¢, M, W) appearing in Table [§]

Let w € B(M)\W such that g(Xo(M)/(W,w)) > 1. By Castelnuovo-Severi’s inequality, if
Xo(M)/W is hyperelliptic over Fy, then we must have

9(Xo(M)/W) < 29(Xo(M)/(W,w)) + 1. (5.49)

As an immediate consequence of ([5.49), we get that Xo(M)/W is not hyperelliptic over F, for
the following values of (¢, M, W):

(2,91,7), (2,111,3), (2,115,23), (2,123,123), (2,133,7).

For the remaining values of (¢, M, W) in Table[8] using MAGMA, we see that | Autg, (Xo(¢M)/W)| <
4 for some prime p t ¢M (cf. Table [0). Hence for the remaining values of (¢, M, W), we see
that Autg(Xo(gM)/W) is commutative. Consequently, for such values of (¢, M, W) we must
have n = 1.

Hence combining the discussions so far, we conclude that for M > 2, the only possibility is
n = 1. Now the result follows from Corollary [32] O

Corollary 35. Let N := M - Hle qi, where M > 2 is a square-free integer and q; > 2 are
primes such that (M, ], ¢:) =1 and g(Xg(N)) > 2. If Aut(X(N)) is trivial, then

Aut(Xo(N)/B(M)) = BN)/B(M) = (w,.... . w,,).

Proof. Observe that (wg,, ;. ..,Wq,) N (W, Weys - - ., We,, B(M)) = {id}. Since g(X;(N)) > 2,
we have g(Xo(N)/W) > 2 for any subgroup W C B(N). Now the result follows by repeated
application of Theorem [34] O

By [BaGo21|, we know that Aut(X;(N)) is trivial for N > 645. Hence, as an immediate
consequence of Corollary we obtain:

Corollary 36. Let N > 645 be a square-free integer. For any integer M such that M|N, we
have Aut(Xo(N)/B(M)) = B(N)/B(M).

6 Automorphism Group of Quotient Curves of X(pq)

As an application of the discussions so far, we now compute the automorphism group of different
quotient curves of Xy(pg). Throughout the section, we assume that p and ¢ are two distinct
primes and N := pg. The possible quotient curves of Xo(N) are X§(N) := Xo(pq)/(wp, w,),
Xo (pa) = Xo(pq)/(wpq) and Xo(pg)/(wy,) where p; € {p, q}.

From [BaGo21], we know that Aut(X{(pgq)) is trivial when N = pq not in the following
table.

gy | N =pg

0 |6, 10, 14, 15, 21, 22, 26, 33, 34, 35, 38, 39, 46, 51, 55, 62, 69, 87, 94, 95, 119
1 | 57,58, 65, 74, 77, 82, 86, 91, 111, 118, 123, 141, 142, 143, 145, 155, 159

2 185,93, 106, 115, 122, 129, 133, 134, 146, 158, 161, 166, 177, 205,

206, 209, 213, 215, 221, 287, 299
3| 178, 183, 249, 303

Table 1: X{(pg) with non trivial automorphism

We now compute the automorphism group of X, (pq).
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6.1 Automorphism Group of X; (pq)

Since Ji (pq) := Jacobian(Xy (pq)) is semisimple, all the automorphisms of X (pq) are defined
over Q. Moreover we have (cf. [Mom87, Page 271])

AR | I ] (6.1)

M‘N fENew s /GQ

Hence End(J; (pq)) @ Q is a product of totally real fields. Consequently, Aut(X{ (pq)) is an
elementary abelian 2-group, i.e., Aut(X (pq)) £ Z/2Z & - ® Z/2Z (cf. Corollary [9).

We know that w,(= w,) € Aut(X{ (pq)). Since Aut(Xy (pq)) is an abelian group, any
u € Aut(X (pq))\(wp, w,) induces an automorphism on X7 (pq). Recall that Aut(X((pq)) is
trivial when N = pg not in Table [I] Therefore Aut(XJ (N)) = Z/27Z for N = pg not in Table
. When X (pq) is hyperelliptic, using MAGMA, we get

Aut (3 () & J P12 for pa = 46,62,69,87,94,
0\ 7097 x 7,)27 for pq = 57,74,77,85,91, 111, 143.

We now deal with the values of N = pq appearing in Table[l] Recall that for a curve X defined
over Q of genus > 2 and a prime [ of good reduction, we have an injection Autgy(X) — Autg, (X).
Using MAGMA®| we see that the order of Autr, (X (pq)) is always 2 for the values of N, given in

the following table:

N |Il|NJ|L|NI|L|NJI|NI|L|NI|L|N]|I|N|I
98 [ 3] 65 |2 82 [ 3| 8 (3 93 |2 106 |3 | 115 |2 118 |3
122 13123 2 || 129 | 2 || 133 | 2 || 134 | 3| 141 | 2 || 142 | 5 | 145 | 3
146 | 3 || 155 | 2 || 158 | 3 || 159 | 2| 161 | 3 | 166 | 3 || 177 | 2 || 178 | 3
183 12 (205 |21(206 5209|3213 2215|2221 2| 249 |2
287131299 |3 303 |2

Hence Aut(Xy (pq)) = (w,) = (w,), when X (pq) is non-hyperelliptic curve of genus > 2.
Therefore we conclude the following theorem:

Theorem 37. Let N = pq, where p and q are two distinct primes. When g(Xy (N)) > 2, then

Aut(XH()) = 7.)27 x 7.J27 for N = 57,74,77,85,91,111, 143,
u =
0 727, otherwise.

6.2 The Automorphism Group for X(pq)/w,

Recall that p,q are two distinct primes and N = pg. Let A := Aut(Xo(N)/w,). By Theorem
8l all automorphisms of Xo(N)/w, are defined over Q. If g(Xo(pg)/wy) > 2, then by Theorem
we have an exact sequence

1= (wg) = Aut(Xo(pg)/(wp)) = Aut(Xg(pq)). (6.2)

Since Aut(X;(pq)) is trivial when N = pg not in Table [1} from the exact sequence ([6.2)) we
conclude that Aut(X, (N)) =& Z/27Z for N = pq not in Table [1}

Now consider the values of N = pq appearing in Table[1] Using MAGMA we see that the order
of Auty,(Xo(pq)/w,) is always 2 for the values of N,p,[ given in the following table:

6For example, in MAGMA (online) use the code "#Automorphisms (ChangeRing (XONQuotient (58, [58]),GF(3))) ;"
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(Nyp) [ U] (Nyp) [ L) (Nyp) [ L] (Nyp) [ L] (Nyp) (L] (N,p) |1
(57,19) | 5| (582) |5 (655) |7 (6513) |7 (742) |5 (7437) |5
(77,7) |5 (77,11) |5 (82,2) |5 (8241) |5 (855) | 7| (85,17) |7
(86,2) |31 (86,43) |3 | (91,7) |5 (91,13) |5 (93,3) |7 (93,31) |7
(106,2) | 7 || (106,53) | 7 || (111,3) |5 || (111,37) | 5| (115,5) |3 | (115,.23) | 7
(118,2) | 5 || (118,59) | 5 || (122,2) |3 (122,61) |3 | (123,3) |5 | (123,41) | 5
(129,2) | 2 || (129,61) | 2 || (133,7) |3 (133,19) |2 | (134,2) |5 | (134,67) | 5
(141,3) | 2| (141,47) | 2| (142,2) | 3| (143,11) | 2| (143,13) |2 || (145,5) |3
(145,29) | 3 || (146,2) | 5| (146,73) | 3| (155,5) | 3| (155,31) |3 || (158,2) |5
(158,79) | 5 || (159,3) |5 || (159,53) | 5| (161,7) |3 | (161,23) | 3| (166,2) |3
(166,83) | 3 || (177,3) |2 || (177,59) | 2 || (178,2) |3 | (178,89) | 5| (183,3) |5
(183,61) | 2 || (205,5) | 3| (205,41) | 3| (206,2) |3 | (206,103) | 3 || (209,11) | 3
(209,19) [ 3 || (213,3) | 5| (213,71) | 2| (215,5) | 2| (215,43) | 2| (221,13) | 2
(221,17) | 3 || (249,3) | 5| (249,83) | 2| (287,7) | 2| (287,41) |5 || (299,13) | 3
(299,23) | 5 || (303,3) |2 | (303,101) | 2

Since we have an embedding Autg(Xo(pq)/w,) — Autr,(Xo(pg)/w,) for primes [ of good
reduction and ¢g(Xo(pg)/w,) > 2, we conclude that

Auto(Xo(pq)/wy,) = Z/2Z, when Xo(pq)/w, is non — hyperelliptic and g(Xo(pq)/w,) > 2.

When Xy(pq)/w, is hyperelliptic, using MAGMA, we see that

7.)2Z for (N,p) € {(33,3),(35,7),(38,2), (39,13), (46,2), (51,3), (55, 5),
(62,2), (69, 3), (87,3), (87, 29), (94,2), (95,5), (95, 19),
(119,7), (119,17)},

7)27. x 7J2Z for (N, p) € {(57,3), (58,29), (142, 71)}.

Aut(Xo(N)/wy) =

Therefore we conclude that
Theorem 38. Let N = pq, where p and q are two distinct primes. When g(Xo(N)/w,) > 2,
then

Aut(Xo(N) J1y) = {Z/QZ x ZJ2Z, for (N, p) € {(57,3), (58,29), (142, 71)}

Z]27, otherwise.

7 On automorphism group for X,(N)/Wy with N = pgr

In this section we compute the automorphism group of certain quotient curves of Xg(pgr),
where p, ¢, are distinct primes. Throughout this section we always assume that p, ¢, denote
three distinct primes.

7.1 Automorphism group for X,(pqr)/(wy,, w,) if gj(r) =0

In this subsection, we compute automorphism group of Xo(pgr)/(wp,, w;).

Lemma 39. The Jacobian decomposition of Xo(pqr)/{wpq, w,) over Q has no repeated factors
if the genus of X§(r) is zero.
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Proof. By (2.2), if a factor A corresponding to a newform f is a repeated factor in the Jacobian
decomposition of Xo(pgr)/(wpy, w,), then the conductor of f is a strict divisor of pgr. Now
using the results of [BaGo20, Lemma 2.1, Proposition 2.2] (see also arguments in the proof of
Corollary we see that, under the assumption, f uniquely lifts to a modular form of level
pgr. Thus the Jacobian decomposition of Xo(pgr)/(w,,, w,) has no repeated factors. O

Proposition 40. Consider the quotient modular curve Xo(pqr)/{wpq, wy) such that gowpar) > o
and g5(r) = 0. Then Aut(Xo(pqr)/{wpy, w,)) = (w,) = Z /27 except for the following situations
(where non Atkin-Lehner type automorphisms appear):

pqr | r Aut genus | Hyper
102 2 | Z2Z x Z2Z | 2 Yes
114 | 2 | 2/22 x2/2Z. | 2 Yes
138 | 2 | Z/2Z x Z/2Z. | 2 Yes
165 | 11 | Z/2Z x ZJ2Z. | 3 Yes
195 | 3 | 2/2Z xZ/2Z. | 3 No
195 | 5 | 2/2Z x Z/2Z. | 3 Yes
238 | 2 | Z/2Z x 7)27.| 3 No
154 | 2 | Z2Z x Z)2Z. | 4 No
231 | 7 |Z/2Zx 727 | 4 No
285 | 3 | Z/2Z x7)2Z | 4 No
286 | 2 | Z/2Z x )27 | 4 No

There the levels 102,114, 138,165,195 correspond to curves that are bielliptic and hyperel-
liptic quotient curves (i.e. they have a degree two morphism to an elliptic curve or a projective
line), and all levels with automorphism group bigger than Z/27 correspond to bielliptic curves

(cf. [BaGoKa20]).

Proof. By the Lemma [39 and Corollary [9] all automorphisms are defined over Q and form an
abelian group, thus any non-trivial automorphism will provide a non-trivial automorphism of
X§(pgr). The group Aut(X§(pgr)) may not be trivial if the genus Xj(pgr) < 2 (such levels
are listed in [BaGo20, Appendix]) or a finite list obtained in [BaGo21], see Theorem [16] Thus
we are restricted to study a finite list of levels pgr (and of quotient curves). We denote the
collection of such levels by £. Applying the Magma code

“#Automorphisms (ChangeRing (XONQuotient (p*q*r, [p*q,r]) ,GF(1)))”

we see that for some prime [ { prg, the automorphism group of Xo(pgr)/{wp,, w,) over the
finite field F; has at most two elements, except the 11 cases discussed bellow (cf. Appendix
[A). Therefore the full automorphism group over Q of the curves of the form Xo(pgr)/(wpq, wr)
with ¢F = 0 is generated by the Atkin-Lehner involution, except for the following 11 quotient
curves where the automorphism group is of order at most 4. We denote the quotient curve

Xo(pgr)/(wpq, wr) by (pgr,r) and its genus by gpqr,-

e When g, = 2, the curves we need to study further are (102,2),(114,3) and (138,23).
By [BaGoKa20] these curves are bielliptic. Applying [BaGo19, Remark 10], we see that for
each such curve there are two bielliptic involutions vy, v and one hyperelliptic involution
w. Hence in each case, there are 3 non-trivial involutions i.e, the full automorphism group
is isomorphic to Z /27 x Z /2.
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e When g,,, = 3, the curves we need to study further are (165, 11), (195,5), (195,3) and
(238,2). The first two curves are hyperelliptic curves and by [BaGoKa20| they are also
bielliptic curves, thus its group is isomorphic to Z/2 x Z/2. For the remaining last two
situations, by use of Petri’s result and a model in P? we have:

(pqrr) Q(z,y, 2)
(195,3) ot 4+ 2%y? + yt + 2222 — 3y?2? — 24
(238,2) 22t + 322y + y* — 32222 — 5y?2? + 224

Observe that for each curve the mappings © <> —z and y <+ —y are automorphisms.
Consequently, for each curve the automorphism group contains two bielliptic involutions
and an involution whose quotient has genus 2. Therefore for the curves (195,3) and
(238, 2) the automorphism group is isomorphic to Z/27Z x Z/27.

e When g¢,,, > 4, the curves we need to study further are the genus 4 curves (154, 2),
(231,7), (285,3) and (286,2). Note that such curves are bielliptic (cf. [BaGoKa20]).
Except (231,7), the other three quotient curve have an involution (bielliptic) which is
not of Atkin-Lehner type (cf. [BaGoKa20]), thus its automorphism group is isomorphic
to Z/27Z x 7Z/27Z. The Jacobian decomposition over Q of the curve Xy(231)/(wr, wss) is
given by

Jac(Xo(231)/(wr, ws3)) ~g Ella x E21a x ET77a x ET7c.

Choosing the variables corresponding to the modular forms appearing in the above de-
composition, a canonical model for (231, 7) is given by

—20t* — St + 2% — 27y + 632> =0
3ta? + bda® — 812ty* + 224xy”® + 493t2? 4 3822% = 0.

The mappings y <> —y and z < —z provide two bielliptic involutions with elliptic
quotients E2la and E77a respectively and the other involution has genus 2 quotient
curve.

7.2 The Automorphism group for X,(pqr)/(wy,) if g;(r

Proposition 41. Let p, q,r be distinct primes such that g(Xo(pgr)/{wye)) > 2 and g(X;(r)) =
0. Then Aut(Xo(pqr)/(wpy)) = Z)2Z X L]27.

Proof. By Theorem [34] there is an exact sequence
1= (wy) = Aut(Xo(pgr)/{wpq)) = Aut(Xo(pgr)/(wpe, wy))- (7.1)

Observe that if Aut(Xo(pgr)/{wpy, w,)) = Z/2Z, then from the exact sequence (7.1 we see
that
Aut(Xo(pgr)/(wpy)) = Z)27 x L] 27.

By Proposition , we only need to consider the curves Xo(pgr)/(w,,) such that either
9(Xo(pgr)/(wpg, wr)) <1 or
(pqr, pq) € {(102, 51), (114,57), (138, 69), (165, 15), (195, 65), (195, 39), (238, 119), (154, 77),

(231,33), (285, 95), (286, 143)}

For such curves, the automorphism groups over finite fields are given in Appendix [Bl Now the
result follows from Appendix O
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7.3 The automorphism groups of X,(pgr)/{w,, w,) and Xy(pqr)/(w,)

Proposition 42. Consider the quotient curves Xo(pqr)/(wy, wy) and Xo(pgr)/{w,) of genus
> 2, then its automorphism group is generated by Atkin-Lehner involutions except for the
following hyperelliptic and bielliptic curves (for simplicity we denote the curve Xo(pgr)/(wy, wy)

by (pgr;p. q)):

genus Curve Aut
2 (1905 5,19), (138; 3,23), (102; 3,17) | Z/27 x Z]27Z
3 (114;2,19), (130;2, 13) 7./27. x 7./27.

Proof. By Proposition [7] all the automorphisms of Xo(pqr)/{w,, w,) or Xo(pgr)/(w,) are de-
fined over Q. Naturally, we can consider B(q1¢2) = (wq,, w,,) as a subgroup of B(pgr) where
¢; are different primes in the set W = {p, ¢, 7}. Write X = X(pqr)/B(q1q2) which we assume
that has genus > 2. By Theorem [34] we obtain the exact sequence (where g3 € W\ {q1, ¢2}):

1 = (wg,) = Aut(X) — Aut(X;(pgr)).

If the automorphism group of X§(NV) is trivial, then Aut(X) = (wy,). Consider the levels
N = pqr such that Aut(Xg(pgr)) is non-trivial and the genus of XJ(N) is > 2. By [BaGo20|
we only need to consider the following levels N

g(Xz(N)) =2 154, 165, 170, 186, 230, 266, 285, 286, 357
g(XZ(N)) =3 246, 258, 290, 318, 430, 455
g(X;(N)) =4 366, 370
g(X;(N) =5 645.

Moreover, we know |Aut(XJ(N))| = 2, thus |Aut(X)| is either 4 or 2, or the genus of XJ(N) is
<1, ie.
N € {30,42,66,70,78,105,110} for g% = 0,

or N € {102,114, 130, 138, 174, 182, 190, 195, 222, 231, 238} for gx = 1.
Using Magma V2.27-7 we obtain:
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(N;q1,q2) I | #Autr,(X) (N;q1,q2) I | #Autg, (X)
(302, g2) 7 2 (42; q1, q2) 11 2
q2 c {3, 5} q1, 42 € {2, 3, 7}
(66; g1, q2) 5 2 (705 q1, q2) 3 2
g1, Q92 € {2,3,11} (ql,q2 € {2,5,7})
(78; a1, ¢2) 5 2 (102;2, o) 5 2
q1, g2 < {2, 3, 13} q2 < {3, 17}
(102;3,17) 5 4* (105; ¢1, q2) 11 2
q1, 42 c {3, 5, 7}
(110; q1, ¢q2) 3 2 (114; 3, ¢2) 7 2
1,92 € {2,5,11} ¢ € {2,19}
(114;2,19) 5 4* (13055, ¢2) 3 2
q2 € {2, 13}
(130;2,13) 3 4* (138;2, ¢2) 5 2
g2 € {3, 23}
(138;3,23) 5 4% (154; ¢1, q2) 3 2
q1, Q2 € {2, 7, 11}
(165; g1, g2) 13 2 (1705 g1, g2) 7 2
q1, Q2 € {3,5,11} qi1,q2 € {2,5,17}
(174;(]1,(12) 5 2 (182; 91,(]2) 3 2
q1, Q2 € {2,3, 29} qi1,Q2 € {2,7, 13}
(186, q1, q2) 5 2 (190; 2, ¢2) 3 2
q1, Q2 € {2, 3, 31} g2 € {5, 19}
(190; 5,19) 7 4% (195; q1, q2) 7 2
q1, Q2 € {3, 9, 13}
(222, q1, q2) 5 2 (230; q1, q2) 7 2
¢, q € {2,3,37} ¢, € {2,5,23}
(231;Q1,Q2) 2 2 (238; CJ1>(J2) 3 2
q1, Q2 € {3,7,11} qi1,q2 € {2,7,17}
(246; q1, Q2) i) 2 (258; qi, CI2) i) 2
q1,q2 € {2,3,41} qi1,q2 € {2,3,43}
(266§Q1,Q2> 3 2 (285; Q1,Q2) 2 2
q,q2 € {2,7,19} ¢, € {3,5,19}
(286; q1, Q2> 3 2 (290; qi, C]2) 3 2
q1,q2 € {2,11,13} qi1,q2 € {2,5,29}
(318; q1, Q2> i) 2 (357; qi, Q2) i) 2
a1, q2 € {2,3,53} q1,q2 € {3,7,17}
(366;61, g2) 5 2 (370; 1, @) 3 2
g € {2, 3} qi1,92 € {2, 5, 37}
(430;5,43) 3 2 (430;5,2) 3 2
(430;2,43) 7 2 (455; q1, q2) 3 2
q1,92 € {5, 7, 13}
(645; 3,43) 2 2 (645;5,43) 7 2

The genus 2 curves (190;5,19),(138;3,23) and (102;3,17) are both hyperelliptic and biel-
liptic (cf. [BaGoKa20, Page 399-400]). Hence for such curves the automorphism group is iso-

morphic to Z/27 x Z /2.
The genus 3 quotient curves (114;2,19) and (130; 2, 13) both are hyperelliptic and bielliptic
(loc. cit.), thus in each case the automorphism group is isomorphic to Z /27 x Z/27.
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By Corollary [24] we know that Aut(X,(645)/(ws, ws)) = (wa3).

The only remaining case corresponds to the genus 15 curve (366;2,3) of even level [Z] For-
tunately, its Jacobian has no repeated factors and thus the all automorphisms are involutions
defined over Q, and are acting as 1 in each Q-isogeny factor in the Jacobian decomposition:

Jac(Xo(366)/(we, ws)) ~o 1rs1a+361.2.06+ 1 E1220+2122.2.0.6F2183.2.0.0 T 3183.2.0.6+ L E366e +2366.2.0.1

by computing its canonical model, it is easy to check that the non-trivial involution of X (366)
(recall that J;(366) ~ 1gg1a + 1E122a + 2183.2.0.0, and the only non-trivial involution of X (366)
acts on J3(366) by £(—1 x —1 x 1), giving a genus 2 quotient curve [BaGo21, Proposition
5], [BaGol9, Proposition 24]) does not lift to an involution of X(366)/(wa, w3) (see all details in
the github folder https://github.com/FrancescBars/Files-on-Automorphism-Quotient-Curves),
and therefore Aut(X((366)/(wa,ws)) = (wer).

Consider now the curves of the form X,(pgr)/(w,), with genus > 2. The automorphism
groups of all such quotient curves have an order 4 subgroup (w,, w,). and this will be the exact
group of automorphisms if Aut(Xo(pgr)/{w,,w,)) has exact order 2 (or genus < 1). Thus we
are reduced to a finite list of levels N = pgr. Computing by Magma the automorphism group
over a finite field of order ¢ with ¢ { pgr for this finite list, we conclude that for each case the
full automorphism group is isomorphic to Z /27 x Z/27.
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A List of results #Autr,(Xo(pgr)/{w,, wpy,))

We denote the quotient curve Xo(pqr)/{wpq, wy) by (pgr,r), and we consider the finite field F,
and compute #Autg,((pgr,r)) by Magma (online version V2.28-4 if is not marked with *) for
all (pgr,r) such that has genus > 2 and g¢(r) = 0 with p,q and r are three diferent primes. We
denote by Aut the number # Autg,((pgr,r)), and by Field the number ¢ in the next table.

"The computation by Magma of the automorphism group of (318;2,3) over F5 took more than 18 hours,
and for (366;2,3) took two days to conclude that over F5 the automorphism group has order 2, thus we prefer
to present how we deal with last curve using canonical model result on a genus 15 curve.
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Curve | Field | Aut Curve | Field | Aut || Curve | Field | Aut
(66,3) 5 2 (70,7) 3 2 (78,13) 5 2
(102,2) 5 4 (102,3) 5 2 (102,17) 5 2
(105,7) | 11 | 2 | (1105) | 3 | 2 | (1142) | 5 | 2
(1143) | 5 | 4 | (11419 | 5 | 2 | (1302) | 3 | 2
(130,5) 3 2 (130,13) 3 2 (138,2) 5 2
(138,3) 5 2 (138,23) 5 4 (154,2) 3 4
(154,7) 3 2 (154,11) 3 2 (165,3) 2 2
(165,5) 2 2 (165,11) 7 4 (170,5) 3 2
(170,2) 3 2 (170,17) 3 2 (174,2) 5 2
1743) | 5 | 2 | (17429 | 5 | 2 | (1822) | 3 | 2
(182,7) | 3 | 2 | (182,13)| 3 | 2 | (1862) | 5 | 2
(186,3) 5 2 (186,31) 5 2 (190,2) 3 2
(190,5) 3 2 (190,19) 3 2 (195,3) 7 4
(1955) | 11 | 4 [ (19513)| 7 | 2 | (2222) | 5 | 2
2223) | 5 | 2 | (2302 | 3 | 2 | (2305) | 3 | 2
(23023) | 7 | 2 || (2313) | 2 | 2 | (@17 | 2 | 4
(231,11) | 2 | 2 || (2382) | 3 | 4 | (2387) | 3 | 2
(238,17) 3 2 (246,2) 5 2 (246,3) 5 2
(246,41) | 5 | 2 | (2553) | 2 | 2 | (25555) | 2 | 2
(255,17) 2 2 (258,2) 5 2 (258,3) 5 2
(266,2) 3 2 (266,7) 3 2 (266,19) 3 2
(2853) | 2 | 4 | (2855) | 2 | 2 | (285,19)| 2 | 2
(286,2) 5 4 (286,11) 5 2 (286,13) 5 2
(290,2) 3 2 (290,5) 3 2 (290,29) 3 2
(318,2) 5 2 (318,3) 5 2 (357,3) 5 2
(357,7) 2 2 (357,17) 2 2 (366,2) 5 2
(366,3) 5 2 (370,2) 3 2 (370,5) 3 2
(430,2) 3 2 (430,5) 3 2 (455,5) 2 2
4557) | 2 | 2 | (455,13)| 2 | 2 | (6453) | 2 | 2
(645,5) 2 2%

B List of results #Auty,(Xo(pqr)/(wp,))

pqr | pq | Field | Aut || pgr | pqg | Field | Aut || pgr | pg | Field | Aut
30 | 10 7 4 42 | 6 11 4 42 | 21 11 4
66 | 6 13 4 66 | 33 13 4 70 | 14 13 4
70 |35 13 4 78 | 26 19 4 78 | 39 19 4
102 | 51 19 4 105 | 21 19 4 105 | 35 19 4
110 | 10 3 4 110 | 55 7 4 114 | 57 7 4
138 | 69 7 4 | 165 | 15 7 4 11195 | 65 7 4
195 | 39 7 4 | 238 | 119 5 4 || 154 | 77 5 4
231 | 33 5 4 {285 | 95 7 4 || 286 | 143 3 4

C Inequality in Theorem for n >4,qg=2

[(2,39,13), (2,51.,3), (2,55,5), (2,57,19), (2,65,5), (2,65,13), (2,69,3), (2,77,7), (2,77,11),
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| (2,85,5,17), (2,87,3), (2,95,5), (2,115,23), (2,119,7), (2,165,3,5), (2,165,15,33)

Table 2: Values of (¢, M, W) that satisfy the inequality (5.22))

Curve | Field | Aut Curve Field | Aut Curve Field | Aut
(2,35,7) 3 4 (2,39,13) 5 4 (2,51,3) 7 4
(2,55,5) 3 4 (2,57,19) 5 4 (2,65,5) 3 4
(2,65,13) 3 4 (2,69,3) 5 4 (2,77,7) 3 4
(2,77,11) 3 4 (2,85,5,17) 3 2 (2,87,3) 5 4
(2,95,5) 3 4 (2,119,7) 3 4 (2,165,15,33) 7 4

D

Table 3: Remaining cases for n > 4,q =2

Inequality in Theorem for n=3,qg=2

(2,33,33), (2,35,5), (2,37,37), (2,39,13), (2,43,43), (2,51,3), (2,55,5), (2,55,55), (2,57,19), (2,57,3,19),
(2,65,5), (2,65,13), (2,65,5,13), (2,67,67), (2,69,3), (2,77,7), (2,77,11), (2,77,7,11) (2,85,5),
(2,85,17), (2,85,5,17), (2,87,3), (2,91,7), (2,93,31), (2,93,3,31), (2,95,5) (2,105,3), (2,105,7),

(2,105,15), (2,105,3,5), (2,105,3,7), (2,105,7,15), (2,111,37), (2,115,5), (2,115,23), (2,115,5,23),
(2,119,7) (2,123,3), (2,129,43), (2,133,7), (2,143,11), (2,143,13) (2,159,3), (2,161,23), (2,163,163),
(2,165,3,5), (2,165,3,55), (2,165,5,33), (2,165,15,33), (2,165,3,5,11) (2,177,177), (2,183,61),
(2,185,5), (2,185,37), (2,187,11) (2,195,3,5), (2,195,3,13), (2,203,29), (2,209,11), (2,215,43),

(2,217,7), (2,231,3,7), (2,231,3,11), (2,235,5,47), (2,247,19) (2,253,11,23), (2,255,3,5), (2,255,5,17),
(2,265,5,53) (2,273,21,39), (2,273,3,7,13) (2,285,3,5), (2,285,3,19) (2,357,3,7), (2,357,7,51)

Table 4: Values of (¢, M, W) that satisfy the inequalities (5.35)), (5.36|) and (5.37))

Curve Field | Aut Curve Field | Aut Curve Field | Aut
(2,33,33) 5 4 (2,35,5) 3 4 (2,37,37) 3 2
(2,39,13) 5 4 (2,43,43) 5 2 (2,51,3) 7 4
(2,55,5) 3 4 (2,55,55) 7 4 (2,57,19) 5 4

(2,57,3,19) 5 2 (2,65,5) 3 4 (2,65,13) 3 4
(2,65,5,13) 3 2 (2,67,67) 3 2 (2,69,3) 5 4
(2,77,7) 3 4 (2,77,11) 3 4 (2,77,7,11) 3 2
(2,85,5) 11 4 (2,85,17) 3 4 (2,85,5,17) 3 2
(2,87,3) 5 4 (2,91,7) 3 4 (2,93,31) 5 4
(2,93,3,31) 5 2 (2,95,5) 3 4 (2,105,3,5) 11 4
(2,1053,7) | 11 | 4 | (2105,7,15) | 11 | 4 | (2115523)| 3 | 2
(2,119,7) 3 4 (2,165,3,5,11) 7 2

Table 5: Remaining cases for n = 3, ¢ = 2
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E Inequality in Theorem for n=2,q=3

(3,22,2), (3,22,22), (3,35,5), (3,35,7), (3,38,2), (3,46,2), (3,55,5), (3,62,2), (3,65,5),
(3,65,13), (3,65,5,13), (3,70,2,7), (3,77,11), (3,85.,5), (3,85,17), (3,85,5,17), (3,91,7), (3,94,2),
(3,95,5), (3,110,2,5), (3,119,7), (3,143,11), (3,154,2,11), (3,190,5,38)

Table 6: Values of (¢, M, W) that satisfy the inequalities (5.40)), (5.41)) and (5.42)

Curve Field | Aut Curve | Field | Aut Curve Field | Aut
(3,22,2) 5 4 (3,22,22) 5 4 (3,35,5) 11 4
(3,35,7) 11 4 (3,38,2) 5 4 (3,46,2) 7 4
(3,55,5) 2 4 (3,62,2) 5 4 (3,65,5,13) 2 2

(3,70,2,7) 11 4 (3,77,11) 5 4 (3,85,5,17) 2 2
(3,11025) | 7 | 4 | 3197 | 2 | 4

Table 7: Remaining cases forn =2, ¢ =3

F Inequality in Theorem forn=2,q=2

(2,15,3), (2,21,7), (2,33,3), (2,33,33), (2,35,5), (2,35,7), (2,37,37), (2,39,3), (2,39,13),
(2,43,43) (2,51,3), (2,51,51), (2,53,53), (2,55,5), (2,55,11), (2,55,55), (2,57,3), (2,57,19),
(2,57,57), (2,57,3,19) (2,65,5), (2,65,13), (2,65,5,13), (2,67,67), (2,69,3), (2,69,23), (2,69,69),
(2,73,73) (2,77,77), (2,77,7,11), (2,79,79), (2,85,17), (2,85,85), (2,85,5,17), (2,87,3),
(2,87,87), (2,01,7), (2,91,13), (2,91,7,13), (2,93,31), (2,93,3,31), (2,95,5), (2,95,19),
(2,103,103), (2,105,3,5), (2,105,3,7), (2,105,7,15), (2,107,107) (2,111,3), (2,111,3,37),
(2,115,23), (2,115,5,23), (2,119,7), (2,119,17) (2,123,123), (2,127,127), (2,129,3,43),
(2,133,7), (2,133,7,19), (2,143,11,13) (2,161,7,23), (2,165,5,11), (2,165,5,33), (2,165,11,15),
(2,165,3,5,11), (2,183,3,61), (2,185,5,37) (2,187,11,17), (2,195,5,39) (2,203,7,29), (2,215,5,43),
(2,217,7,31), (2,247,13,19) (2,255,3,5,17) (2,285,3,5,19) (2,335,5,67) (2,345,3,5,23) (2,385,5,7,11)

Table 8: Values of (¢, M, W) that satisfy the inequalities (5.46)), (5.47)) and (5.48)

Curve Field | Aut Curve Field | Aut Curve Field | Aut
(2,33,33) 5 4 (2,35,5) 3 4 (2,37,37) 3 2
(2,39,3) 5 4 (2,39,13) 5 4 (2,43,43) 5 2
(2,51,3) 7 4 (2,51,51) 5 4 (2,53,53) 3 2
(2,55,5) 3 4 (2,55,11) 3 4 (2,55,55) 7 4
(2,57,3) 5 4 (2,57,19) 5 4 (2,57,57) 5 4
(2,57,3,19) 5 2 (2,65,5) 3 4 (2,65,13) 3 4
(2,65,5,13) 3 2 (2,67,67) 3 2 (2,69,3) 5 4
(2,69,23) 5 4 (2,69,69) 5 4 (2,73,73) 3 2
(2,77,77) 3 4 (2,77,7,11) 3 2 (2,79,79) 5 2
(2,85,17) 3 4 (2,85,85) 3 4 (2,85,5,17) 3 2

(2,87,3) 5 4 (2,87,87) 5 4 (2,91,7) 3 4
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(2,91,13) 5 4 (2,91,7,13) 3 2 (2,93,31) 5 4
(2,93,3,31) 5 3 (2,95,5) 3 4 (2,95,19) 3 4
(2,103,103) 3 2 (2,105,3,5) 11 4 (2,105,3,7) 11 4
(2,105,7,15) 11 4 (2,107,107) 3 2
(2,111,3,37) 5 2 (2,115,5,23) 3 2

(2,119,7) 3 4 (2,119,17) 3 4 (2,123,123) 5 4
(2,129,3,43) 5 2 (2,133,7,19) 3 2

(2,143,11,13) 3 2 (2,161,7,23) 3 2 (2,165,5,11) 7 4
(2,165,5,33) 7 4 (2,165,11,15) 7 4 (2,165,3,5,11) 7 2
(2,183,3,61) 5 2 (2,185,5,37) 7 2 (2,195,5,39) 7 4
(2,215,5,43) 3 2 (2,255,3,5,17) 7 2 (2,285,3,5,19) 7 2
Table 9: Remaining cases for n =2, ¢ = 2
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