Universal localizations embedded in power-series rings

Pere Ara and Warren Dicks

March 31, 2006

Abstract

Let R be a ring, let F be a free group, and let X be a basis of F . Let ϵ : RF → R denote the usual augmentation map for the group ring RF , let X∂ := {x − 1 | x ∈ X} ⊆ RF , let Σ denote the set of matrices over RF that are sent to invertible matrices by ϵ, and let (RF )Σ^{−1} denote the universal localization of RF at Σ.

A classic result of Magnus and Fox gives an embedding of RF in the power-series ring R⟨⟨X∂⟩⟩. We show that if R is a commutative Bezout domain, then the division closure of the image of RF in R⟨⟨X∂⟩⟩ is a universal localization of RF at Σ.

We also show that if R is a von Neumann regular ring or a commutative Bezout domain, then (RF )Σ^{−1} is stably flat as an RF -ring, in the sense of Neeman-Ranicki.

2000 Mathematics Subject Classification. Primary: 16S34; Secondary: 20C07, 20E05. Key words. Universal localization, free-group group ring, power series.

Dedicated to the memory of Desmond Sheiham

1 Outline

Throughout, let R be a ring (associative, with 1). Except where otherwise specified, we will work with left modules, and linear maps between left modules will be written on the right of their arguments. We denote by N the set of finite cardinals, {0, 1, 2, 3, . . .}. Let Σ be a set (or even a class) of R-linear maps between finitely generated projective R-modules. It is well-known that the universal localization of R at Σ, denoted RΣ^{−1}, need not be flat as a right or left R-module, in general. A much less demanding condition is stable flatness of RΣ^{−1} as an R-ring, meaning that, for each positive integer n, Tor^R_n (RΣ^{−1}, RΣ^{−1}) = 0. In the case where all the elements of Σ are injective and RΣ^{−1} is stably flat as an R-ring, Neeman and Ranicki [18, Theorem 0.11], [19] showed that Schofield’s K-theory exact sequence for universal localization [21, Theorem 4.12] can be extended to a long exact sequence involving the K-groups of R, of RΣ^{−1}, and of the exact category H(R, Σ) of projective-dimension-at-most-one Σ-torsion R-modules.

For the remainder of this section, let us fix the following notation. Let X be a set, let F denote the free group on X, let RF denote the corresponding group ring, and let ϵ: RF → R denote the R-ring map which sends every element of F to 1. Let Σ denote the set of matrices over RF that are sent to invertible matrices by ϵ. 1

Ranicki and Sheiham [20, Theorem 5(ii), Section 0] used the above-mentioned results of [18], [19] to provide a description of the K-theory of (RF )Σ^{−1}, in the case where F is finitely generated and (RF )Σ^{−1} is stably flat as an RF -ring. In Section 4 below, we show that if R is a von Neumann regular ring or a commutative Bezout domain, then (RF )Σ^{−1} is stably flat as an RF -ring, and, therefore, the results of Ranicki-Sheiham [20] apply in these cases.

Let X∂ = {x − 1 | x ∈ X}, and let R⟨⟨X∂⟩⟩ denote the corresponding power-series ring; thus R⟨⟨X∂⟩⟩ can be viewed as the (X∂)-adic completion of the free R-ring R⟨X∂⟩, R⟨⟨X∂⟩⟩ = lim_{←−} n∈N R⟨X∂⟩/((X∂)^n). In Section 2, we review, in ideal-theoretic language, the Magnus-Fox embedding of RF in R⟨⟨X∂⟩⟩; we felt that there seemed to be some confusion in the literature about what had been proved by the arguments of Magnus [17] and Fox [11], and that a brief survey might be useful. The Magnus-Fox embedding was the earliest example of a non-commutative universal localization being embedded in a power-series ring.

In Section 3, we show that if R is a commutative Bezout domain, then the division closure of the image of RF in R⟨⟨X∂⟩⟩ is a universal localization of RF at Σ. For R a commutative principal ideal domain, this was proved by Dicks-Sontag [9, Theorem 24], and, independently, by Farber-Vogel [10, Theorem 5.1]. The assertion also holds if R is a division ring; see [5, p.416].

2 Group rings of free-groups and series

In this section, we recall, in detail, the proof of the Magnus-Fox embedding theorem [17, 11] which shows that, in the notation of Section 1, the universal localization of R⟨X⟩ at X is embedded in R⟨⟨X∂⟩⟩. Of course, R⟨X⟩ = R⟨X∂⟩ and the universal localization of R⟨X⟩ at X is the group ring R⟨X⟩X^{−1} = RF .

2.1 Notation. Let A be a ring and let M be a free left A-module.

We let M^∗ denote the right A-module M^∗ = Hom_A(_AM,_AA). If (b_x | x ∈ X) is a left A-basis of M, we shall let (b^∗_x | x ∈ X) denote its dual;

thus, for each x ∈ X, b^∗_x ∈ M^∗, and, for each m ∈ M, m = ∑ x∈X (m)b^∗_x · b_x, and this

sum is finite.

We begin by recalling the following standard result about multiplying free ideals.

2.2 Lemma. Let A be a ring.

Let I be a two-sided ideal of A such that I is free as a left A-module, let (b_x | x ∈ X) be a left A-basis of I, and let (b^∗_x | x ∈ X) denote its dual.

Let J be a left ideal of A such that J is free as a left A-module, let (c_y | y ∈ Y ) be a left A-basis of J, and let (c^∗_y | y ∈ Y ) denote its dual.

Then IJ is a left ideal of A which is free as a left A-module, and (b_xc_y | (x, y) ∈ X × Y ) is a left A-basis of IJ; its dual ((b_xc_y)^∗ | (x, y) ∈ X × Y ) is given by (d)(b_xc_y)^∗ = ((d)c^∗_y )b^∗_x for all d ∈ IJ.

Proof. We have an isomorphism

(2.2.1) J^∼−→ ⨁ y∈Y A, c → ((c)c^∗_y | y ∈ Y ). Since I is a right ideal of A, left multiplying (2.2.1) by I gives an additive isomorphism IJ^∼−→ ⨁ y∈Y I, d → ((d)c^∗_y | y ∈ Y ).

Now the result follows easily.

The Magnus-Fox embedding is based on the following general fact.

2.3 Lemma. Let R be a ring, let A be an augmented R-ring, and let I denote the augmentation ideal of A. Suppose that Y is an R-centralizing left A-basis of I. Then there exists a (unique) R⟨Y ⟩-ring embedding A/( ⋂ n≥0 I^n) → R⟨⟨Y ⟩⟩. Proof. Let ^A denote the I-adic completion of A, that is, ^A = lim_{←−} n∈N A/I^n. We will

show that the natural map R⟨Y ⟩ → A induces an isomorphism R⟨⟨Y ⟩⟩^∼−→ ^A.

Suppose n ∈ N. Using induction and Lemma 2.2, one can show that Y^{×n} indexes a left A-basis of I^n, namely Y^n. Now,

I^n/I^{n+1} ≃ (A/I) ⊗_A (I^n) ≃ R ⊗_A ( ⨁ w∈Y^{×n} A) ≃ ⨁ w∈Y^{×n} R. Thus Y^{×n} indexes a left R-basis of I^n/I^{n+1}, namely the image of Y^n. In particular, there exists an R-linear splitting A/I^{n+1} ≃ (A/I^n) ⊕ (I^n/I^{n+1}).

Using induction, one can then show that the disjoint union^{n−1} ⋁ i=0 (Y^{×i}) indexes a

left R-basis of A/I^n, namely^{n−1} ⋃ i=0 (Y^i). This means that the induced map R⟨Y ⟩/((Y )^n) → A/I^n is an isomorphism. On taking inverse limits, we get an induced isomorphism

lim_{←−} n∈N R⟨Y ⟩/((Y )^n)^∼−→ lim_{←−} n∈N A/I^n,

that is, R⟨⟨Y ⟩⟩^∼−→ ^A. Now the natural embedding A/( ⋂ n≥0 I^n) → ^A gives the desired result.

We use the following, throughout the remainder of this section.

2.4 Notation. Let R be a ring, let X be a set, let F be the free group on X, let RF denote the group ring of F with coefficients in R, and let I denote the augmentation ideal of RF . Let ϵ: RF → RF, ∑ w∈F r_ww → ∑ w∈F r_w, be the augmentation map viewed as an endomorphism. Then ϵ is an idempotent ring endomorphism of RF , im ϵ = R, and ker ϵ = I.

Let ∂ : RF → RF denote id−ϵ, the idempotent R-linear endomorphism complementary to ϵ. Thus ( ∑ w∈F r_w w)∂ = ∑ w∈F r_w(w − 1) = ∑ w∈F r_w · w∂, im ∂ = I, and ker ∂ = R. For each w ∈ F , w̄∂ = −w̄ · w∂, where w̄ denotes w^{−1}.

Let Z denote the centre of R, and view ZF as a subring of RF .

2.5 Definition. Suppose that Notation 2.4 applies.

A left R-linear map d: RF → RF satisfying (2.5.1) (fg)d = (fd · gϵ) + (f · gd) for all f, g ∈ RF is called a left derivation for RF .

In this event, d restricts to a left RF -linear map I → RF . Notice that the endomorphism ∂ is a left derivation for RF .

We will now see that a left derivation for RF is uniquely determined by its values on X, and these can be arbitrary in ZF .

2.6 Lemma. With Notation 2.4, each map of sets X → ZF extends uniquely to a left derivation for RF .

Proof. Let d: X → ZF , x → xd, be a map of sets. Let M_2(RF ) denote the ring of 2 × 2 matrices over RF . By universal properties, there exists a unique ring

homomorphism ϕ: RF → M_2(RF ) which sends each x ∈ X to ( 1 0 xd x ) , and sends

each r ∈ R to ( r 0 0 r ) ; moreover, ϕ can be naturally expressed in the form ( ϵ 0 d id ) : RF → M_2(RF ), f → ( fϵ 0 fd f ) . The (2, 2)-component, id, is the identity map on RF ; the (1, 2)-component, 0, sends every element of RF to 0; and the (1, 1)-component, ϵ, is the augmentation map. The (2, 1)-component, d: RF → RF , is the unique left R-linear map that extends the given map d: X → ZF and satisfies (2.5.1).

2.7 Definitions. Suppose that Notation 2.4 applies.

Consider any x ∈ X. By Lemma 2.6, the map δ_{x,−} : X → RF, y → δ_{x,y} := { 1 if y = x, 0 if y ≠ x,

extends to a unique left derivation for RF ; it is denoted^∂_{x∂} : RF → RF , and called the left Fox derivative with respect to x.

Now X := {x̄ | x ∈ X} is also a basis for F , and the left Fox derivative with respect to x̄ is^∂_{x̄∂} := −^∂_{x∂} x; it is the left derivation for RF which sends y to −δ_{x,y}x, and ȳ to δ_{x,y}, for each y ∈ X.

We now show that restricting (^∂_{x∂} | x ∈ X) gives a dual of a basis.

2.8 Lemma. With Notation 2.4, I is free as left RF -module, both X∂ and X∂ are R-centralizing left RF -bases of I, and, for each f ∈ I, f = ∑ x∈X f ∂ x∂ · x∂ = ∑ x∈X f ∂ x̄∂ · x̄∂. Proof. Both (−)∂ and ∑ x∈X (−)∂ x∂ · x∂ are left derivations for RF , and they agree

on X; hence they are equal. Thus f = f∂ = ∑ x∈X f ∂ x∂ · x∂. Now, if (f_x | x ∈ X) is some element of ⨁ x∈X RF such that ∑ x∈X f_x · x∂ = 0, then,

for each y ∈ X,

0 = ( ∑ x∈X f_x · x∂)^∂_{y∂} = ∑ x∈X f_x · (x∂)^∂_{y∂} = ∑ x∈X f_x · δ_{y,x} = f_y. The same arguments apply with X in place of X.

We will next show that ⋂ n∈N I^n = {0}, by considering word lengths.

2.9 Definitions. Suppose that Notation 2.4 applies.

Let X^{±1} denote X ∪ X^{−1}.

Consider any d ∈ N, and any p = (x^{η1}_1 , . . . , x^{ηd}_d ) ∈ (X^{±1})^{×d}. We say that p has length d and ends with x^{ηd}_d . We say that p is reduced if, for each i ∈ {1, . . . , d − 1}, (x_{i+1}, η_{i+1}) ≠ (x_i, −η_i). We say that p is an expression for the element x^{η1}_1 · · · x^{ηd}_d of F .

By using left Fox derivatives in ZF , one can show that the empty product is the only reduced expression for the identity element.

Consider any w ∈ F . By the foregoing, there exists a unique reduced expression p for w. We define the X-length of w, deg(w), to be the length of p. We say that w ends with x^η if p ends with x^η .

Consider any f = ∑ w∈F r_w w ∈ RF . We define the support of f and the degree of

f to be, respectively,

supp(f) := {w ∈ F | r_w ≠ 0} and deg(f) := max{deg(w) | w ∈ supp(f)},

with the convention that deg(0) = −∞. The dominant component of f is

dom(f) := ∑ {w∈F |deg(w)=deg(f )} r_ww.

2.10 Lemma. Suppose that Notation 2.4 holds. Suppose further that x, y ∈ X, η ∈ {1, −1} and f ∈ RF − {0}. Then the following hold.

(i). deg(^{f ∂}_{xη ∂} ) ≤ deg(f).

(ii). If deg(^{f ∂}_{xη ∂} ) = deg(f), then some element of supp(dom(f)) ends with x̄^η , and all elements of supp(dom(^{f ∂}_{xη ∂} )) end with x̄^η .

(iii). deg(^{f ∂2}_{x∂·ȳ∂} ) < deg(f), where^{f ∂2}_{x∂·ȳ∂} denotes (^{f ∂}_{x∂} )^∂_{ȳ∂}

(iv). For each n ∈ N, if f ∈ I^{2n} − {0} then deg(f) ≥ n.

Proof. (i)–(iii). Let w be an element of F , and let (x^{η1}_1 , . . . , x^{ηd}_d ) be its unique reduced expression. Then w∂ x^η ∂ = d∑ i=1 x^{η1}_1 · · · x^{ηi−1}_{i−1} ·^{xηii ∂}_{xη ∂} = ∑ {i|1≤i≤d, (x_i,η_i )=(x,η)} x^{η1}_1 · · · x^{ηi−1}_{i−1} − ∑ {i|1≤i≤d, (x_i,η_i)=(x,−η)} x^{η1}_1 · · · x^{ηi−1}_{i−1} x^{ηi}_i . It is now straightforward to prove (i) and (ii), and then (iii) follows easily.

(iv). We proceed by induction on n. Clearly the implication in (iv) holds for n = 0. Now suppose that, for some n ≥ 1, the implication in (iv) holds with n − 1 in place of n.

By Lemmas 2.8 and 2.2, we have a left RF -linear isomorphism I^{2 ∼}−→ ⨁ (x,y)∈X^2 RF, f → (^{f ∂2}_{x∂·ȳ∂} | (x, y) ∈ X × X). On left multiplying by I^{2n−2}, we obtain a left RF -linear isomorphism I^{2n ∼}−→ ⨁ (x,y)∈X^2 I^{2n−2}, f → (^{f ∂2}_{x∂·ȳ∂} | (x, y) ∈ X × X). Now suppose that f ∈ I^{2n} − {0}. Then there exists (x, y) ∈ X × X such that f ∂^2 x∂·ȳ∂ ∈ I 2n−2 − {0}. By the induction hypothesis, deg( f ∂^2 x∂·ȳ∂ ) ≥ n − 1. By (iii),

deg(f) ≥ n. This proves (iv).

2.11 The Magnus-Fox embedding theorem. Let R be a ring, let X be a set, let F be the free group on X, let X∂ be a set given with a bijective map X → X∂, x → x∂, and let ϕ = ϕ(R, X): RF −→ R⟨⟨X∂⟩⟩ be the unique R-ring map such that, for each x ∈ X, xϕ = 1 + x∂ and, hence,

x̄ϕ = (1 + x∂)^{−1} = 1 − ∂x + (∂x)^2 − (∂x)^3 + · · · .

Then ϕ is injective.

Proof. Suppose that Notation 2.4 holds. It is clear from Lemma 2.10(iv) that ⋂ n≥0 I^n = {0}. Now the result follows from Lemmas 2.8 and 2.3.

2.12 Historical remarks. In 1935, Wilhelm Magnus [17, Satz I] proved that ϕ(Z, X) embeds F in the group of units of Z⟨⟨∂X⟩⟩.

This embedding has many important applications. For example, F can then be ordered, since it is easy to order the group of those units of Z⟨⟨∂X⟩⟩ which have constant term 1; see, for example, the first paragraph of [1].

Luis Paris has pointed out to us that, for any prime integer p, a natural analogue of Magnus’s argument shows that ϕ(Z_p, X) embeds F in the group of units of Z_p⟨⟨X∂⟩⟩, where Z_p = Z/pZ. It then follows that if R is any nonzero ring, then ϕ(R, X) embeds F in the group of units of R⟨⟨X∂⟩⟩.

In 1953, Ralph H. Fox [11, Theorem 4.3] proved that ϕ(Z, X) is injective. In this section, we have verified the well-known fact that Fox’s argument works with any ring in place of Z. This was noted, for example, by Sheiham [24, Lemma 2.6].

2.13 Remarks. Suppose that Notation 2.4 holds, and let R = Z.

Let M be any Z-module. Let MF denote the induced left ZF -module ZF ⊗_ZM. It is straightforward to translate the arguments of this section from RF to MF and deduce that ⋂ n≥0 (I^nMF ) = {0}; the translation amounts to applying − ⊗_R M

to the maps in the proof of Lemma 2.10.

As in the work of Brian Hartley [12], it then follows easily that the wreath product F ≀ M = MF ⋊ F = ( 1 0 MF F )

is residually nilpotent.

3 Rational series and universal localizations

In this section, we will consider the following situation.

3.1 Notation. Let R be a ring, and let Y be a set. We shall think of the elements of Y as R-centralizing indeterminates.

Let R⟨Y ⟩ be the free R-ring on the R-centralizing set Y . Let ϵ: R⟨Y ⟩ → R be the R-ring map which sends every element of Y to 0. Let I denote the kernel of ϵ.

Let R⟨⟨Y ⟩⟩ denote the power-series R-ring on the R-centralizing set Y . We think of R⟨⟨Y ⟩⟩ as the I-adic completion of R⟨Y ⟩, R⟨⟨Y ⟩⟩ = lim_{←−} n∈N R⟨Y ⟩/I^n. It is not

difficult to show that the I-adic completion map R⟨Y ⟩ → R⟨⟨Y ⟩⟩ is injective; we shall view R⟨Y ⟩ as a subring of R⟨⟨Y ⟩⟩.

Let R_{rat}⟨⟨Y ⟩⟩ denote the division closure of R⟨Y ⟩ in R⟨⟨Y ⟩⟩, that is, R_{rat}⟨⟨Y ⟩⟩ is the smallest subring of R⟨⟨Y ⟩⟩ which contains R⟨Y ⟩ and is closed under taking inverses of elements that are invertible in R⟨⟨Y ⟩⟩. The elements of R_{rat}⟨⟨Y ⟩⟩ are called rational power series.

A matrix A over R⟨Y ⟩ is said to be sent to an invertible matrix by ϵ if Aϵ, the coordinate-wise image of A under ϵ, is invertible over R. Let Σ denote the set of matrices over R⟨Y ⟩ that are sent to invertible matrices by ϵ. Then Σ is also the set of matrices over R⟨Y ⟩ that are invertible over R⟨⟨Y ⟩⟩.

Suppose that A is a matrix over R_{rat}⟨⟨Y ⟩⟩ that is sent to an invertible matrix by the induced augmentation map ϵ̂: R⟨⟨Y ⟩⟩ → R. It is easy to see that A is invertible over R⟨⟨Y ⟩⟩, and we claim that A is invertible over R_{rat}⟨⟨Y ⟩⟩. By viewing R as a subring of R⟨⟨Y ⟩⟩, we can view (Aϵ̂)^{−1} as a matrix over R_{rat}⟨⟨Y ⟩⟩. By replacing A with (Aϵ̂)^{−1}A, we may assume that (A is square and) Aϵ̂ is an identity matrix. Thus, the diagonal entries of A are invertible in R⟨⟨Y ⟩⟩, and, hence, are invertible in R_{rat}⟨⟨Y ⟩⟩. By applying to A a suitable sequence of row operations consisting of adding a left multiple of some row to another row, we may further assume that A is diagonal. It follows that A is invertible over R_{rat}⟨⟨Y ⟩⟩, as claimed. In particular, Σ is the set of matrices over R⟨Y ⟩ that are invertible over R_{rat}⟨⟨Y ⟩⟩.

Let ψ : R⟨Y ⟩ → R⟨Y ⟩Σ^{−1} denote the universal ring homomorphism such that the elements of Σ are sent to invertible matrices by ψ. We call R⟨Y ⟩Σ^{−1} the universal localization of R⟨Y ⟩ at Σ.

By the universal property, there exists a unique R⟨Y ⟩-ring homomorphism τ = τ(R, Y ): R⟨Y ⟩Σ^{−1} → R_{rat}⟨⟨Y ⟩⟩. It follows from [4, Proposition 7.1.3] that the image of τ is division closed in R_{rat}⟨⟨Y ⟩⟩, and, hence, τ is surjective.

3.2 Historical remarks. Suppose that Notation 3.1 holds.

Desmond Sheiham [22, Proposition 1.2] showed that τ(R, Y ) need not be an isomorphism, by constructing an elegant example in which the kernel of τ(R, Y ) contains a nonzero element of the form a(1 − by)^{−1}c, with a, b, c ∈ R and y ∈ Y .

Cohn-Dicks [5, p.416] showed that if R is a division ring, then τ(R, Y ) is an isomorphism.

Cohn [3, Theorem 5] conjectured that if R is a commutative integral domain, then τ(R, Y ) is an isomorphism; Linnell [16, Problem 3.2] has recently resuscitated this problem.

Dicks-Sontag [9, Theorem 24] showed that if R is a commutative principal ideal domain, then τ(R, Y ) is an isomorphism. We now extend this to the case where R is a commutative Bezout domain, that is, a commutative integral domain in which every finitely generated ideal is principal.

3.3 Theorem. If R is a commutative Bezout domain and Y is any set, then the map τ(R, Y ): R⟨Y ⟩Σ^{−1} → R_{rat}⟨⟨Y ⟩⟩ of Notation 3.1 is an isomorphism.

Proof. Let K denote the field of fractions of R. By [6, Theorem 3.3], there exists a homomorphism ϕ from R⟨Y ⟩ to a division ring U(R⟨Y ⟩) such that ϕ preserves inner ranks of matrices. In particular, ϕ: R⟨Y ⟩ → U(R⟨Y ⟩) sends the nonzero elements of R to invertible elements. Hence, ϕ factors through the natural map ψ : R⟨Y ⟩ → K⟨Y ⟩, and, therefore, ψ, also, preserves inner ranks of matrices.

Thus, the conclusion of [9, Theorem 13] holds when R is a commutative Bezout domain. Now the proof of [9, Theorem 24] applies verbatim to show that τ(R, Y ) is an isomorphism.

3.4 Remark. Let ϵ: S ↠ R be a surjective ring homomorphism.

Let Σ denote the set of all square matrices over S which are sent to invertible matrices by ϵ.

Let Σ^′ denote the class consisting of all S-linear maps between finitely generated projective S-modules that are sent to invertible maps by ϵ, that is, applying R_ϵ ⊗_S − gives an R-linear isomorphism. The proof of [20, Proposition 3.1] shows that every element of Σ^′ is also sent to an invertible map by the universal localization map S → SΣ^{−1} . It follows thus there is a natural S-ring identification of the universal localizations, SΣ^{−1} = SΣ^{′−1}.

Thus, it makes no difference whether we consider square matrices, matrices, or arbitrary maps between finitely generated projective modules; the resulting universal localizations are all the same. We shall work with matrices.

We can extend Theorem 3.3 by using the following result.

3.5 Lemma (Sheiham [23]). Let ϕ: S → R be a ring homomorphism, and let Σ denote the set of matrices over S that are sent to invertible matrices by ϕ.

Let Σ_0 be any subset of Σ. Let Σ_2 denote the set of matrices over SΣ^{−1}_0 that are sent to invertible matrices by the induced homomorphism SΣ^{−1}_0 → R. Then the natural map SΣ^{−1} → (SΣ^{−1}_0 )Σ^{−1}_2 is an isomorphism.

Proof. Clearly, there exist S-ring maps

S → SΣ^{−1}_0 → SΣ^{−1} → R.

Each element of Σ is sent to an invertible matrix by the composition S → SΣ^{−1}_0 → R, and, hence, each element of Σ is sent to an element of Σ_2 by the map S → SΣ^{−1}_0 . This then gives us an S-ring map SΣ^{−1} → (SΣ^{−1}_0 )Σ^{−1}_2 . We will construct its inverse.

Now, Σ_2 is the set of matrices that are sent to invertible matrices by the composition SΣ^{−1}_0 → SΣ^{−1} → R.

By [22, Lemma 3.1], every matrix over SΣ^{−1} which is sent to an invertible matrix by the map SΣ^{−1} → R is already invertible over SΣ^{−1}. Thus, Σ_2 is the set of matrices that are sent to invertible matrices by the first factor, SΣ^{−1}_0 → SΣ^{−1}. By universal properties, there exists an S-ring map (SΣ^{−1}_0 )Σ^{−1}_2 → SΣ^{−1}, which is easily seen to be the inverse of the above map SΣ^{−1} → (SΣ^{−1}_0 )Σ^{−1}_2 , as desired.

3.6 Theorem. Let R be a division ring or a commutative Bezout domain, let Y be a set, and let S = R⟨Y ⟩. Let ϵ: S → R denote the R-ring map which sends every element of Y to 0.

Let Σ_0 be any set of matrices over S that are sent to invertible matrices by ϵ. Let Σ_2 denote the set of matrices over SΣ^{−1}_0 that are sent to invertible matrices by the induced map SΣ^{−1}_0 → R. Then there exists a (unique) S-ring isomorphism (SΣ^{−1}_0 )Σ^{−1}_2^∼−→ R_{rat}⟨⟨Y ⟩⟩.

Proof. Let Σ denote the set of matrices over S that are sent to invertible matrices by ϵ. Thus Σ_0 is a subset of Σ.

By Lemma 3.5, there exists a (unique) S-ring isomorphism

SΣ^{−1 ∼}−→ (SΣ^{−1}_0 )Σ^{−1}_2 .

If R is a division ring, resp. a commutative Bezout domain, then, by [5, p.416], resp. Theorem 3.3, there exists a (unique) S-ring isomorphism τ(R, Y ): SΣ^{−1 ∼}−→ R_{rat}⟨⟨Y ⟩⟩. Now the result follows.

3.7 Corollary. Let R be a division ring or a commutative Bezout domain, and let F be a free group. Let ϵ: RF → R denote the R-ring map that sends every element of F to 1

Let Σ denote the set of matrices over RF that are sent to invertible matrices by ϵ.

Let X be a basis of F , and let X∂ be a set given with a bijective map X → X∂, x → x∂. Then there exists a (unique) R⟨X⟩-ring isomorphism (RF )Σ^{−1 ∼}−→ R_{rat}⟨⟨X∂⟩⟩ where each x ∈ X corresponds to x ∈ (RF )Σ^{−1} and to 1 + x∂ ∈ R_{rat}⟨⟨X∂⟩⟩.

Proof. Let S = R⟨X∂⟩, let Σ_0 = X = {x∂ + 1 | x∂ ∈ X∂}, and let Σ_2 = Σ. Now SΣ^{−1}_0 = (R⟨X∂⟩)Σ^{−1}_0 = R⟨X⟩X^{−1} = RF . Applying Theorem 3.6, we obtain the desired result.

3.8 Remarks. (i). By the Magnus-Fox embedding theorem 2.11, RF itself embeds in R_{rat}⟨⟨X∂⟩⟩, although this information is not used in the above proof of Corollary 3.7.

(iii). The case of Corollary 3.7 where R is a commutative principal ideal domain was obtained by Farber-Vogel [10, Theorem 5.1]; notice their result is equivalent to [9, Theorem 24], by Sheiham’s Lemma 3.5.

3.9 Open Questions. Let R be a commutative Bezout domain, let F be a free group, and let Y be a set. By [6, Theorem 3.3], R⟨Y ⟩ is a Sylvester domain. This suggests the following questions. (1). Is RF a Sylvester domain? (2). Is R_{rat}⟨⟨Y ⟩⟩ a Sylvester domain? (3). Is R⟨⟨Y ⟩⟩ a Sylvester domain?

Even for R a commutative principal ideal domain, we do not know the answers to any of these questions.

3.10 Digression. Although the referee of [10] did not draw the authors’ attention to [5], [11], [9], or [6], said referee did mention a deep result of Jacques Lewin, see [10, Remark 5.4], and it is worth elaborating on this.

Let R be a division ring.

(i). Let G be an ordered group, and let R⟨⟨G⟩⟩ denote the Mal’cev-Neumann power-series ring of G, consisting of all functions G → R with well-ordered support, where the functions are written, multiplied and added as formal sums over the elements of G.

Both A. I. Mal’cev and B. H. Neumann showed that R⟨⟨G⟩⟩ is a division ring; see, for example, [8, Corollary 2.2].

Let R_{rat}⟨⟨G⟩⟩ denote the division closure of the group ring RG in R⟨⟨G⟩⟩; thus, R_{rat}⟨⟨G⟩⟩ is an RG-division ring.

F. W. Levi [14, p.201] showed that G is locally indicable. Ian Hughes [13, top of page 183] showed that the isomorphism class of the RG-ring R_{rat}⟨⟨G⟩⟩ does not depend on the ordering of G; the main part of Hughes’ argument has been recast in [7].

(ii) Let F be a free group. Let ϵ: RF → R denote the usual augmentation map. As we saw in Remarks 2.12, the free group F can be ordered. By (i), there exists an RF -division ring R_{rat}⟨⟨F ⟩⟩, unique up to RF -ring isomorphism.

P. M. Cohn showed that RF is a semifir, and, hence, that there exists a universal RF -division ring, U(RF ), and that U(RF ) has the form (RF )Φ^{−1}, where Φ denotes the set of all full square matrices over RF ; see [4].

Jacques Lewin [15, Theorem 2] used results of Cohn and Hughes to show that U(RF ) and R_{rat}⟨⟨F ⟩⟩ are isomorphic as RF -rings.

Let Σ denote the set of matrices over RF that are sent to invertible matrices by ϵ. By [9, Proposition 4] with (R, Σ, S, T ) = (RF, Σ, RF, RF Φ^{−1}), the natural map (RF )Σ^{−1} → (RF )Φ^{−1}

is injective.

Let X be a basis of F . By the foregoing, together with Corollary 3.7, there exists a (unique) R⟨X⟩-ring embedding of R_{rat}⟨⟨X∂⟩⟩ in R_{rat}⟨⟨F ⟩⟩, where it is understood that each x ∈ X is mapped to 1 + x∂ ∈ R_{rat}⟨⟨X∂⟩⟩ and to x ∈ R_{rat}⟨⟨F ⟩⟩.

4 Stable flatness

In this section we apply Corollary 3.7 to obtain new examples of stable flatness.

4.1 Definition. Let R → S be an arbitrary ring homomorphism, that is, S has the structure of an R-ring. We say that S is a stably flat R-ring, if, for each positive integer n, Tor^R_n (S_R,_RS) = 0. This extends the usage, introduced by Neeman and Ranicki [19, Theorem 0.7], from universal localizations to arbitrary ring homomorphisms.

Obviously S is stably flat as an R-ring whenever R is a von Neumann regular ring, or, more generally, whenever S is flat as a left or a right R-module.

4.2 Lemma. Let R be a ring, let F be a free group, and let Σ be a set of RF -linear maps whose domains and codomains are finitely generated projective left RF -modules.

If (RF )Σ^{−1} is stably flat as an R-ring, then (RF )Σ^{−1} is also stably flat as an RF -ring.

In particular, if R is a von Neumann regular ring, or, more generally, if (RF )Σ^{−1} is flat as a left R-module, then (RF )Σ^{−1} is stably flat as an RF -ring.

Proof. Let S = (RF )Σ^{−1} and let n be a positive integer. Recall that we want to show that Tor^{RF}_n (S, S) = 0.

Bergman and Dicks [2, (95)] showed that Tor^{RF}_1 (S, S) = 0; a simpler proof was given by Dicks, Dlab, Ringel, and Schofield [21, pp. 57–58].

Thus it remains to show that Tor^{RF}_{n+1}(S, S) = 0. Let X be a basis of the free group F .

There exists an exact sequence of R⟨X⟩-bimodules of the form 0 → ⊕_{x∈X}(R⟨X⟩ ⊗_R R⟨X⟩) → R⟨X⟩ ⊗_R R⟨X⟩^{mult}−−−→ R⟨X⟩ → 0; see, for example, [2, (17)].

There exists an exact sequence of RF -bimodules of the form 0 → ⊕_{x∈X}(RF ⊗_R RF ) → RF ⊗_R RF^{mult}−−−→ RF → 0; see, for example, [2, (4)].

There exists an exact sequence of left RF -modules of the form 0 → ⊕_{x∈X}(RF ⊗_R S) → RF ⊗_R S → S → 0; see, for example, [2, (62)].

The long exact sequence resulting from applying Tor^{RF}_∗ (S, −) to this short exact sequence contains

(4.2.1) Tor^{RF}_{n+1}(S, RF ⊗_R S) → Tor^{RF}_{n+1}(S, S) → Tor^{RF}_n (S, ⊕_{x∈X} RF ⊗_R S).

Now RF is free, and, hence, flat, as a right R-module; thus any flat, left R-resolution of S lifts to a flat, left RF -resolution of RF ⊗_R S. It follows that (4.2.1) can be rewritten as

Tor^R_{n+1}(S, S) → Tor^{RF}_{n+1}(S, S) → ⊕_{x∈X} Tor^R_n (S, S).

By hypothesis, S is a stably flat R-ring, and, hence, Tor^R_n (S, S) = Tor^R_{n+1}(S, S) = 0. Thus, Tor^{RF}_{n+1}(S, S) = 0, as desired.

4.3 Review. In the proof of the next result, we shall use the well-known fact that if R is a commutative Bezout domain, and M is a torsion-free R-module, then M is a flat R-module. This fact can be proved as follows.

It suffices to show that, for each finitely generated ideal I of R, the multiplication map I ⊗_R M → M is injective. Here I = aR for some a ∈ R, and we may assume that a is nonzero. Thus I_R ≃ R_R, and I ⊗_R M ≃ M, and the map I ⊗_R M → M is equivalent to the map M → M given by multiplying by a. Since M is torsion-free, the latter map is injective.

4.4 Theorem. Let R be a ring, let F be a free group, let ϵ: RF → R be the R-ring map which sends each element of F to 1, and let Σ denote the set of matrices over RF that are sent to invertible matrices by ϵ.

If R is a von Neumann regular ring or a commutative Bezout domain, then (RF )Σ^{−1} is stably flat as an RF -ring.

Proof. If R is a von Neumann regular ring, then (RF )Σ^{−1} is stably flat as an RF -ring, by Lemma 4.2.

Now, let R be a commutative Bezout domain. Let X be a basis of F . By Corollary 3.7, there exists an isomorphism of R⟨X⟩-rings (RF )Σ^{−1 ∼}−→ R_{rat}⟨⟨X∂⟩⟩, and, as an R-module, R_{rat}⟨⟨X∂⟩⟩ is obviously torsion-free. Thus, as an R-module, (RF )Σ^{−1} is torsion-free. Hence, by Review 4.3, (RF )Σ^{−1} is flat as left R-module. By Lemma 4.2, (RF )Σ^{−1} is a stably flat RF -ring.

Acknowledgments

The research of the first-named author was partially supported by MEC-DGESIC (Spain) through Project MTM2005-00934, and by the Comissionat per Universitats i Recerca de la Generalitat de Catalunya.

The research of the second-named author was funded by the DGI (Spain) through Project BFM2003-06613.

References

[1] George M. Bergman, Ordering coproducts of groups and semigroups, J. Algebra 133(1990), 313–339.

[2] George M. Bergman and Warren Dicks, Universal derivations and universal ring constructions, Pacific J. Math. 79(1978), 293–337.

Addenda at http://mat.uab.es/∼dicks/GMBergman.html [3] P. M. Cohn, Free radical rings, Colloq. Math. Soc. J. Bolyai 6(1973), 135–145. [4] P. M. Cohn, Free rings and their relations, Second edition, LMS Monographs 19, Academic Press, London, 1985.

12 Universal localizations embedded in power-series rings

[5] P. M. Cohn and Warren Dicks, Localization in semifirs II, J. London Math. Soc. (2) 13(1976), 411–418.

Erratum at http://mat.uab.es/∼dicks/Cohn.html [6] Warren Dicks, Free algebras over Bezout domains are Sylvester domains, J. Pure Appl.

Algebra 27(1983), 15–28.

[7] Warren Dicks, Dolors Herbera and Javier Sánchez, On a theorem of Ian Hughes about division rings of fractions, Comm. Algebra 32(2004), 1127–1149.

[8] Warren Dicks and Jacques Lewin, A Jacobian conjecture for free associative algebras, Comm.

Algebra 10(1982), 1285–1306.

[9] Warren Dicks and Eduardo D. Sontag, Sylvester domains, J. Pure Appl. Algebra 13(1978), 243–275.

Errata and addenda at http://mat.uab.es/∼dicks/Sontag.html [10] M. Farber and P. Vogel, The Cohn localization of the free group ring, Math. Proc. Camb.

Phil. Soc. 111(1992), 433–443.

[11] Ralph H. Fox, Free differential calculus. I. Derivation in the free group ring, Ann. of Math.

(2) 57(1953), 547–560.

[12] B. Hartley, The residual nilpotence of wreath products, Proc. London Math. Soc. (3) 20(1970), 365–392.

[13] Ian Hughes, Division rings of fractions for group rings, Comm. Pure Appl. Math. 23 (1970), 181–188.

[14] F. W. Levi, Contributions to the theory of ordered groups, Proc. Indian Acad. Sci., Sect. A 17 (1943), 199–201.

[15] Jacques Lewin, Fields of fractions for group algebras of free groups, Trans. Amer. Math. Soc.

192 (1974), 339–346.

[16] Peter A. Linnell, Noncommutative localization in group rings, pp. 40–59 in: Noncommutative localization in algebra and topology (ed. Andrew Ranicki), LMS Lecture Notes 330, CUP, Cambridge, 2006.

[17] Wilhelm Magnus, Beziehungen zwischen Gruppen und Idealen in einem speziellen Ring, Math. Ann. 111(1935), 259–280.

[18] Amnon Neeman and Andrew Ranicki, Noncommutative localisation and chain complexes I.

Algebraic K- and L-theory, http://arxiv.org/abs/math.RA/0109118.

[19] Amnon Neeman and Andrew Ranicki, Noncommutative localisation in algebraic K-theory I, Geom. Topol. 8(2004), 1385–1425.

[20] Andrew Ranicki and Desmond Sheiham, Blanchfield and Seifert algebra in high-dimensional boundary link theory I. Algebraic K-theory, http://arxiv.org/abs/math.AT/0508405 [21] A. H. Schofield, Representations of rings over skew fields, LMS Lecture Notes 92, CUP, Cambridge, 1985 [22] Desmond Sheiham, Non-commutative characteristic polynomials and Cohn localization, J. London Math. Soc. (2) 64(2001), 13–28.

[23] Desmond Sheiham, e-mail communication, May 29, 2003.

[24] Desmond Sheiham, Invariants of boundary link cobordism II. The Blanchfield-Duval form, pp. 143–219 in: Noncommutative localization in algebra and topology (ed. Andrew Ranicki), LMS Lecture Notes 330, CUP, Cambridge, 2006.

Departament de Matemàtiques, Universitat Autònoma de Barcelona, E-08193 Bellaterra (Barcelona), Spain

E-mail addresses: para@mat.uab.es, dicks@mat.uab.es URL: http://mat.uab.es/∼dicks/