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GROUND STATE SOLUTIONS
OF THE SCHRODINGER-POISSON-SLATER EQUATION
WITH DOUBLE CRITICAL EXPONENTS

CHUNYU LEI AND YUTIAN LEI

Abstract: This paper is concerned with the Schrodinger—Poisson—Slater (SPS) equation with double
critical exponents. Such exponents appear in the Coulomb—Sobolev inequality, one being the Sobolev
exponent and the other being called the Coulomb exponent here. We study the existence of nontrivial
solutions of the SPS equation. This can be done by solving a variational problem with lack of com-
pactness which is caused by these two critical exponents. Although the concentration compactness
principle can be used to deal with the lack of compactness caused by the Sobolev exponent, it seems
difficult to handle the other lack of compactness caused by the Coulomb exponent. Here we employ
the Nehari—Pohozaev manifolds instead of the direct argument of concentration compactness on the
Coulomb—Sobolev space to overcome this difficulty and prove that the equation possesses ground
state solutions in these manifolds.
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1. Introduction

In this paper, we study the existence of positive solutions of the following
Schrédinger—Poisson—Slater (SPS) equation:

(1.1) — Au+ (|27 * u)u = plul?2u+ [u* "2u  in R,
where n > 3, a € (0,n), 2* = %, q:= 82120?‘7 and p > 0. Here we call 2* and ¢ the

Sobolev exponent and the Coulomb exponent respectively. In equation (1.1), |z|*~™
u? is the repulsive Coulomb potential, which implies the Coulomb-Sobolev space is a
suitable work space (cf. [14]). The Coulomb—Sobolev space is

Xt .= {v € DV3(R™); L(v) < oo},
with the norm |Jul| := [[ul|x1.« = (|Vu|2 + [L(u)]2)2 (cf. [19]), where

L(v) := / / dedy

is the Coulomb energy of the wave. It is known that each solution of (1.1) is a critical
point of the energy functional .J: X1® — R, given by

1 1 u?(z)u?(y)
J(u :f/ Vquac—Ff/ / ———F—=dxd
() 2 Jgn [Vl 4 Jgn Jyn | —y|ne Y

1 x
- ﬁ/ |ul? dx — —*/ lul?" da.
q n 2 R™
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Here 2* and ¢ are two critical end points of the admission interval of p in the Coulomb—
Sobolev inequality

p(nt+a)—4n

el an 2n—p(n—2)
(12) H¢”£ < CIV|ly 7 [L()] 2ata-m
with n # 4 + «, where
-2(4+a)
Arra) _ o
pe | 24+« ,oo>7 =24
(1.3) c[2+a) 2w )
: 24+a) . .
b | 2+a 'n—2] = )
20 2(4+aq)
AxTra) ita
Peln=2 27a } n>ita

The best constant of (1.2) is helpful to estimate the lower bound of the Coulomb en-
ergy (cf. [4] and [13]). To obtain the best constant, one can consider the minimization
problem

[Volls 57 (L) HESS
(1.4) inf 2
9740 ol
In [2] and [3], the authors proved that (1.4) is attained under the assumption (1.3).
The Euler-Lagrange equation is

(1.5) — Au+ (|z|*"" * u®)u = plu/P"?u  in R",

where n > 2, « € (0,n), and p > 0 is the so-called Slater constant.

Systems (1.1) and (1.5) appear in various physical frameworks, such as plasma
physics, semiconductor physics, and the Hartree-Fock theory (cf. [5, 13, 16] and the
references therein). There is a series of analytical results on the Schrédinger—Poisson
systems in the literature (see [1, 8, 9, 20, 21, 24] and many others).

When n = 3, a = 2 (now 2* = 6 and ¢ = 3), lanni and Ruiz ([11]) studied the
following version of the Schrodinger—Poisson—Slater equation:

(1.6) — Au+ (u2 )u = plulP?u in R

. -

4|z
With the help of the ‘monotonicity trick’, a positive ground state solution was ob-
tained when 3 < p < 6. When p = 3 (i.e., p is equal to the Coulomb exponent ¢),
(1.6) has no solution if p is suitably small. A natural question is whether (1.6) has
a nontrivial solution for large p. In addition, Ruiz ([19]) investigated the existence
of ground state solutions with the radial structure when 1—78 < p < 3. Now, the
Coulomb exponent is § = 18/7 instead of ¢ = 3. Following the ideas in [18] and [22],
the authors of paper [12] studied the higher-dimensional version of the Schrodinger—
Poisson—Slater equation (1.5) where p belongs to the intervals in (1.3). Under the
assumption ¢ < p < 2* when n < 4+, or 2* < p < ¢ when n > 4 + «, they obtained
a ground state solution of the Nehari—Pohozaev type.

In 2019, Liu, Zhang, and Huang studied the following equation of the Schrodinger—
Poisson—Slater type with the Sobolev exponent and the subcritical exponent ([17]):

(1.7) —Au+ (u2 * )u = pluP"?u + Ju/*u  in R3,

|47 z|

where p > 0. The main results are listed as follows. When p € (3,6), they obtained
the existence of positive ground state solutions. They also studied the existence of
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radial solutions. When p = 3, they obtained the existence of radial solutions in radial
space Xrlafl by the constrained minimization method provided p is suitably large.
When p € (18/7,3) and p € (0,u*) with some p* > 0, they proved the existence
of radial solutions. The analogous results were generalized to the equation with the
fractional Laplacian (cf. [10]).

When p = 3 and p is suitably small, it is unknown whether (1.7) has nontrivial
solutions without the radial structure. This is the main motivation of this paper. In
addition, we are concerned with the existence of nontrivial solutions (which are not
limited to radial structure) of higher-dimensional equation (1.1), because there are
many differences between the case of 3 <n < 4 + « and the case of n > 4 + a.

Now our main results in this paper are stated as follows. Set

(1.8) My = {u € XH*\{0} : I+ (u) = 0},
where
1 1 1 2% —nb 1 .
I == 2de+ -L(u) — - 44 — 2 d
s [ vePar s 1o -t [ rae s ZE0L [
Withb:%%a.

Theorem 1.1. Letn >4, a € (0,n), 2* = %, q:= 82125, and let > 0 be suitably
small. Then

(i) (1.1) has a ground state solution in My when 4 <n <4+ a,
(ii) (1.1) has a ground state solution in M_ when n >4+ a.

In addition, these ground state solutions are the L (R™)-limit of some minimizing
sequence of J in M.

Clearly, the following two embedding results
Xbe s LT (R™), X5 < LYRM)

are not compact. Applying the concentration compactness principle, we can only
obtain the strong convergence of minimizing sequence {u,,} in L2 (R") when 3 <
n < 44+ «. Here the best Sobolev constant S comes into play to estimate the threshold
value of J, because the test function can be chosen as the extremal function of the
Sobolev inequality. Now, ¢ < 2* and hence the L{ (R™) convergence of u,, also holds
to ensure the limit of J(u,,) makes sense. When n > 4 + « (which implies ¢ > 2%),
L (R™) convergence of u,, is not natural any more if we use S to estimate the
threshold value of J. The best constant of the Coulomb—Sobolev inequality may be
suitable to estimate the threshold value of J. However, we do not know whether the
extremal functions exist or not when p in (1.2) is equal to 2* or ¢ (cf. Theorem 2.2
in [2]). Therefore, it seems difficult to take the test functions to estimate the threshold
value of J. Consequently, it is not easy to prove that the limit of the minimizing
sequence of J is the critical point in X1®. In this paper, we adopt a new approach to
take place of the direct argument of the concentration compactness on X . Here,

the Pohozaev-type identity P(u) = 0 plays a key role, where

n—2

— 2 n+« n n o
= Lu) — u L '
Plu) =" / Val? d + " L) “q/Rn ultdr — - /R uf? da

We will apply this Pohozaev-type identity to construct suitable constraint manifolds
to find the nontrivial solutions of (1.1).



476 C. LE1, Y. LEI

Finally, we consider ground states in the radial space. Set
Xrlég = {v € X"%; v is a radially symmetric function}
with the same norm from X, Define
My = {ue XLN\{0} : I+ (u) = 0}.
Now, the embedding
8+2a

(1.9) Xb* — L7Fa (R")

is compact if a € (1,n) (cf. Theorem 1.5 in [3]). So we can prove the following theorem.

Theorem 1.2. Letn >4, a € (0,n), 2* = 22 q:= 829 gnd let u > 0 be suitably

T n-—27 24a ?

small. Then the conclusions (i)-(ii) of Theorem 1.1 still hold when My is replaced
with M. Furthermore, if a € (1,n), those ground state solutions are the Xrlég‘—limits

of some minimizing sequence of J in M.

Remark 1.3. When p = 0, equation (1.1) has no nontrivial solution. Indeed, suppos-
ing that u is a solution of equation (1.1) with n # 4 + «, there holds (J'(u),u) = 0.
Combining with P(u) = 0 yields

n—2

2 n—+ o _n o o
5 /n|Vu| dx + 1 L(u) o /n|u\ dx =0,

/ \Vu|? de + L(u) — / lul?" dz = 0.
RTI, RTL

(nza_n22>L(u):WL(u)=0.

This implies that v = 0.

Consequently,

Remark 1.4. When p > 0, it seems difficult to prove the X1:*-convergence of (PS)-
sequences because of ¢ = 82125 < 4, where 4 is the order of L(u). In addition, when
a=2,n=3, and p = q(= 3), the authors of [17] pointed out that the perturbation
method and the monotonicity trick technique are invalid even though u is suitably
large. So they studied the existence of (1.1) in the radial space X rla(of Here Theorem 1.1
shows that we can find a nontrivial solution of (1.1) in X when p = ¢q. Although we
do not know whether this solution is the X1:®-limit of the (PS)-sequence, Theorem 1.2

shows that the radial solution is.

Remark 1.5. According to Section 1.4 in [3], when « € (1,n), one end point of the
admissible interval of p in (1.3) changes from ¢ to ¢ := 2(5n — 4 — a)/(3n — 4 + «).
(In particular, § = 18/7 when n = 3 and « = 2.) Thus, the new admissible interval
becomes larger and ¢ belongs to the new interval. Equation (1.1) is not the double
critical problem any more. The argument in this paper may be helpful to understand
the existence of the new double critical problem (1.1) where ¢ is replaced with g in
the radial space.

2. Nehari—Pohozaev manifold

In this section, we follow the ideas in [18] and [22] to introduce some properties
of the Nehari-Pohozaev manifold related to the functional J.
We first establish the following result.

Lemma 2.1. The functional J is unbounded from below.
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Proof: Let u € X%, and utjE = t*lyu(t*z), where b = QJ%Q and t > 0.
By the standard scaling we have

/ Vit 2 do = 20770 / Vul?dz, L(uE) = 27 L (y),
Rn R™

/ luf |qu—tiq¢”b/ |ul? dz, / luf | da :tﬂ*:F"b/ lu|? d.
n Rﬂ, n

Hence,

1 1 " 1
M) =5 [ vuEP ot jpe) = [ e g [

tiq$nb tiq$nb Mtiq$nb
= / |Vul|* dz + : L(u) — 7/ |ul? dz
R’n n

and

2 q
tiQ*Inb -
-~ / lul* dz.
When 3 < n < 4+ a, we see 2* > g > nb. Therefore, J(u:r) — —00 as t — 4o00.
When n > 4 + «a, we see 2* < g < nb. Therefore, J(u; ) = —o0 as t = +o0. O

This result implies that we have to search for the ground state under some con-
straint conditions. So we will introduce a restriction manifold.
For introducing the suitable constraint conditions, we observe the following result.

Lemma 2.2. Set
1 1 t:|:2*$nb .
©E(t) = tFaFnb f/ |Vu|?dz + ~ L(u) — E/ lul?dx| — / lu|?" d,
2 Jgn 4 q 2% R
where t > 0, u € My when 3 <n <4+ a, andu € M_ whenn >4+ a. Then
both o with 3 <n <4+ «a and ¢~ with n > 4 + a have their unique critical points,
corresponding to their maximum.

n

Proof: Since u € My when 3 <n <4+« and u € M_ when n > 4 + «, we have

1 9 1 n 2*—mnb 1 o
= d -L(u) — = Idr = — d 0.
2/Rn |Vu| x+4 (u) q/n |u|? dx b 5 e |u|* dx >

Therefore, when 3 <n < 4+ «,

et(#) - 0" ast— 0", and ¢T(t) = —o0 ast — +o0.
Similarly, when n > 4 + «,

¢ (t) =0T ast—0", and ¢ (t) = —oo ast — +o0.

Noting ¢(0) = 0, we see that T has a unique positive critical point when 3 < n <
4 4+ a. Similarly, ¢~ has a unique positive critical point when n > 4 + a. The proof
of Lemma 2.2 is completed. O

Write uif = t+ u(t*02), with b = 525 and ¢ > 0. By the proof of Lemma 2.1, there

holds
P () = J ().
By Lemma 2.2, if u is a critical point of J on M, the maxima of T (t)
n < 4+ a and ¢~ (t) with n < 4 + a should be achieved at t = 1 and [p*]'(1
Noting
Li(u) = (¢ —nb) " [o*]' (1),

we know that M4 defined in (1.8) makes sense.
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Obviously, M4 # (. Indeed, for any given v # 0, the proof of Lemma 2.2 shows
that there exists ¢ > 0 such that v; € My. Moreover, the curve I' = {u; }+cg intersects
with manifolds M. (where My are C'-manifolds (see Lemma 2.3)), and J|r attains
its maximum along I' at the point w. If u is a mountain pass type solution of (1.1), it
is natural to look for the minimizers of J in M. In addition, if u is a critical point
of J, it satisfies the Pohozaev identity P(u) = 0. By a simple calculation, we get

(2.1) (4+a—n)bly(u) = £(J'(u),u) F bP(u)

with b = 0%_2 Therefore, ML are called the Nehari—Pohozaev manifolds. In this

paper, we will look for nontrivial solutions of (1.1) in the Nehari-Pohozaev mani-
folds M4 with 3 <n <4+ a and M_ withn >4+ a.
Next, we have the following result.

Lemma 2.3. When 3 < n < 4+ a, M, is a C'-manifold, and every critical point
of J in My is a critical point of J in X\, When n > 4 + «, if we replace M
with M_, the conclusion above still holds.

Proof: We proceed by three steps.

Step 1. We claim J > 0.
In fact, for any v € My with 3 <n <4+ «, there holds

1 1 1 .
J(u)zi/]R |Vu|2dx+iL(u)—g/R |u|qalar:—2—*/]R |u|?" dx

12*—nb . 1 .
(2.2) S — / Juf? dxf—/ uf?” da
n 2* ]:R’VL

2* g —nb
12%— .

=— q/ |u|* dz > 0.
2*qg—nb Jg~

Similarly, for any v € M_ with n > 4 + «, there holds

1/ 9 1 [L/ 1/ o
= - Vul*dx + -L(u) — — wl?dx — — u|* dx
5 Ve qn) = £ [ pprde— o

1 -2 b x 1 .
(2.3) ——ﬁ/ |ul? dx—2—*/ |u|?" dx
n R’!L

J(u

~—

2% —g+nb
1 qg-—2* .
:7(17/ |u|?" dz > 0.
2*nb—q Jrn

Step 2. We claim that M with 3<n < 4+ a and M_ with n >4 4 « are Cl-
manifolds.

In fact, by the implicit function theorem, it is sufficient to prove that [I1](u) # 0
for any u € My with 3 <n <4+ «a and u € M_ with n > 4 + a. We prove it by
argument of contradiction. Specifically, suppose that [I+]'(u) = 0 for some uy € M,
with3<n<4+aoru_ € M_ withn >4+ «. Thus, in a weak sense there holds

2* —nb .
(2.4) — Aug + (|2]*7" * ud )ug = plug]|f?uy + nb lus]® "2u
qg—n

+.

Multiplying (2.4) by ut and integrating, we have

2* —nb *
(2.5) / |Vui\2d:v+L(ui)—u/ s de g 2" / s [? dar = 0.
R™ Rn q—’ﬂb R~
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The Pohozaev identity corresponding to equation (2.4) is

n—2 n+ao n
/ |V |? de + ——L(uy) — ,uf/ |ut|? dx
2 " 4 q Jre
(2.6)
n 2* —nb 9*
— dx = 0.
2% q— nb R |u:|:| v

It follows from Iy(uy) =0 (which is implied by uy € M) that

2* —nb .
%/n |V“i\2d$+%L(“i)*ﬂg/n |ui|qu:F2%q—:b /n|ui|2 dz = 0.

Therefore, by (2.6),
9 a
(2.7) [Vug|de = —L(ug).
RTL 4
Multiplying (2.5) by ¢~! and applying I4(u+) = 0, we have

11 11 1 1\2*—nb .
— = Vuiyl?d —— =4(=-= 2" dz.
(2 q)/n| ua x+<4 Q> () (2* q)q—nb /R”|uj:| v

Inserting (2.7) into the equation above, we obtain

g2 +a)—2a—8 11 2*—nb/
2. Llug) =+ — - =
(28) 8¢ (1) 5 ) aonb fe

2" dx.

In view of ¢ = 82120?‘7 there hold W =0 and (2% — %) 2;:7:217 # 0. Therefore,

(2.8) leads to a contradiction. Thus, M4 are C'-manifolds.

Step 3. We claim that the critical points of J in M, with 3 <n <4+« and in M_
with n > 4 4 « are critical points of J in X,

(1) Case of 3<n <4+ a.
Assume that wu is a critical point of J in M ; there exists a Lagrange multiplier A
such that

J'(u) = A(I1)' (u).

It can be written, in a weak sense, as

— Au+ (|| u?)u — plu|t 20 — [ul? "2

= A —Au+ (J2|* 7" x u?)u — plu|?%u —

2* —nb uf? 2y
q—nb '

That is,

2 7211,.

(2.9) —(1=NAu4(1=N)(|z|* "*u®)u = (1—=\)p|u|? 2u+ <1 2;_::)\) |u

It remains to prove A = 0.
Denote

T = |Vu|? d, Bzu/ |ul? dx, C:/ |u|2*dx.
Rn R R~
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Clearly, A # 1 (otherwise, (2.9) implies u = 0). We can establish the following system:

1 1 1 1 2*—nb
1 2* —nb
. L(u)—B— 1-— AC =
(2.10) T+ L(u) — B 1_)\( b )C 0,
n—2 n-+« n 1 2* —nb n
Luy)——-B———[1——)\|—C=
5 T+ 1 (u) qB 1_)\< q—nb)\>2*c 0,

where the second equation follows by multiplying (2.9) by u and integrating, and the
third one is the Pohozaev identity corresponding to equation (2.9).
Combining the first and the third equations in (2.10), we have
n |2 —nb 1 2* —nb A
= — + C.
2* | g—mnb 1-X qg—nb1-—2X\

The second equation in (2.10) can be rewritten as

(2.11) T = %L(u) +

1 1 1 1 2* —nb \1
2.12 -7+ -L(u —fu/ u|? dx — (1— A)C—O.
(2.12) . q() . Rn|| T—x )
It follows from (2.12) and the first equation in (2.10) that

q—2 q—4

2.13 —_— —VL =F
(213) T+ ) = F),
where

F(u)_[IQ*—nb 1 <12*—nb)\)1]c.

2*q—nb71—)\ q—mnb q
Thus by (2.11) and (2.13) we see that
qg2+a)—200—8
8q

(2.14) L(u) = F(u) — G(u),

where

_q—2n (2" —nb 1 2* —nb A
Glu) = 2q 2*(q—nb 1—)\+ q—nb1—2AX ¢

In view of ¢ = 222 it follows from (2.14) that

2+a?
F(u) = G(u).

Specifically,

125 —nb 1 (1_2*—nb)\)1:q—2n<2*—nb_ 1 +2*—nb )\)
2* g—nb 1-—A\ q 2g 2*\qg—nmb 1—X qg—nb1l-—X
This is equivalent to

12" —nb 1 2* —nb q—2n [(2F—nb 2* —nb
— 1—-A)—=(1- A= — 1-X) -1 A
2*q—nb( ) q( qg—nb ) 2q 2*(q—nb( ) +q—nb )

qg—nb

To solve A, we rewrite the result above as

1 1\2*—nb
2.15 ——— | ——— A+ K, np =0,
(2.15) (q 2*)q—nb T Ranb

where
12—nb 1 nqg—22"—nb q—2n

TP g—nb g 2% 29 q—nb 2q 2%
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By computing, we have
_122—mb 1 nqg—22"-nb q—2n
YT ox g—mb g 2% 2¢ q—nb 2q 2*

1 2*—nb(1_n(q—2))+n(q—2)—2-2*

2* q—mnb 2q 2. 2*%q
_ 12" —mnb 1in(q—2)+n(q—2)—2~2*q—nb
2 g—nb 2q 2q 2* —nb

_12—nb 2¢(2* —nb) — n(q —2)(2* —nb) + (¢ — nb)[n(q — 2) — 2 - 2*]
2% g —nb 2q(2* — nb)

_ 12" —nb—2gnb+ (¢ —2")(ng —2n) +2-2"nb
2% g—nb 2¢q(2* — nb)

_n2—nb-2gb+(¢—2")(¢—2)+2-2%
2% qg—nb 2¢q(2* — nb)

 n 2 —nb2b(2* —q) + (¢ —2")(¢—2)
2% g—nb 2q(2* — nb)

_n2 —nb(2"—q)(2b—q+2)
2% g—nb 2q(2* — nb)

:O’

where we use the fact 2b — g + 2 = ﬁ +2 - 8212(3 = 0. Consequently, it follows
from (2.15) that
A=0.

Therefore, we conclude that J'(u) =0 for n > 3, i.e., u is a critical point of J.

(2) Case of n >4+ a.
Assume that u is a critical point of J in M _. There exists the Lagrange multiplier A
such that J'(u) = A(J_)'(u), which implies

—2* +nb .
(0= A (1= Nl w0 =l = W (1 2
We see that A # 1, and it remains to prove A = 0.
By the same derivation as in (2.10), we can see that
1, 1 —2+4nb,

1 1
Z SL(u) — SR — 42 e
27'+ 1 (u) qB S R———— C=0,

1 —2* +nb
(2.16) T—&—L(u)—B—l)\(l— (HnbA)c_o,

n—2 n+ a n 1 —2* +nb n
Lw)—--B—-——(1——X)—=C=0.
y Tt =B 1—>\< —q+nb >2*C 0

It follows from the first and the second equations in (2.16) that

1 11 1 —2* 4 nb 1 —2*+nb
2.1 SLw)=(=-- 1— A) - ——=T"""lc.
en = (535 sy (- S e e )¢
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Applying the third and the second equations in (2.16), we have

n—4—a« n—2 n
n—2 —2* +nb 1 —2* +nb n
1-— AC— 1-— N
Jr2(1—)\)( —q+nb )C 1—/\( —q+nb )Q*C
_(n=2)g=2n,
2q

It follows from this result and (2.17) that

{2( 1 (12 Jrnb)\> 1 -2 Jrnb]c_l[llJr 1 (n2)q2n}8'

1-X) —q+nb ") 2 —q+nb g 2 n—4—« 2q
That is,
1 -2+ nb 1 —2*4+nb
“([1-——) - ——(1-X)|C
{2( —q+nb) 2* —q+nb( )}
(2.18)
1 1 1 -2 2
L (n=2a =21 g
q 2 n—-4-« 2q
In view of ’_%;J:?bb = - we have
1 —2* +nb 1 —2*+nb 1 n 1 n
“(1-— ) - ———— (1 - ==(1- A —— 1-A
2( —q+nb> > Zqxmp 1Y 2( n—2> a_at N
1 n 1
=—(1- Al —=(1-=2X
2( n2> (=N
1 n
=—(1- A
2( n—2>
1
= A
n—2
On the other hand, noting (n—2)q—2n:%#—2n:%74;a),we get
1 1 1 —2)q—2 2 1 2
q 2 n—4-« 2q 8+2a 2 842«

From the information above and (2.18), we obtain ﬁ)\c = 0. Consequently, we
conclude that
A=0.

Therefore, we obtain J'(u) = 0, i.e., u is a critical point of J. The proof is completed.
O

Remark 2.4. Comparing with Step 4 in the proof of Lemma 5 in [12], we find (2.10) is
more complicated than (12) in [12], because the functional Iy (u) contains four terms.
From the algebraic structure of (2.10), it seems difficult to determine the value of A.
Thanks to the fact that ¢ is the Coulomb exponent, we can also deduce that A = 0
here.

Remark 2.5. All the results above are still true if we replace M4 with Mvi.
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3. Minimizing sequence

Hereafter, u € M4 means u € M, with 3 <n <44+ a, and u € M_ means u €
M_ withn >4+ a.

By Step 1 in the proof of Lemma 2.3, we can find a minimizing sequence {u,, } of J
in M. Specifically,

(3.1) J(Upm) — inf J  as m — oo.
My
Therefore, using the same calculations as in (2.2) and (2.3), and noting Zi T:Z =21
qg—n n

we can deduce from u,,, € M4 that

1 .
(3.2) f/ U |* dz — inf J (m — 00).
n Jrn My

Lemma 3.1. Letn > 3 and a € (0,n). Assume that {u,} is the minimizing sequence
of J in My. Then, for suitably small p > 0, we can find a subsequence of {um}
denoted by itself such that {u,,} is bounded in X12.

Proof: Clearly, u,, € M4 implies I (u,,) = 0. In particular,

1 5 1 I 12" —nb
a m 7L m) — mqi*
IV ml3 3 L) = Elfunllf — 5o =

2*:().

[wm

Combining with (3.2) yields

1 1 I
31Vl + L) < E it + .

Applying (1.2) and the Young inequality, and noting that p is suitably small, we have
(3.3) [ || x10 < Cy.

Here C, > 0 is an absolute constant (independent of m). By (1.2), from (3.3) it follows
that

2 <c O

(3.4) IVt 3 + Lum) + [l + lum

By Lemma 3.1 and the Ekeland variational principle (see Theorem 8.5 in [23]),
there exist a subsequence of {u,,} (denoted by itself) and {A,,} C R such that

(3.5) J (um) — Al (U) — 0 as m — oo.

Obviously, @, (um) = J(Um) — Amd () — infaq, J as m — oco. Therefore, {u,,} is
a bounded (PS).-sequence of ®,,.

Lemma 3.2. The infimum of J on the constraints My is strictly positive, and the
Lagrange multiplier \,, # 1 in (3.5) for all m.
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Proof: We first claim that the infimum of J on the constraints M is strictly positive.
Indeed, since 0 ¢ M4, and u,, € M4, by the Coulomb—Sobolev, the Sobolev and
the Young inequalities, we have

1 9 1 u/ 2" —nb 1 / o
- mldr+=L(u,) <= ml?d — ml® d
5 Rn|Vu | x+4 (um) < 7 Jon |t |9 dx + b 2 o |t |® dx

*

e ) T
< C’qu(/Rz|Vum|2dx) [L(um)]m—i—C( |Vt |? d:v)

Rn

§C’1,u/ Vum|2dx+CguL(um)+C</ |Vum|2dﬂc> ,
R Rn

where C1, Cy, and C are positive constants. Then

1 1 i
(2 — C’l,u) / |Vum\2dx + (4 — Cgﬂ)L(um) < C(/ |Vum|2 dx) .

Since p is small enough and w,, # 0, from the above inequality we deduce
(3.6) / Vu|? dz > ¢ > 0.

The above inequalities also imply that

1 1
0< c< —Cl,u) < ( —Clu)/ |V, |? do
2 2 -

< (1 — Cm) / |Vum|2 dx + <1 — Cgu) L(upm)
2 R'n, 4

2* —nb 1
<

9
— dz
~ g—nb2* Ji

[t
n

BN
2Mi

Therefore, inf rq, J > 0.
In the following we prove A, # 1. It follows from (3.5) that, when m — oo,

(1 - >\m)||vum||§ + (1 - )‘m)L(um) - ,u(]- - )‘m)HumHg

(3.7) 2* —nb
If A\, =1, then
2" —a)n . 2 =g, o
0<——inf J mll3« = o(1).
< Tt = g lemlze = o)
This is a contradiction. Now, (3.7) can be written as
1 2* —nb *

B8 [VunlB+ L)~ il = = (1= 2000 ) el .

It follows from (3.4) and (3.8) that

1 2* —nb _1—=nAp/(n—2)
em'_l)\m(l_qnb)\m)<_ 1— M\ )

is bounded and positive because p is small. Thus, after passing to a subsequence of m,
we have that 6, = lim,, . 6,,, is nonnegative. O
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Remark 3.3. By (3.5), it is natural to verify the following Pohozaev-type result:

-2
o / |Vt |? da + mL(um) - /LE / |t |9 d
2 R™ 4 q n

(3.9)

—9 .
_ %y, [t |? dz = o(1).
2 RVL

Since the value of the Lagrange multiplier is unknown, (3.9) seems difficult to be
proved when 3 < n < 4+ «. In order to overcome these difficulties, we consider two
cases: 0, >1and 0 <6, < 1.

3.1. Case 6, > 1.

Lemma 3.4. Let 3 <n <4+« and a € (0,n). If0, > 1 and infr, J < %S%, then
the sequence {u,} satisfies (3.9). Here S is the best constant in the Sobolev inequality.

Proof: Since {u,,} is bounded in X1®, by (1.2) we know that {u,,} is also bounded
in L (R") and in LQ(R”) which 1mphes that {|u,,|? =1} and {|u,, |7~} are bounded

in 71 (R™) and L7-T (R") respectively. Therefore, we can find a subsequence of tp,
denoted by itself such that

Uy — 0° weakly in X1,

. .
20 — 002 720°  weakly in L= (R™),

‘Um
[t |92 Uy, — |v0|q*2vO weakly in L7 1 (R™),

when m — oco. It follows from (3.5) that

wowdwr/ / WeW) 4. g,
Rr n JRn ISE* I” «

— u/ 100|720 % dx — 6, 002" 200 dz = 0
R® R"

for p € C§°(R™). Then 1Y is a critical point for ®, (®,(u) = J(u) —0,1(u)). That is,

vY is a solution of the equation
(3.10) — Au+ (|| u?)u = plu|T 20 + 0, |ul? "2,
and

_9 .
(3.11) " |wO|2dx+”+0‘L(u0)—ﬂ/ 1007 dg—" UL —
2 R™ 4 q Jrn

Step 1. Write
1 0

oy P= Uy — U
By Lemma 3.1, {u,,} is bounded in X1:®. Therefore, {ul } is also bounded in X .

By (1.2), {ul,} is also bounded in L2 (R™) and in LQ(R”) This implies that {|ul [* *1}
and {|ul |71} are bounded in L7 (R™) and L77 (R") respectively. Therefore, we
can find a subsequence of ul, denoted by itself such that as m — oo,

(7

Uy, =0 weakly in X1,
|U71n|2*72u}n — 0 weakly in szﬁ(Rn),

lul |972ul — 0  weakly in L7 1(R").
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Therefore, using (3.5), when m — oo, we have

1 2,1
Rn nJjn o —ylhe

[ P udpde =6 [l Pl de = of1)
Rn R'I‘l,
for ¢ € C§°(R™). Therefore,
(3.12) O (ub)—0 (m— o00).

According to the Brézis—Lieb lemma (cf. [6]), when m — oo we have

(3.13) / |u,1n|qu:/ |um\qu—/ 0017 dz + o(1),
]R'VL R7l R7Z

(3.14) /|Vu71n\2d$:/ |Vum|2dx—/ Vo2 da + o(1),
Rn R R

(3.15) / lul |? d:c:/ |t | > dx—/ [v01% dzx + o(1).
Rn Rn Rn

In addition, by the nonlocal Brézis—Lieb lemma (cf. Lemma 2.2 in [2]), we get
(3.16) L(u},) = L(um) — L(v°) + o(1)
when m — oco. Hence, from the above information, we obtain

(3.17) D (ul) = Oy (u) — Pu(v?) +0(1) — ﬂ{ J—®,(% (m— o).

Step 2. If ul, — 0 (m — o) in X1®, we are done.
In order to illustrate the conclusion, when ul, — 0 (m — o) in X1, by (1.2),

/ lup,|* dz — 0, / |uin|2 dr — 0, asm — oo.
Rn Rn

By (3.11), we have that when m — oo,

-9 -2 *
[n 5 / |Vt |? dz + nIaL(um) - QM/ |t |9 d — r 5 O |y | da:]
R q n R
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Step 3. If ul, /A 0 (m — o) in X% the argument is divided into two cases:

m—r oo

Case 1. lim |um|qu:/ |v°|? da;
R™ R™

m—r oo

Case 2.  lim |um|qu7é/ [v°|? da.
’rL ]Rn

In Case 1, by the condition u,, € M, we get

1 1 1 *
5/Rn |V, | do + ZL(um) — g/n [t |? d — §/n [t |? dz = 0.

When v° = 0, according to (3.13)—(3.16), we obtain

1 1 1 .
5 [ Ve Pdet pLh) — 5 [ el de = o).
2 Jan 4 2 Jan

Consequently,
/ \Vaul |*de > S or / |Vl |? dz = o(1).
Rn R"n,
If the former holds, by (3.13)—(3.16) again, we obtain that when m — oo,

Lon .
ZS >/1\21£J—J(um)+0(1)

1

1

1 1
=5 | IVub e+ gLl - 2*/ il 2+ (1) + o(1)

zl/n\Vu |2dac+2—L( Ly 4 o(1)

> ls3.
n
This contradiction implies that
/ IVl 2dz — 0, / Wl 2 de 0, L(ul)—0 (m— o0).

Therefore, (3.9) holds true from (3.11).
When v? # 0, noting that v% is a solution of (3.10), we know

1 1 .
= 5/ |Vum|2 dx + ZL(um) - g/ \v0|q de — 27*/]R |2 da + o(1)

487

012 dx = 0,
|

n;Q/ |VUO|2dx—|—nZaL(UO)—,uZ/n v .
/ |Vo° |2 dz + L(v°) — u/ |07 d — 9*/ [0°)?" dx = 0,
and hence
4+Z_nL(v0) :u2n—qQ(qn—2) /n 00]4 da,
nfjlf—a RH‘VUOF dw:”W Rn|,00|q dx + n*jl%ag*/n |v0\2* de.
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Therefore,

1 1 1
J@O):i/]R |Vv0|2dx+1L(vo)—§/ |U0|qda:—?/R [0

1 q(n+a)—4n/ 01q 2n—q(n—2)—4n/ 0
= - 2| dx + v |?dx
2Mq(4—|—a—n) ]Rn| | a 2q(4+ a—n) n‘ |

1 1 x 1 .
—,uf/ |v0|qda:+79*/ |00 2 d:c——*/ 100 dx
q Jrn 2 R™ 2 R™
1 * 1
= —0, |v0]2 dac——/ |00
27 Jon 2 Jon

1 1 «
> (- = 012 >
(2 2*>/Rn|v dz  (by 6. > 1)

> 0.

2 dx

2 dx

In addition, note that u,, € M4 and by (3.13)—(3.16), we get

1 1 1
0= 5/ |V, | de + EL(um) - g/ﬂgn |t |9 dz — 5/}1& [t

1 1 1
=5 [Pl 5 [,

1 1 1 «
+7/ |Vv0|2dx+fL(v0)fﬁ/ |v0|quff/ 102" dz + o(1),
2 R™ 4 q Jrn 2 R

2 dx

2 dx

which implies

X 1 2 «
/ L, 2 dx:/ IVl Pdz + SLul) + 27000) — f/ WO da
Rn Rn 2 n

n

1 1 1 « 2 .
= |Vu71n|2dx+L(u,1n)+2<0*—*)/ |02 dx—*/ 102" dx
‘/]:Rn 2 2 2 R™ n Jrn

1 N
:/ |vu,1n|2dx+iL(u}n)m(a*_n/ WO da.
RTL

n

Since 0, > 1, we get

/|Vu}n|2dx25’% or /|Vuin|2dx:0(1).
R® R™
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If the former holds, applying the above information, we obtain
inf J = J(um 1
it J = J(un) +o(1)

1/ ) 1 u/ o 1/ )
= - Vuml“de + = L(tu,y,) — — v |Tdr — — U |® dz + o1
5 | FunP ot fhn) <2 [ poprde = o [ do ot
1 12 1 1 1 12" 0
== |Vu,.|”de + —L(u,,) — — g, |° de+ J(v°) + o(1)
2 Jan 4 2 Jan

1 1 2 2 *
= 7/ [Vu,, | do + —L(up,) + =J (v°) + — / [v°1% dx + o(1)
R n n2* Jpn

n 2n

S
n
which implies that
ul =0 in XY (m — o).

Therefore, (3.9) holds true.

Step 4. In Case 2, since X" — LI (R") (now ¢ < 2* for n < 4 + «) is compact,

there exist 6; > 0, {¢},} € R™, such that
(3.18) / (il (2 + €Y7 dz > 5, > 0.
By

According to (3.18), we have |¢} | — 400 (m — o0).

Write v} :=ul (-+£&1,). Obviously, (3.12) and (3.17) show that {v},} is a bounded
(PS)-sequence at level inf pq, J — ®,(v°). Up to a subsequence, we may assume that
vr — vl (m — oo) in X1®. Similar as in Step 1, we also see that v! is a solution
of (3.10), and hence

' (v!) =0.
By (3.18) we have that
vl #0,
and the Pohozaev identity of (3.10) implies

1 1 1
n—2 i n+a«a i n i
5 E / |Vo'|? da + 1 g L(v)—ug E / [v*]9 dz
i=0 /R” i=0 i=0 /R"

1
n—2 Z i2*
— B) 0* v ‘/Rn |U| dz = 0.

Step 5. Define
Uppy 7= Uy = V' (- = &)
Then u2, — 0 (m — 00) in X5, Arguing as in Step 1, we obtain that when m — oo,
Flu,] = Flul] = Flo'] + 0(1) = Flum] - Fo') = Flo'] + o(1)

2) =, (ul,) = D (v1) = B () — D (o) — B (1) + o(L),
2y 50
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When u?, — 0 (m — 00) in X%, we are done. When u2, 4 0 (m — o) in X1
as in the argument of Step 3, if u2, — 0 (m — o) in LI(R"), as v! # 0, we still have

fori=0,1

: 1 o 1 .
Ty =50, [ P dx—?*/R W2 da

R

1 1 ;o
> - — 0|2 >
> <2 2*>/ [v*|* dx (by 6. > 1)

>0,

2 dx

1 1 1
O:E/Rn |Vum|2dx+1L(um)—%/n |um|qdaj—§/n [tm,

1 1 1 * I
- \v4 1 2d L 1 _7/ 12 d _7/ 1 qd
5 VP de L) <5 [ e s

1 1 1 x
+ 7/ VO > da + —L(v°) — H/ |0°|7 da — 7/ [0°|%" dx + o(1)
2 R 4 q n 2 n

1
i]' 212 1 2 1 2 12" 1 712
fﬁ/w Va2, | dx+ZL(um)f§/Rn 2| dx+§; [ (vvif e

1 1 1
1 . | | .
£ :L(UZ)—§§ :/ W de — 5 :/ ' [2" da + o(1),
i=0 /R i=0 /R"

i=0
and

1

1
- 1 » 2 o
2 12% 5 _ 212 2 2
/}Rn lug, | dx = /Rn |Vuz,|“ de + §L(um) +2 E J*) — - ;:O /Rn [v*|]* dx

=0

1
:/ |Vu,2n|2dx+ fL(ufn)
o 2
1 1\ 2 <
2( =9, — — iQ*d _ A i2*d
+ (2 2*)§/Rn|v| x n;/ﬂ{ﬂhﬂ i

1
1 -
:/ |Vufn|2dx+§L(ufn)+2(9*—l)/ S da.
R™ " i=0
Since 0, > 1, we get

/|Vu72n|2dx25’% or /|Vufn|2dx:0(1).
R® R™
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If the former holds, applying the above information, we obtain
inf J = J(upm 1
it 7 = J(wn) + o)

1

1 1 *
_ f/ |Vum|2dx+fL(um)—H/ |um|qda:——*/ |2 dz + (1)
2 n 4 q n 2 R™

| 1 1 .
_ 7/ IVl Pdz + SL(ul) ﬁ/ lul |4 da — 7*/ 12" dar T (1) +o(1)
2 n 4 q Jrn 2 Rn

1 1 o 1 x
—5 [ v P {10 - f/ o= 7 [ de I +o(1)
n q n R"L

1

1

1 ) 2 .
= —L(u ' 1
/n|V 2 dx+2 E n2*1§:0/n|v| dx + o(1)

1 n
Z 785 )
n
which implies that
u?, -0 in Xb* (m — o0).

Therefore, (3.9) holds true.
If u2, /0 (m — o0o) in LY(R™), we may assume the existence of {¢2,} C R™ such
that

/ luZ,(x + &2,)|9dx > 85 for some 2 > 0.
B,

Since u2, — 0 (m — 00) and u2,(- + &) — 0 (m — 00) in X1, we can deduce that
&2 = +oo, €2, — &L = +oo  (m — o0).

Therefore, up to a subsequence, we may assume that u2,(- + &2,) — v? (m — o)
in X% and v? is a nontrivial solution of (3.10), which implies

-2
n2 /Rn |Vo?|? do + nZaL(DQ)—,ug/th

2% dx = 0.
|
R’n

We now define
3 2 2 2
Upy 7= Uy — U ( - Em)
Iterating by the procedure above we construct sequences {uf,}; and {¢/,}; in the

following way:

i =y I ),

(3.19) Flud,] = Flum] =Y Fp']+0(1)  (m — o0),

-2 ) ) : -2
n |Vo'|? do + nt aL(vz) - ,uE |vl|qu—n

R™ q Jrn 2

(3.20)

[v*|?" dz=0.
Rn
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Since {u,,} is bounded in X1*, Flu,,] is also bounded. And note that

4+a—-n_, ,; 2n—q(n—2)/ ;
L(v') = ilq
e N el
(3.21)

—4— ; dn — ; -4 - _
notmae |Vl [? dx:uin q(n+a)/ v'|? P ——— aﬁ*/ [v')?" du.
4 R™ 4q n 4 n

Therefore, by (1.2), we have

g4+ a—n)
2[2n — q(n — 2)]

L(v%) = ,u/ [v?|? dx
Rn

< uC (/ |W|2dg;) L
When i > 0, v* # 1, then
L) < Cp™s" /R Vo' |? da.
Applying (3.21), one has

/ |Vo! |2 de = CL(v?) +9*/ W' da

SCM“T&/ |w‘\2dx+/ W da
R‘VL R’!I.

SCMHT”/ |Vvi2da:+0</ |Vvi|2dx> .
Rn R”L

Since p is small enough, we have
/ Vo' |2 dx > C >0,

where C is independent of i. Consequently, we have F[v!] > C' > 0. This implies that
the iteration must stop at some k. Otherwise, it contradicts (3.19) and the bounded-
ness of F[u,,]. Specifically, for some k, uk, — 0 (m — 0o) in X1*. Consequently, it
follows from (3.20) that

-2 -2 *
lim {" Va2 det " L) — 1 | |t de — 2220, [ Jum? dx]
m—»00 2 R™ 4 q Jrn 2 R™
n—2g n+a« b n o
= Z/ |Vo'|? da + ZL(UZ) —M*Z/ [v*]9 da:
2 e 13 4720 /R

k
n—2 Z i)2*
— 5 0* - /71 |'U | dr = 0.

The proof is complete. O
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3.2. Case 6, € [0,1). First, we prove the following result.

Theorem 3.5. Assume that 0, € [0,1) and {uy,} is the (PS).-sequence of ®,. If
n >4, a € (0,n), and p > 0 is suitably small, we can find a subsequence of wun,
denoted by itself such that

lim w, =0 in L} (R™).
m—r oo

This result is a corollary of Lemmas 3.6 and 3.10.
Lemma 3.6. Letn > 3, a € (0,n), and 0, € [0,1). Assume that {u,,} C X1 is

a bounded (PS).-sequence of ®,,. We can find a subsequence of u,, denoted by itself
and u, € X1 such that

(3.22) lm = u, in L3 (R™),

i loc
as long as either
(i) n>4+a, or
(i) 3<n<4+a, and {uy} is a (PS).-sequence of ., with ¢ < LS%, where S is
the best Sobolev constant.

Proof: When n > 4 + «, take 6 € (0, 1) such that 21*%0‘9 € (2%, q). Since |t | x1.o is
bounded, ||ty ||2=—o is also bounded. In addition, we can find a subsequence denoted
1—6

by itself and u, € X" such that u,, weakly converges to u, in X®. Let { be an
arbitrary compact subset of R”™. Since the embedding operator from X1* to L'(Q)
is compact (cf. Lemma 6.1 in [3]), there is a subsequence of u,, denoted by itself such
that u,, converges to u, in L*(2). By the Holder inequality,

1-6

o 2*—9
(3.23) / [ty — us]? dx < (/ [t — U] da:) (/ [ty — ws] 70 dz) -0
Q Q Q

when m — oo. Specifically, (3.22) is true.
For 3 < n < 4+ a, and since {u,,} € My is the (PS).-sequence of ®,,, when
m — oo, there holds
c=J(um) — I{um) + o(1)

(3.24) )
:l/ |um|2 dx + o(1).

n

Since {u,,} € X1 is bounded, {u,,} is also bounded in L? (R"). Therefore, we
can find u, € X* and a subsequence of u,, denoted by itself, such that as m — oo,

(3.25) Um — u, weakly in L2 (R™),
and
(3.26) Vum|? = [Vue® + 1 Juml> = |Ju? +v

weakly in the Radon measure space. Using the concentration compactness principle
due to Lions (see Lemma I.1 in [15]), we get the existence of a set, at most countable A,
a sequence {z;} C R, and {u;}ien, {Vi}ica C [0,00) such that

2
(3.27) v=> Vibs, [p>Y pibe, and p;>SvF, VieA,
i€EA €A

where ¢,, is the Dirac mass centred at x; € R™.
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Take ¢ € C§°(R™, [0, 1]) such that ¢ = 1 on B;1(0), ¢ = 0 on R™\ B3(0), and |V(|s <

2. Define
C(z) = g(m — x) £>0.

We claim that for every i € A, v; < S%. Indeed, if v;, > S% for some iy € A,
by (3.24), one has

1 .
c> ﬁ/ [t |? o dx + o(1).
Then, passing to the limit m — oo and using (3.26) and (3.27), we deduce that

</ Ju|* ngx—k/ > viC. dé, ) f%_%s :

1EN

NH

which contradicts ¢ < %S”/z. Thus,
(3.28) v < S%, Vi

On the other hand, (3.5) implies (@) (), (cum) — 0 (M — 00). Specifically, when
m — 0o,

o(1) = (@7, (um), Cetim)

:/numVumVngm +/ |Vt |*Ce d +/n/n )Gy )dxd:y

|Q'ny|n a

— Uy |2 d — 0, um | C. dx

z/numVumVCEd:v +/Rn |V |2 dx +/n /n |x— T")%( )dxdy

—u/ \um|q§€dm—/ \um|2*Csdx.
R‘n R‘n

By the same derivation as in (3.23), we can find a subsequence of wu,, denoted by
itself such that u,, converges to u, in L2 (R™) and in L{ (R™). Therefore, there holds

loc loc

< C(/ |Vum2dx) (/ |um|2dﬂc>
€ Bac(z4) Boc(z4)

9
3

/ Uy, VU, Ve dx

2

IN

|| dx)

BZE (x )

(
(uilecie) )
U,

|

IA
olQ

L
oF

<C |u*2 dx) =0 (6—0).
B2a

lim< lim / um|qC5dx) = hm/ |us|?¢ dz = 0.
e=0\m—o0 Jpn

In addition,
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Moreover, by (3.26) we have

lim lim |V |?Cde > lim [ ¢ dj,
e—>0m—oo Rn e—0 Rn

lim lim [um|? ¢ dz = lim / (. dv.
e—0 Rn

e=0m—00 Jpn
Inserting these results into (3.29), we deduce
iy [ v tim [
Specifically, v; > u;. And by (3.27), we infer that
v; > 8 z,

This of course contradicts (3.28) and hence A = ). Consequently, (3.26) implies that
Hum||i*2*m) converges to ||u*||i*2*(m7 where Q is an arbitrary compact subset of R™.

Combining with (3.25), we obtain (3.22). O

Lemma 3.7. Letn >3 and o € (0,n). Assume either n >4+ «, or else 0, € [0,1),
and infprq, J < L5%. Then (3.9) holds for u,, € My.

Proof: Step 1. It is similar to the proofs of Steps 1 and 2 in Lemma 3.4 that (3.9) holds.
Now, when ul, /4 0 (m — oo) in X1, the argument is divided into two cases:

Case 1. lim [um|? do = / 1002 da;
R’VL n

m—r o0

Case 2. lim |um|2* dx # / ‘”O|2* dx.
R R™

m—r o0

In Case 1, by the condition u,, € My, there holds
1 1 1 i
5 /" |Vum|2 dx + EL(Um) - g/n |Um|q dx — 5 /” |um|2 dr = 0.
When v° = 0, we have
1 1
s [ Vel a2 [l o=

By the Coulomb—Sobolev and the Young inequalities, we obtain

(1 - C,u) / |Vt |? da + (1 - C’u) L(um) <0.
2 - 4

Since p is suitably small, we have u,, — v° in X%®. Then we are done.
When v° # 0, we know

1/ 5 1 1/ 1/ 012"
— Vum | de + = L(ty) — p— U |T dx — = v dx = o(1),
5 ) IVunlde+ 32w =z [ fultde =5 [ ) (1)

/ |Vum|2dx+L(um)—,u/ |um|qu—9*/ W02 do = o(1),
n n R‘IL

and hence

(1 _9*)/n V|2 d + (1 - ;&)L(um) - p%(l —29*)/ |9 dz + o(1).

n
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Since p is small, when 0 < 6, < 1, we deduce u,, — v° in X®. When n > 4 + a,
by (3.13)—(3.16), we also have wu,, — v° in X1'® as m — oo provided p is suitably
small. Therefore, our conclusion is true.

Step 2. In Case 2, since X 1@ < L2 (R™) (for n < 4+ a) is compact by Lemma 3.6,

there exist 6; > 0, {¢1,} € R™, such that

/ lul (x4 €)% dz > 6, > 0.
B
This implies that [£},| — +00 (m — 00).

Write v}, := ul,(-+£&L,). Since {v},} is a bounded (PS)-sequence at level inf rq, J—
@, (v"), we may assume, after passing to a subsequence, that v} — vl #£ 0 (m — 00)
in X1 Note that v! is a solution of (3.10), and hence

1 1 1
n—2 i n+oa i n i
5 E / Vo' |2 dx + 7 E L(U)*#gg /R [v*]9 dz
i=0 7 R" i=0 i=0 Y R"

1
n—2 .
- —0, W2 dx = 0.

Step 3. Define

= 0 ).
Then u2, — 0 (m — oo) in X»* When u2, — 0 (m — oo) in X%, we are done.

When u?, 4 0 (m — o0) in X% as in the argument of Step 1, if u2, — 0 (m — o)
in L?" (R™), as v' # 0, we have for i = 0,1

0(1)=/ |Vum|2dx+L(um)—u/ |t dz — 0, [ um|? da

n R

:/ |Vu,1n|2dx+L(u71n)—u/ |u,1n\qu—9*/ lul |2 da
R"'L R7Z R"'L

+/ |VUO\2da:+L(UO)—/,L/ |07 da — 6, 1002 dzx + o(1)
Rn n Rn

= [ Ve P e Lt < p [ bl =6, [ b dorofy)
n Rfl Rn

(v° solves (3.10))
:/ |Vu2 |2 dx + L(u?) —u/ |u72n\qu—0*/ |02 da
R™ R™ R™
—|—/ |Vv1\2d:v+L(v1)—u/ |0t |9 dx + o(1)
Rﬂ. n

= / |Vu2, |? da + L(u?,) — u/ |uZ,|7dx + o(1) (v' solves (3.10)).
Rﬂ, Rn

By the Coulomb—Sobolev and the Young inequalities again, when p is suitably small,
one has

u?, -0 in XY (m — o0).
Therefore, (3.9) holds true.
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If u2, £ 0 (m — oo) in L? (R™), we may assume the existence of{¢2,} € R” such
that

/ [u2, (z + €2)|> dx > 6, for some dy > 0.

By

Since u2, — 0 (m — o) and u2,(- +&L) — 0 (m — 00) in X5, and
€] = o0, [&0, = Eml = oo (m = 00),

we may assume, after passing to a subsequence, that u2 (- + &2,) — v? (m — o)
in X% and v? is a nontrivial solution of (3.10), which implies

-2 -2 «
n /R |Vv2|2dx+nZaL(v2)—ug/ |v2|qu—n 9*/ [v?|*" dx = 0.

2 2

We now define
Uy, = Uy, — 07( = &7,).
Iterating by the procedure above we construct sequences {uf,}; and {¢,}; in the
following way:
W =y~ — )
Similarly as in Step 5 in Lemma 3.4, we also have

n
L) =% [ do—

n-+«

-2
lim [n |V, | do +
2 R’Vl

m—r 00

_9 .
=2, [t | dz]
2 R'Vl

k k k
= Z/ |Vi|? da + 1 ZL(U)—ufZ/ |v*|? dx
i=0 YR i=0 q5=5 /r"

k
-9 o
—”2 e*g/nwﬁ dz = 0.

The proof is complete. O

3.3. Solution of (1.1).

Remark 3.8. By Lemmas 3.4, 3.7, and 3.10, we see that {u,,} satisfies (3.9). Similarly
as in the proof of Step 3 in Lemma 2.3, from (3.8) we can deduce

lim A, = 0.
m—00
Thus,
(3.30) J (Up) =0 as m — oo.

Combining with (3.1), we see that {u,,} C My is a (PS)-sequence of J.
Noting u,, € My, by (3.30) we get

(3.31) P(tum) =0 asm — oo.

Lemma 3.9. Letn > 4 and o € (0,n). Assume that {um} is the minimizing sequence
of J in M. Then for suitably small u > 0, we can find a subsequence of {u, } denoted

by itself such that

lim w, =0 weakly in X1°.

m— o0

Here v° solves (1.1) and satisfies I+ (v°) = 0.
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Proof: Since {u,,} is bounded in X1, by (1.2) we know that {u,,} is also bounded
in L?" (R™) and in L(R"), which implies that {|u,,|? =} and {|u,, |7~} are bounded
in L7-1 (R™) and L7t (R™) respectively. Therefore, we can find a subsequence of .,
denoted by itself such that

(3:32) wy, — ) weakly in X,
[t "2 — 002 7200 weakly in LZF=T(R™),
[t |9 2ty — [0°]97 20" weakly in L7 (R™),

when m — oo. It follows from (3.30) that

VUOV<pda:+/ / WeW) 4. ay
R" n JRn |$— \" *

—,u/ |U0|q_2’l}0(pd$—/ |00 2000 dx = 0
Rn R

for ¢ € C§°(R™). Then v° is a critical point for J. Therefore,

(3.33) J@) =0 and P@°% =0,

which, together with (2.1), implies I (v°) = 0. O

Lemma 3.9 shows that v° solves (1.1). In Section 4 we prove that (1.1) has a ground
state solution in M. The concentration compactness principle comes into play, and
we need the convergence of u,, in Lﬁ:c.

3.4. The threshold value. In this subsection, we mainly estimate the threshold
value of J. Denote

-2
(I

n—2

[n(n — 2)e?] =
(2 + [2[2) "=

U(z) =

, zER" e>0.

U (and ¥.) satisfies the limit equation

AU+ 02 -1=0, ¥>0inR",

/ VU dz = / W2 de = S%.
Rn n

Choose n € C§°(R™, [0, 1]), satisfying n(z) = 1 for x € Bs(z) and n(x) = 0 for = ¢
Bss(xp). Denote u. = U.n.

and

Lemma 3.10. We have sup;> J (tuc(t'z)) < 5% (b=
0, if either

(i) 3<n<4+a, or

QJ%Q) for suitably small € >

(ii) n = 3 with p = u(e) sufficiently large.
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Proof: From Lemma 1.1 in [7], we have

/ |V |? de = / VO [2dz + O(e"2) = §% + O(e"2),
n R?’I,

/ 2 dy = / B2 do 4+ O(") = S + O("),

and
(n=2)o n
cc 2 l<o< ——,
n—2
3.34 Tdr = { cc?|Ing| =
(' ) nus xr = c ’ U_n_2’
(n—2)o n
ce"m T <o < 2%
n—2

Since lim;_, o+ J(tue (t°2)) = 0 and lim;_, 4 oo J (tuc (t°2)) — —oc ast — oo, there exists
a T. > 0 such that sup,~q J(tue(t*z)) = J(Teu.(Tzx)). Moreover, we can obtain that
there exist t1,t2 > 0 (independent of &, u), such that

t1 <T. <ty <+oo.
By the Hardy-Littlewood—Sobolev inequality,

L(u) < Cllul|* an .
(u) < IIUIIL;;&(R”)

Consequently,

t>0 t>0 2%
tq—nb /Atq_”b
(3.35) + B - M / ul de + O("2)
q n
1 . n+tao
< 555 —|—O(£”_2) + C(/ ulte dm) — C’,u/ ul dz.

(i) When 4 < n < 4+ a, there holds 8212; — s = % > 0. Then, it follows
from (3.34) that

8+2a _ (n—2) 842a 2(4+a—mn)
/ usT dex =Ce™" Tz 2Fa = (Ceg” 2Fa .

On the other hand, since n > 4 and o < n, we have n‘*% — s = % > 0.
Thus

n+a

an_ n _2(n=2) nia _
(/ ul ™ dﬂf) =C(e" e ) =Cetten,
n

Therefore, noting 4 < n < 4 + a, which implies 24F¢=1) « 4 _ 9 apd 2dte—n) -

24« 24«
4+ o — n, we deduce that
1 4 ntae
sup J (tue (t'2)) = ~5% + 0(e" %) + C(/ ugt dx) - Cu/ ul dz
t>0 n . .
Lo n—2 d+a—n 2(4ta—n) 1 »
S*SQ‘FO(E )+CE _CME 2Fa < =92
n n

for € suitably small.
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(ii) When n = 3. Tt follows from (3.34) that

3t+a

12 3
< / uZ*e da:) < Ce? + Celte
R3

and

Ce?, 2<a<3,

842a
(3.36) / ulde = / ul™ dr = { Ce? lnel, a=2,
RS RS
Ce 3, 0<a<?.

It follows from (3.35) and (3.36) that

3+«
1 A2 I
sup J (tue (t°z)) = -8 4 O(e) + C(/ udt dx) - C’u/ ul dx
+>0 3 R3 R3
1 q q
< §S% +C(e+ 2+ — Cu(e? +£3|lne| + &3 %).

Since 2 < ¢ < 4, we have 4 > 1 and 3 — £ > 1. Consequently, for any € € (0,1), we
can find large u, such that

sup J (tuz (tz)) < =92

>0

Wl =

provided p > p.. The proof is complete. O

Remark 3.11. When n = 3, Lemma 3.10 needs that p > 0 be suitably large. Now, it
seems difficult to obtain the boundedness of ||t || x1.« (Lemma 3.1 requires that p be
suitably small). Thus, Lemma 3.6 cannot be applied to prove Theorem 3.5 when n = 3.

4. Ground state solution

In this section, we look for the ground state solution on the Nehari—Pohozaev
manifold M.

Theorem 4.1. Letn >4, a € (0,n), 2* = %, q:= 82':_2;’, and let p > 0 be suitably
small. Then

(i) (1.1) has a ground state solution in My when 4 <n <4+ a,
(ii) (1.1) has a ground state solution in M_ when n >4+ o.

Proof: Assume that {u,,} is the minimizing sequence of J in M, and v° is the weak
limit of u,, in Lemma 3.9. Since I.(v°) = 0, by the same calculations as in (2.2)
and (2.3), we also get

12" - . 1 .
(4.1) J) = 2 "9 10 gy = 7/ 1002 da.
2*q—nb Jgn» n Jgn
Step 1. Write
U = Uy, — 0P,

By Lemma 3.1, {u,,} is bounded in X1:®. Therefore, {ul } is also bounded in X .
By (1.2), {u} } is also bounded in L?" (R™) and in L9(R™). This implies that {|u} [*" =1}
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and {|ul 971} are bounded in L (R") and L7T(R") respectively. Therefore,
by (3.32), we can find a subsequence of ul, denoted by itself such that as m — oo,

ub, =0 weakly in X1

*

lul, | ~2ul, = 0 weakly in szﬁ(Rn),

lul [972ul — 0  weakly in L%(R"),

77l

Therefore, when m — oo,

Vul Vg@dm—k/ / m ()2 () dx dy
Rn n Jrn Iw— I” *

— / 72l o dr / 2 ~2ul o dir = of1)
RTI, RTI,

for ¢ € C§°(R™). Therefore,

(4.2) J(ul) =0 (m— o).
According to the Brézis-Lieb lemma again, when m — oo, we obtain
(4.3) J(ut) = J(um) — J(@°) +o(1) — /1&{ J—J@%  (m — o).
In addition, from (3.13)—(3.16), we obtain P (u,,) = P(ul,)+P(v°)+o(1) when m —
oo. In view of (3.31) and (3.33), we have
(4.4) Plul) =0 (m— o0).

Step 2. If ul, — 0 (m — o) in X% we are done.
In fact, by (1.2),

/ lup,|* dz — 0, / |uin|2 dr — 0, asm — oo.
Rn R~

Specifically, J(ul,) = 0 (m — 00). By (4.3) and Lemma 3.2, we have
J(@%) = inf J > 0.
My
This and (4.1) imply v° # 0. By Lemma 3.9 we see that v° € M., and hence v° is a
ground state solution of (1.1).

Step 3. If ul, /0 (m — oc0) in X1@, the argument is divided into two cases:

Case 1.  lim lum |? dz = / 100 da;
Rn

m—00 Jpn
Case 2. lim |Um|2* dr # / ‘”0|2* dx.
m—00 Jpn R

In Case 1, infpq, J > 0. Indeed, if the infimum infa, J = 0, then by Lemma 2.3,
Step 1, one obtains

m—o0

lim |t |?” da = / [00?" da: = 0.
Rn ]Rn
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By the conditions u,, € M4 and u,, satisfying the Pohozaev identity, we get

1 1
5 /n V| do + ZL(um) - g/l |t |? dz = o(1),
(4.5)
-2
- / Va2 d + 2 L ) - ﬂ/ |tm|? dz = o(1).
2 R" q Jrn
Consequently,

/ |V, | do = %L(um) +o(1).
This, together with (4.5) and the Coulomb—Sobolev inequality, yields

1
2 D) = H/ |7 da + o(1)
q n

< Cou (/R IVt |? dx) L) 1 o)

— Con | Llum) + o) LG 4 of1)

= CppuL(um) + o(1).
Since p is small enough, the above inequality implies that
L(tp) — 0, / |V, |?de — 0, asm — oo.
Rn

This contradicts (3.6). Therefore, infaq, J > 0.
In the following we prove v° is a ground state solution of (1.1) in Case 1. When m —
00, it follows from (4.4) that

-2
"o [ Vb e PR L) < k[l s = o).
n 4 q Jrn
In addition, from (J'(um), tm) — 0 (m — oo) (implied by (3.30)) it follows that
/ Vg | d + L) — M/ iy |7 dar — / |2 dz = o(1).
n Rn ]Rn
Thus, in view of (3.13)—(3.16), when m — co we have
/ IVl |7 do+ / Vo2 dz + L(ul ) + L)
R® R™
- u/ lul |7 dx — u/ |09 da — / 002" da = o(1).
-
Combining this with (J/(v°),v%) = 0 (implied by(3.33)), we conclude that

(47) / Vb, |2 de + L(uly) — p / il [9dz = o(1)  (m — 00).

n

(4.6)

It follows from (4.6) and (4.7) that
(” > 2_ ") / IVl 2 de + (”Z“ - ”)L(u}n) =o(1) (m — ).
Rn

q q

Specifically,
2[(n — 2)p — 2n]

(48) L{um) = dn — (n+ a)q

/ |Vul | de +o(1) (m — o).
]Rn
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By (3.13)—(3.16), we obtain that when m — oo,
inf J = m 1
fnf J = J(um) + o(1)

2 4
Combining with (4.7) and (4.8) yields

U<E£J:<;—;)AJV@M%M+(i—;)u@Q+J@%+oﬂ)

1 1
:7/ |Vu,1n|2dx+fL(u,1n)—§/ ul |9 dz + J(0°) + o(1).

(4.9) (q24q.2[(n2)q2n]

Vul |? de + J(° 1
2q 4q dn — (n+ a)q )/Rn U dw £ J(v7) + o(1)

=J") (m— 0).

This implies that v% # 0, and hence 1" is a ground state solution of (1.1).

Step 4. In Case 2, there exist d; > 0, {¢1} € R™, such that
(4.10) / lul,(z + EL)* dx > 6, > 0.
B

According to Theorem 3.5, we have |€},| — +oo (m — o).
Write v}, := ul (- + &L). Obviously, (4.3) and (4.2) show that {v} } is a bounded
(PS)-sequence at level inf g, J — J(v°). Up to a subsequence, we may assume that
! L (m — oo) in X%, Similarly as in the proof of Lemma 3.9, we also see that

Vg, =0
v! is a solution of (1.1), and hence

(4.11) J(')=0 and P(v')=0.
By (2.1), I+(v) = 0. By (4.10) we have that
(4.12) vl #£0,

which, together with I (v!') = 0, implies
(4.13) o' € My,
and hence infq, J > 0.

Step 5. Define

Upy 2= Uy — 01 (= &)

Then uZ, — 0 (m — co) in X1*. Arguing as in Step 1, we obtain that when m — oo,
Flup) = Flug] = Flo'] + 0(1) = Flum] = F°] = Flv'] + o(1),
J(ur) = J(ug,) = J(01) = J (um) = J(°) = J (1) + o(1),
J'(ug,) = 0,
P(u,) — 0.

Here F(u) = ||Vul|3 + L(u).
Clearly, (4.2) and (4.3) show that ul is a (PS).-sequence. Here ¢ = infpq, J —
J(vY) <infaq, J by virtue of J(v%) > 0 (implied by (4.1)). According to Lemma 3.6,

(4.14)

(4.15) u?, =0 in L2 (R™).

loc
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When u2, — 0 (m — o) in X1, we are done. In fact, similarly as in the proof of
Lemma 3.9, we can obtain that v! is a solution of (1.1). In view of (4.12), v! is also
nontrivial, and hence v! € M. On the other hand, the second result of (4.14) and
J(u2,) = 0 (m — 00) show that J(v°) + J(v!) = infr, J. Noting J(v") > 0 (implied
by (4.1)) and (4.13), we obtain J(v°) = 0 and J(v!') = infrq, J.

When u2, 4 0 (m — o0) in X1 as in the argument of Step 3, if u2, — 0
(m — o0) in L2" (R™), J(v°) + J(v') = infrq, J still holds by the same derivation as
in (4.9). Therefore, we are done by an analogous argument above. If u2, /4 0 (m — o)
in L2 (R™), we may assume the existence of {¢2,} C R™ such that

/ [u2, (z + €2)|* dx > 6, for some dy > 0.

By

Since u2, — 0 (m — o) and uZ, (- +&L) — 0 (m — 00) in X1, by (4.15) we deduce
that

|6l = 00, |6, —&nl = +o0  (m — 00).
Therefore, up to a subsequence, we may assume that u2, (- + £2,) — v? (m — o)

in X% and v? is a nontrivial solution of (1.1) (which implies v> € M4). We now

define
Up, = up, — V(- = &),

Iterating by the procedure above we construct sequences {uf,}; and {&,}; in the
following way:

i o=y~ ),

(4.16) Flud,] = Flum] =Y Fv']+0(1)  (m — o0),

(4.17) J(uh,) = J(um) = > J(@') +0(1) (m— o),

=0
(4.18) J'(v') =0, fori>0.

Since {uy,} is bounded in X%, Flu,,] is also bounded. And (4.18) implies v* € M4
for every ¢ > 1. Therefore, when 3 < n < 4 + «, we have

1 ) 1 . 1 . : 12 —nb o
AtE §/n \vu|2dx+ZL(vl)=§/n il de+ oo / W da

i2*—nb

>
2% q—nb R™

[vi)?" da = }/ [t da > D oinf g

2 Rn 2 ueMy
Similarly, when n > 4+a, we also have F[v’] > ninfyer_ J. Thus, Flv'] > ninfa, J
for ¢« = 1,2,... This implies that the iteration must stop at some k. Otherwise, it
contradicts (4.16) and the boundedness of Flu,,]. Specifically, for some k, uf, — 0
(m — 00) in X<, Consequently, J(u¥ ) — 0 when m — co. Letting m — oo in (4.17)
with j = k yields

k
(4.19) > J@) = inf J.

ueM
i=0 *
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In view of v* € My for i > 1, we obtain

J) > inf J, i>1.
ueEM4
Combining this result and (4.19) with J(v") > 0 (implied by (4.1)), we can see v" # 0
and k = 0, or v* = 0 and k = 1. In the first case, u;, (- + &) — 0°() (m — o)
in X5 and v° is a solution of equation (1.1) with J(v°) = inf,epq, J, and so 00 is a
ground state solution of (1.1). In the latter, u,(- + &) — v!(-) in X1 as m — oo
and v is a ground state solution of equation (1.1) with J(v!) = inf,e 1. J. The proof

is complete. O

Remark 4.2. The conclusions in Theorem 4.1 still hold if we replace M4 with Mvi.
In particular, we can find either v% or v! is the ground state solution of (1.1) in M.

5. Convergence relation

In this section, we investigate the convergence relation between the ground state
solutions and the minimizing sequence under the assumptions in Theorems 1.1 and 1.2.

Theorem 5.1. Let n >4 and o € (0,n). The ground state solution v° (or v!) is the
L* (R™)-limit of some subsequence of the minimizing sequence Uy, of J in M.
Proof: Since u,, is the minimizing sequence, similarly as in the derivation of (3.24),
we get
Jl\ftlf J = J(um) - B<Jl(um)7um> - Q'P(um) + 0(1)
+
o[t da o)
=— u T+ o0
n n m

when m — oco. Applying (3.15) and (4.1), we obtain from the result above that

1
inf J = — .
.}‘Elli n /n ‘um

:1/ L, 2" da + T () + o(1)  (m — o).
n n

* 1 x

2 da:—f—f/ [v°1* dx + o(1)
n Jrn

(5.1)

When v° € M4 is the ground state solution, the result above shows

1 .
lim —/ lul |*" dx 4+ J(°) = inf J < J(0°).
R™ My

m—oo N

This implies that

lim l-/ lul |2 dx = 0.
m—00 N Jpn
Thus, u,, converges to v° in L?" (R").

When v! € M4 is the ground state solution, we know that the Brézis-Lieb type
results (3.13)—(3.16) still hold if we replace ul,, um,, and v° with «2,, ul,, and v?
respectively. By the same derivation as in (2.2) and (2.3), we have

1 *
J') == " da.
@) =3 [ 10 s
Therefore, by the Brézis—Lieb type results, from (5.1) we have

1 .
(5.2) inf J = 7/ |uZ,|* dx + J(v') + J(0°) + o(1).
My n R™
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In view of v! € M4 and J(v°) > 0 (implied by (4.1)), the result above implies that

1 *
(5.3) 7/ [uZ,|* dz —0 (m — o),
n Jrr
and J(v°) = 0. In view of (4.1), we see that v* = 0 a.e. on R™. Thus, (5.3) implies

that u,, converges to v!' in L (R™). Theorem 5.1 is proved. O

Remark 4.2 shows that (1.1) has ground state solution v° or v* in M.

Theorem 5.2. Assume n > 4 and a € (1,n). Then the ground state solution v°

(or v') is the Xrlé;g—limit of some subsequence of the minimizing sequence w.,, of J

m Mi.

Proof: According to Remark 2.5, the results in Section 2 still hold for .//\/lvi. By Step 1
in the proof of Lemma 2.3, J is bounded from below on Mi. By the same argument
as in the proof of Lemmas 3.1 and 3.2, we know that {u,,} is a bounded (PS)-sequence
of J in Xrlzﬁ. That is, when m — oo,

(5.4) J (Up) = 0, J(up) — inf J.
My
Since {u,,} is bounded in Xrlég, when m — oo, we see that, up to a subsequence,
U, — 0 weakly in Xrlaﬁ, and hence
(5.5) U — v in LY(R™)

because the embedding (1.9) with « € (1,n) is compact. By the same derivation as
in (3.33), there hold

(5.6) J (@) =0 and P@°%) =0.

Set ul, = u,, —v°. From (5.5) it follows that

(5.7) lim lur, |7 dx = 0.

m—r 00

Therefore, using (J'(ty,), um) — 0 (m — 00) (which is implied by (5.4)) and (3.13)—
(3.16), we have

/ |V, |? dz + / |VoO|? dx + L(ul)) + L(v°)
R™ R™
(5.8)
—uf o) dac—/ lul |2 da?—/ 0012 de=0(1) (m — o).
R™ i 8

Combining this with (J'(v°),v°) = 0 (see (5.6)), we obtain

(5.9) /Rn |Vub,|? dz + L(u},) — /n lul |* dz = o(1) (m — o).
It follows from (5.9) and (4.4) that
(5.10) L(up,) = o(1) (m — o).

Inserting (5.10) into (5.9), we obtain

(5.11) / |Vl |? de — / lul |* dz = o(1) (m — o).
R™ R™
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When m — oo, using (3.13)—(3.16), (5.7), and (5.10), we deduce from (5.4) that

inf J = J(um) + o(1)
M=

1 1 1
== |Vl |? doe + = |V |2 dx + = L(v°)
2 Jan 2 Jon 4

1 * 1 "
fﬁ/ \v0|qd1'——*/ lul |2 dmf—*/ 102" dz + o(1)
q n 2 R™ 2 R™

1 1 »
:7/ |Vu}n|2d1’f—/ lul,|* dz + J(v°) 4+ o(1).
2 n 2* Rn

Thus, by (5.11), it follows that
1
inf J =~ / |Vl |?dz + J(v°) + o(1).
M= n Jrn
When v° € My is a ground state solution, we know that J(v%) > inf My J. From
the information above, it follows that

/n Vil Pdz = o(1) (m — oo).

Combining this with (5.10), we conclude that when m — oo,

. 1
U — 00 in Xraf{.

When v! € Mi is a ground state solution, we can find a subsequence of u,,
denoted by itself such that [|uZ,[|2 — 0 (m — co) by the boundedness of ||, || x1.
and the compactness of the embedding (1.9). By the same derivation as in (5.8),
when m — oo, from (J'(u},),ul,) — 0 (implied by (4.2)) we can see that

IVaz, I3+ Llup,) = il = (J'(0h),01)  (m = o0).

In view of J'(v!) = 0 (implied by (4.11)), there holds

(5.12) [Vu2 |2+ L(u2) — |[u2,3- =0 (m — o).
By the fourth result in (4.14) we know that
n—2 . n+ao
5 UIVunllz = llun 3] + ——L(uz) = o(1)  (m — o).
Combining with (5.12) yields
(5.13) L(u2) =0 (m— o).

Inserting this into (5.12) we get

IVup, 13— llumll3. =0 (m — o).

This result, together with (5.2), implies
1
inf J = —||VuZ, |3+ J(v") + J(°) + o(1).
My n
Noting v! € M and J(v%) > 0, we have

(5.14) IV IE = o1) (m— o0),
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and J(v°) = 0. By (4.1) we have v° = 0 a.e. on R™. Therefore, (5.14) implies that

1,

Vi, — Vol in L2(R™) when m — co. Combining with (5.13), u, — v in X 9.
Theorem 5.2 is proved.
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