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POINTWISE LOCALIZATION AND SHARP WEIGHTED BOUNDS
FOR RUBIO DE FRANCIA SQUARE FUNCTIONS

FRANCESCO D1 PLINIO, MIKEL FLOREZ-AMATRIAIN, IOANNIS PARISSIS,
AND Luz RoONCAL

Abstract: Let H,, f be the Fourier restriction of f € L2(R) to an interval w C R. If Q is an arbitrary
collection of pairwise disjoint intervals, the square function of {H, f : w € Q} is termed the Rubio
de Francia square function T}%F' This article proves a pointwise bound for TF?F by a sparse operator
involving local L2-averages. A pointwise bound for the smooth version of TP?F by a sparse square
function is also proved. These pointwise localization principles lead to quantified LP(w), p > 2, and
weak LP(w), p > 2, norm inequalities for TIS%F' In particular, the obtained weak LP(w)-norm bounds
are new for p > 2 and sharp for p > 2. The proofs rely on sparse bounds for abstract balayages of
Carleson sequences, local orthogonality, and very elementary time-frequency analysis techniques.

The paper also contains two results related to the outstanding conjecture that Tl%, is bounded
on L?(w) if and only if w € A;. The conjecture is verified for radially decreasing even Aj-weights,
and in full generality for the Walsh group analogue of T; gF
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1. Introduction and main results

The LP-norm, 1 < p < oo, equivalence between f and its Littlewood—Paley square
function lies at the foundation of the modern treatment of singular integrals. The
fact that this equivalence extends to weighted LP(w)-norms for weights in the Muck-
enhoupt class testifies the localized nature of the Littlewood—Paley inequalities. In
contrast to the lacunary Littlewood—Paley configuration, this article addresses the
localization properties of square functions of both smooth and rough multipliers sup-
ported on frequency intervals forming an arbitrary pairwise disjoint, or finitely over-
lapping, collection; precise definitions are given below.
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For intervals w C R, define the class of multipliers adapted to w as follows. Say m €
M, if m € CP(w) for a fixed large integer D and

suppm C w, sup sup dist(£,0w)|[m | < 1.
§Ew 0<j<D

To a collection of pairwise disjoint intervals €, and a choice {m, € M, : w € Q},
associate the square function

~

o A% _ e A€
T9f = (U%mﬂ) L TLf(a) = /R flema@ee 2o, xeR

The operator

(1) Hof () = / f@)e%w%, vER,

is an instance of T}, corresponding to the choice m,, = 1. This specific case of T is
the so-called Rubio de Francia square function, which is assigned the notation TF?F

Tir f(x) = <Z |wa<x>|2> , z€eR.

weN

With more details and discussion to follow, one of the main results of this paper is
the pointwise control of Tl%; f by a sparse form, see Subsection 1.1, in a sharp way,
leading to new and in several cases best possible weighted norm inequalities for this
operator.

Theorem A. Let Q be a collection of pairwise disjoint intervals and TI%J be as above.
For every f € L2(R) with compact support there exists a sparse collection S such that

Taef S (N2elg

QeS

and the L%-average on the right hand side cannot be replaced by any LP-average for
any p < 2. Furthermore there holds

[ME

ITRE 22 ) 2200 () S (W), [w]a, log(e + [w] )]

and for 2 < p < oo

1
a
[w]4. -

S =
NS}

TR || Lo (w)— Lo () S [w]

The first estimate is best possible up to the logarithmic term while the second estimate
1s best possible.

We will get Theorem A as a consequence of more general corresponding results
for square functions 7% defined in terms of more general multipliers in {M,, },cq, as
described above; see Theorem C, Corollary C.1, and Subsection 1.2.
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A smooth, intrinsic counterpart of T is defined as follows. For each interval w C R,
let @, be the class of functions

D, = {¢ € S(R) :suppd C w, sup #[|¢V) | < 1}
0<j<D

for a positive integer D which we fix to be sufficiently large throughout the paper.
Then the intrinsic smooth Rubio de Francia square function is the operator

1
2
Gof = (Z fﬁ) , Jul@) = sup [f+3(@)], wER.
we PEDw

Both definitions naturally extend to higher dimensions and/or parameters by consid-
ering collections of disjoint rectangles with respect to a fixed choice of a basis in R™
and defining the corresponding frequency projection operators. The two square func-
tions G2, T are related by vector-valued Littlewood-Paley inequalities, and their
LP(R) behavior, and in fact their L”(w)-boundedness for weights w € A, as well,
1 < p < o0, are thus qualitatively equivalent.

The well-known result by Rubio de Francia [36] tells us that the operators T4,
G® are bounded on LP(R) for p > 2; see [24, 26] for the higher parametric case.
Rubio de Francia’s reliance on local orthogonality in [36] is embodied by the main
step of his proof, namely the sharp function pointwise inequality

(2) [G2f17 < CVM(FP?).

1.1. Pointwise sparse domination of T and G®. Estimate (2) also yields
L? (w)-norm bounds for weights w in appropriate Muckenhoupt classes. With the dual
intent of strengthening (2) and of precisely quantifying these weighted estimates, we
establish pointwise domination principles for both 7% and G, respectively involving
the case p = 2 of the sparse operators

(3) Tosf =Y (Npele, Gpsf= (Z(ﬁﬁ,(gl@) , 0<p< oo,
QES QES

associated to a sparse collection S of intervals on the real line. The notations and
definitions appearing in (3) and in what follows are standard, and are recalled at the
end of the introduction.

Theorem B. Let 2 be a collection of pairwise disjoint intervals. For each f € L?(R)
with compact support there exists a sparse collection S such that

Gf S Gasf
pointwise almost everywhere. The implicit constant in the above inequality is absolute.

Theorem C. Let Q be a collection of pairwise disjoint intervals. For each f € L?(R)
with compact support there exists a sparse collection S such that

T°f S Tosf
pointwise almost everywhere. The implicit constant in the above inequality is absolute.

Pointwise domination of Holder-continuous Calderén—Zygmund operators by the
sparse operator T3 s is the keystone of Lerner’s simple re-proof [28] of Hytonen’s
A theorem [19]. Since then, T}, s have become ubiquitous in singular integral the-
ory, to the point that an exhaustive list of references is well beyond the purview of
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this article. On the other hand, the sparse square functions G s, Gp s have previ-
ously appeared in the context of weighted norm inequalities for square functions of
Littlewood—Paley and Marcinkiewicz type; see e.g. [4, 14, 29] and references therein.
Thus, the specific relevance of the sparse domination principles of Theorems B and C,
beyond the strengthening of (2), is explained by the next proposition involving weights
and A,-weight constants, whose standard definitions are also recalled at the end of
the introduction.

Proposition 1.1. The estimates below hold with implicit constants possibly depending
only on the exponents p, q appearing therein and in particular independent of the
sparse collection S.

() [1G2,5ll 22 () 1200 () S [[w]a, log(e + [w]a.,)]2 .

D=

(i) [1T2,811L2(w) L2 (w) S [[w]a, [w]a. log(e + [w]a.,)]

1 1
(i) [|Ge,sllLr(w)—srre@w) S, [WA ", 2<p<oo.
2

oy
(iv) 1T2sllr(w)siroo@w) S Wi, Wi, 2<p<oo.
2

max{—,1 1
() [Gesllire) S min{lu]y =77 )] ), 2<2q<p <o
. ) m x{p%,l}
V) [ T2sllpe(ey S min{[wly 727 Jwla,}, 2<2¢<p < oo.
2

An application of Proposition 1.1 immediately entails two corollaries of our main
results.

Corollary B.1. Estimates (i), (i), and (v) of Proposition 1.1 hold for the intrinsic
smooth square function G in place of Ga.s.

Corollary C.1. Estimates (ii), (i), and (vi) of Proposition 1.1 hold for T in place
Of T273.

Proof of Proposition 1.1: Points (i), (iii), and the leftmost estimates in (v) and (vi)
are essentially special cases of previously known results. For (i), (iii), and the leftmost
estimate in (v), rely on the observation that

1
%s
L2 (w)

1
|G2,sllLr(w)—Lr @) = [ T1s]|? v NGeslrw) = [1T1,s

L% (w)> L% (w)
together with the sharp bound for the appropriate weighted norm of T s. The weak-
type L?(w)-bound for T} s was sharply quantified in [32, Theorem 1.2] for ¢ > 1 and
in [17, Theorem 1.4] for ¢ = 1, whence (iii) and (i) respectively; the latter estimate for
Calderén—Zygmund operators for ¢ = 1 is contained in [31]. The strong-type L4 (w)-
bound for T; s is classical; see e.g. [3, 9, 17, 22, 30, 34]. Finally, the leftmost
estimate in (vi) is from [3, Proposition 6.4].

The bounds (ii), (iv), and the rightmost estimates in (v) and (vi) seemingly do
not appear in past literature. Estimates (ii) and (iv) are obtained by combining (i)
and (iii), respectively, with Corollary F.1 below, cf. Section 2. This corollary is a sparse
operator version of the exponential square good-A of Chang, Wilson, and Wolff [5].
The rightmost estimate in (v) is obtained by interpolating the weak-type estimates
in (iii) for £ € (¢, 00). Likewise, the rightmost estimate in (vi) is obtained by inter-
polating the weak-type estimates of (iv) in the same open range of exponents. O
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1.2. On the sharpness of Corollaries B.1 and C.1. As customary in the lit-
erature, the term sharpness of a weighted estimate in the Muckenhoupt class A,
say, refers below to whether the functional dependence of the estimate on the weight
characteristic [w]4, is best possible.

With this language, estimate (i) is sharp up to the logarithmic term. It is con-
ceivable that the appearance of such correction is related to whether L?(w)-bounds
for G hold true for all w € A, a question that remains open at the time of writing.
For G, the leftmost estimate in (v) is sharp for p > 4, while estimate (iii) is sharp
for all 2 < p < co. Analogously, it is expected that the presence of the logarithmic
correction in (i) is necessary if L?(w) fails for 7. At the time of writing, we can
only show that (ii) is sharp up to the logarithmic term. The leftmost estimate in (vi)
is sharp for p > 3 and estimate (iv) is sharp for all p > 2. The rightmost estimates
in (v) and (vi) are sharp.

The above claims are verified as follows. The claimed sharpness for strong-type
LP?(w)-estimates ensues by combining the main results of [33] with the fact that the
unweighted LP-bounds for G2 are O(pz), and the unweighted LP-bounds for T are
O(p) as p — +oo. Similarly, in order to verify the sharpness of weak LP(w)-estimates,
interpolate any two such estimates for p in the open range (2,00) with w € A; and
use [33] again.

1.3. Past literature on weighted and sparse bounds for T and G. In [36,
Theorem 6.1], Rubio de Francia proved that G*!, and hence T}, are bounded on LP(w)
for 2 <p <ooand w e Az. The L*(w)-boundedness for w € A; of T§% and G, con-
jectured in [36, Section 6, p. 10], see also [15, Section 8.2, pp. 186-187], remains an
open question at the time of writing. This conjecture is corroborated by the fact that
it holds for the particular case of congruent intervals [35, Theorem A], as well as the
partial result that T8, G are L?(w)-bounded for w(z) = |z|~* € A1, 0 < a < 1.
The latter was proved by Rubio de Francia in [37], and a different argument was
later given by Carbery in [39, pp. 81-93]. Weighted weak-type estimates at the end-
point p = 2 were found in [25, Theorem B(ii)], yielding the weak variant of Rubio de
Francia’s conjecture.

Quantitative weighted strong (for 2 < p < o) and weak (at p = 2) estimates
for TS were recently obtained in [18, Corollaries 1.5 and 1.6] as a consequence of
a sparse form domination [3, 10] of the bilinear form for the vector-valued version
of the Rubio de Francia square function 7%, cf. [18, Theorem 1.3]. In comparison
with the arguments of the present paper, the sparse domination proof of [18] relied
on a combination of the stopping forms techniques of [10] with deeper time-frequency
tools, such as vector-valued tree estimates and size decompositions [2], circumventing
the usual passing through the smooth operator G*. The pointwise sparse bound
of Theorem C is formally stronger than the vector-valued sparse estimate of [18].
Furthermore, forgoing the vector-valued formalism leads to a simpler argument devoid
of vector-valued time-frequency analysis.

In [18], the quantification of the behavior of T§ on LP(w) is sharp for 3 < p < co.
On the other handl, the (lrluantitative weighted weak-type estimate at the endpoint p =
2 was of order [w]} [w]} log(e+ [w]a,, ). In the present paper, the weak-type (2,2)
bound of Proposition 1.1(ii) improves by a [log(e + [w]4_)]? term in comparison
to [18, Corollary 1.6], while the weak (p,p) bound, 2 < p < o0, is sharp.

1.4. The strong L2?(w) inequality for the Walsh model. The Rubio de Fran-
cia square function 7% has an immediate Walsh group analogue. For direct compar-
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ison with the trigonometric case, the same notation is kept for corresponding oper-
ations, to the extent possible. In stark contrast with the former, we have a proof of
L?(w)-boundedness for the Walsh-Rubio de Francia square function. A precise state-
ment is in Theorem D below. Albeit Theorems B and C continue to hold in the Walsh
setting, here a sharp endpoint is available, and weighted extrapolation of the L?(w) re-
sults yields better quantified weighted L?(w)-bounds for the Walsh-Rubio de Francia
square function than those following from the corresponding sparse domination.

Here follow the definitions relevant to Theorem D. Let w = [k, m) be an interval
with k&, m € N. Define the Walsh projection operator by

H,f(z) = Z 1,(n)(f, Wn)Wy(z), z €T,
n=0

where {W,, : n € N} are the characters of the Walsh group on T = [0, 1); see (39).
For a collection w € €2 of pairwise disjoint intervals in N the Walsh—Rubio de Francia
square function is

TU@%=<2]HJ@W>7 reT.

weN
Due to the dyadic nature of the Walsh setting, it suflices to assume dyadic A, condi-
tions on the weight. The corresponding dyadic constant will be denoted by A, p.

Theorem D. Let w € Ay. Then,
1/2 1/2
T2 Fll oy S Tl {2 0] 2 11 22wy
Furthermore, the sharp bound
1T f1 Loy S [w]A%,—D”fHL%w)a 2 <p<oo,
holds with implicit constants depending only on p.

1.5. The strong L?(w) inequality for radially decreasing A;-weights. Our
final result extends the class of weights for which the L?(w)-boundedness holds to
even and radially decreasing A;-weights in the form of the following theorem, giving
new insight on the open question of the L?(w)-boundedness for w € A; of the Rubio
de Francia square function.

Theorem E. Let w be an even and radially decreasing Ay-weight on the real line.
There holds

1

1G22y S [wlas I f |2y 1Tz S 0] [w]ay 1122 gw)-

The proof of Theorem E combines local orthogonality with a stopping time ar-
gument and is presented in Section 6. Our argument actually yields the conclusions
of Theorem E under the more general, albeit more technical, assumption (43). The
latter is in general a strengthening of the A; condition, but is equivalent to A; for
even, radially decreasing weights.

1.6. Notation and generalities. We shall write X <Y to indicate that X < CY
with a positive constant C' independent of significant quantities and we denote X ~Y
when simultaneously X <Y and Y < X.

The Fourier transform obeys the normalization

~ 1

f(&) = E/Rj‘"(ac)e*“”5 dz, ¢eR.
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Throughout the article, for I C R being any interval, denote
1

7 —
1+(|x—c;|)] , x€R,
Ly

with ¢y and ¢; being respectively the center and length of I. For positive localized
averages and for their tailed counterpart, write

_1 _1
(Do =771 rllps (Pprg = HI7 X7 0<p < oo

When p = 1, the subscript is omitted, simply writing (f); and (f);+ instead. The

chosen 18th order decay is not a relevant feature.

xr(z) =

Sparse collections. A collection of intervals S is called n-sparse if for every I € S
there exists a subset E; C I such that

|Ex| =]

and the collection of sets {E : I € S} is pairwise disjoint. In this article, the exact
value of 7 may vary at each occurrence, although there is an absolute constant 79 > 0
which bounds from below each occurrence of 7. In accordance, 7 is omitted when
referring to n-sparse collections.

Dyadic grids. The standard system of shifted dyadic grids on R, see e.g. [30], is

DJ:{Q—”[kJr( ) J,k+1+(3)j> :k,neZ}, J=0,1,2.

3

The superscript j in D7 is omitted whenever fixed and clear from the context. If I is
an interval, write D(I) = {J € D:J CI}. For k >0, j € Z, and Q € D, denote
by Q¥) € D the k-th dyadic parent of Q and define Q*7) = Q®) 4+ Jlo, which
also belongs to D. To each @) € D, associate an instance of the decomposition

@ = U )ul U@y vl U p@*)
l71<1 E>1 k>0
lil<1 2<]j1<3

Equality (4) will be used in connection with tail estimates. It can be easily obtained
as a consequence of the dyadic covering
57 \5J = J=2)  g(1.2) J(073<7)’

holding for each J € D, with o = 1 if .J is a left child of J(), and o = —1 otherwise.
Indeed, let @ € D and J be the maximal elements of D contained in R\ 5Q. The
elements of J partition R \ 5@ and one has the disjoint union

T=U % J={JeD:Jn5Q* =g, Jc5Q"+ 0},
k=0

Notice that Jj is a partition of 5Q*T1.0) \ 5Q(*0) The maximality of J and the
initial observation forces the equality
T = {QUHL=D U+12)  (k30))
for some o € {—1, 1}. Therefore, for a generic I € D, there are the following possibilities.
1. I C5Q. Then I € D(Q)) for some |j| < 2.
2. IN5Q # @, I ¢ 5Q. Then I = Q™) for some |j| < 2 and k > 1.

3. I € R\ 5Q. Then I C J for some J € J and k > 0, whence I C Q%) for
some k >0 and 2 < |j| < 3.
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From here, equality (4) is deduced. If Q € D is a dyadic cube, it is convenient to
introduce the non-dyadic dilates of @

(5) QW = |J QW) k>0, R(Q) ={Q® :k>o0}.
l71<2

Note that 5Q*) = Q(*) and that R(Q) is a sparse collection, two facts used on several
occasions below.

A general principle is that the operators associated to a sparse collection S may
be estimated pointwise by a finite sum of operators associated to sparse collections
coming from dyadic grids. More precisely, the three-grid lemma ([30, Theorem 3.1])
may be easily used to deduce that for each sparse collection S there exist sparse
collections 87 C D7, j = 0,1, 2, such that, cf. (3),

T,sfS Y. Tysif. GpsfS D, Gpsif,

§=0,1,2 §j=0,1,2

pointwise, with implicit constants depending on p only. Any quasi-Banach function
space operator norm estimate for operators (3) may thus be reduced to the case where
S is a subset of a dyadic grid D.

Weight characteristics. A weight w on R is a positive, locally integrable function.
For 1 < p < oo, the A, characteristic of w is defined by

Sl}p<w>1,](ir}fw)71, p=1,
st}p<w>171<w*1)ﬁ7l, 1< p<oo,

[w]a, =

Sl}p<M(W1I)>1,I<w>f,}v p =00,

where the suprema are being taken over all intervals I C R and M is the Hardy—
Littlewood maximal function. Note that our definition of A, coincides with that of
Wilson, see e.g. [17, 23, 40], and that

[w]a, S wla, <[wla, 1<g<p<oo,

with absolute implicit constant; see [23]. The formal definition of the dyadic A,
characteristic [w] A, DS the same as the usual A, constant, with the supremum therein
being replaced by the supremum over all intervals in D°(T), where T = [0, 1).

Structure of the paper. Section 2 introduces the sparse operators (3) as special
cases of balayages of Carleson sequences and contains two relevant results: a weighted
exponential good-A inequality for balayages and a pointwise domination of balayages
by a sparse operator. Sections 3 and 4 are devoted to the proofs of Theorem B and
Theorem C, respectively. Theorem D is shown in Section 5, and Theorem E is proved
in Section 6.
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2. Balayages of Carleson sequences

Let D be a fixed dyadic grid and a = {ag : Q € D} be any sequence of complex
numbers. If £ C D, the £-balayage of a is defined by

(6) Aglal = lagle-

Qe&

Remark 2.1. Sparse operators are special cases of (6). Indeed, if 0 < p < co and
feLl (R),

loc

T,sf = Asl{{fpe: QEDY, Gusf = /Asl{{f)2q:Q €D}

2.1. An exponential good-A inequality for sparse balayages. The next theo-
rem is an exponential good-\ inequality for balayages supported on sparse collections.
Its corollary has been used in the deduction of estimates (ii), (iv) of Proposition 1.1 re-
spectively from (i), (iii) of the same proposition. For ease of notation, given a complex
sequence a = {ag : Q € D}, indicate by a? := {a?Q : Q € D}.

Theorem F. Let w € A.. There exist absolute constants C,6 > 0 such that the
following holds. Let S C D be a sparse collection and a = {ag : Q € D} be any
sequence. Then for all A,y > 0,

572
w({Asla] > 2, VASET < 1A)) < Cexp([w]A>w<{As[a} SV

Corollary F.1. Let 0 < ¢,s < 00,0 < r,t < oo. Then
1
sup | To,s + L7 (w) = L (w)|| S [w]3_ sup [|Ga,s : L (w) — L¥*(w)

with the supremum taken over all not necessarily dyadic sparse collections S, and
implied constant depending on q, r, s, t only.

Proof of Theorem F and Corollary F.1: First, in view of Remark 2.1, Corollary F.1
follows from the theorem by standard good-A method. To prove the theorem, by
monotone convergence, it suffices to prove the claim for finite sparse collections S as
long as the estimate obtained is uniform in #S. Denote S(Q) ={Z € §: Z C Q} for
each @ € D. Also denote by F) and E) the sets appearing respectively in the left and
right hand side of the conclusion of the theorem. Under our qualitative assumptions
the set E is a finite union of intervals of D, whence Ey = U{R: R € R} and R is
the collection of those elements of D contained in E) and maximal with respect to
inclusion. Pairwise disjointness of the collection R thus reduces our claim to proving

572

[w]a.,

(M) w(FYNR) < Cexp(— )w(R), ReR.

If z € F\ N R, then

2\ < As[a)(z) = Asmal(@) + Y az| < Asmla)(w) + A
zZes
ZDRW

g,/AS(R)[aﬂ(x)( > 1Z> +Agw< > 12) + A

ZeS(R) ZeS(R)
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For the second inequality on the first line we have used that R(Y) ¢ E\ due to maxi-
mality of R. Therefore

Fch{xeR: > 1Z>7—2}

ZeS(R)

and (7) follows from the weighted John—Nirenberg inequality. The proof of the theorem
is thus complete. O

2.2. Subordinated Carleson sequences. Let f € L!(R?) be a fixed function. Say
that the sequence a = {ay : I € D} is a Carleson sequence subordinated to f if

(8) ﬁ S sl < O

JeD(I)

uniformly over all I € D. The least constant C such that (8) holds is denoted by ||al|p
and termed the Carleson norm of a. The next proposition shows that balayages of
Carleson sequences subordinated to f are dominated by l-average sparse operators
applied to f.

Proposition 2.2. There exists an absolute constant C' such that the following holds.
For each f € L'(R) with compact support there exists a sparse collection S of intervals
with the property that for all Carleson sequences a subordinated to f there holds

(9) Apla] < CllallpTis/,
pointwise almost everywhere.

The remainder of this section is devoted to the proof of Proposition 2.2. Fix a
compactly supported function f, and choose Q € D with supp f C (1+371)Q. Further,
fix a = {ay : I € D} subordinated to f, and without loss of generality assume ay > 0,
and normalize ||a]lp = 1. As a is fixed, for a generic collection &, the notation Ag is
used in the proof in place of Ag[al.

For the proof of (9), note that (4) readily yields the splitting

(10) Ap < Z Apguo.y + Z lagu.a [1gws + Z Ap(Qk.ay-
lil<1 k>1 k>0
FIES! 2<151<3

The proof is articulated into two constructions. The main term in (10) is the |j| <
1 summation while the last two summands entail error terms. We first deal with those.

2.3. Tails. Here we control the latter two sums on the right hand side of (10). We
note preliminarily that

1 €D, 180 ¢ {Q(k’ﬂ), Q(k’ﬂ)} = dist(supp f,I) = 2=y,
= (11 S Tw(ﬁé@-

To obtain the last implication we have used that ||XLsupp fllec < 27%, supp f C

Cj)\(;), and || 2 2_4\63(?”. The second summand in (10) is estimated by the Carleson
condition for a single scale, as follows:

(12) Z lagu.a | Lgw. < Z (Nown lomn S Tir@)f
k>1 k>1
[71<1 l71<1

(11)
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using the notation of Subsection 1.6, cf. (5) in particular. For the third summand
in (10) we also proceed via a single scale. Indeed, applying the Carleson condition at
the second step, and following with (11), we have for 7 € {£2, £3} that

Apguery =Y > a1, <> > (il
IeD IeD

>0 >0
160 Zg (k) 160 Zg (k)
—6¢
$D02 > Ngnlr S Nawlom:
>0 IeD
100 Z gk

The last inequality shows that the third summation in (10) is also controlled by the
sparse operator 77 (@) as on the rightmost side of (12).

2.4. Main term. The main term in (10) will be controlled via the intermediate
estimate

(13) Apay SThomifs Tioif= Z<f>1,l,f1[
IeQ

for each I € {Q(®7), |j| < 1}, where Q(I) is a suitably constructed sparse collection.
Then,

Tiontf SY27% Y (Haosrls

k>0 IeQ(I)

so that two applications of [8, Theorem A], cf. [8, proof of Corollary A.1], upgrade (13)
to

Apiny STomf, 1€ {QUD, 5] <1}

with a possibly different sparse collection Q’(I). Combining these bounds with the
estimates of Subsection 2.3 completes the proof of (9), and in turn of Proposition 2.2.

The proof of (13) is a simple John—Nirenberg type iteration argument: details are
as follows. For each R € D(I), define the collection

S(R) = maximal elements of ¢ Z € D(R) : Z aw >4 f)rt

WeD(R)
Zcw

As S(R) is a pairwise disjoint collection, an application of the Carleson condition in
the last step yields the packing estimate

1 lApr)lli _ |R|
2 As s 2 | Av < ng = 4

Z€eS(R)

while, setting D*(R) := D(R) \ Uzcs(r) P(2),

(14) Apry < Ap~r) + Z Apzy <4 f)rt + Z Ap(z).-
ZeS(R) ZeS(R)



456 F. D1 PLiNIO, M. FLOREZ-AMATRIAIN, 1. PARISSIS, L. RONCAL

Setting Qq := {I}, inductively define
Q1= |J S(R), k=01,.... Q)= ]

ReQy k>0

and observe that the previously obtained packing estimate ensures Q(I) is a sparse
collection. Finally, iterating (14),

Apy < Y Ape(ry < 4T 0041
ReQ

which is the claimed (13).

3. Proof of Theorem B

The proof of Theorem B relies upon a suitable discretization of G** into a wave
packet coefficient square function. It is not difficult to show that the square sum of
the wave packet coefficients of f localized on a single spatial interval is a Carleson
sequence subordinated to |f|?, so that the claim of the theorem readily follows from
Proposition 2.2.

We turn to the details. For j = 0,1,2 define the corresponding j-th tile uni-
verse S C D° x DI as the set of those I x w € DY x DI with ¢;¢,, = 1. The
superscript j is omitted whenever fixed and clear from the context. As customary, the
notation s = Iy X w, is employed for s € S. If P C S, we write

(15) P(I)={seP:I,=1}, Pc(I)={seP:I,CI}

for each interval I C R. For our purposes, we are especially interested in subcollections
of tiles whose frequency intervals are pairwise disjoint, the precise definition being as
follows. If 2 C D is a collection of pairwise disjoint intervals, write

(16) P = {s € P: w, = w for some w € N}.

With these notations, let P?(I) := {s € P : I, = I} for each interval I C R. Fix a
large integer D. To each tile s = I; X ws, recalling that c,,, denotes the center of wq,
we associate the L!-normalized wavelet class W consisting of those ¢ € C*°(R) with

(17) supp & C ws,  sup L™ | P (exp(icw, )9) V| < 1.
0<j<D

The intrinsic wave packet coefficient of f € L?(R) is then defined by the maximal
quantity

(18) s(f) = sup [(f,¢)], se€S.

PeEV,

The coefficients (18) may be used to construct a smooth, approximately localized
analogue of the L?-norm of f on the torus I € D. Namely, if Q is a collection of
pairwise disjoint dyadic intervals, set

[flse 1( Z S(f)2> ., IeD.

s€S2(I)
The next lemma shows that whenever 2 C D is a pairwise disjoint collection, and
f € L*(R), the sequence {[f]gg(l) : I € D} is a Carleson sequence subordinated to
the function |f|2.

Lemma 3.1. There holds > |J|[f]§Q(J) S K12 14 uniformly over I € D.
JeD(I)
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Proof: Fix I € D. It suffices to show that

(19) Do D W) S NS

JED(I) seS2(J)

for an arbitrary choice of ¢, € Wy, for each J € D(I) and s € S%(J). Set ¢s = x;”¢s.
Due to localization and to the pairwise disjoint nature of the collection §2, the almost
orthogonality estimate

|<(P57<ps’>| {

holds for all s,s" € S® with I,,I, € D(I). A standard TT* type argument, see for
example [1, §4.3], yields the almost orthogonality bound

(20) Yo > Wlg, el S llgll3

JeD(I) seS2(J)

= 0, Ws 7é Ws’y
,S |Is‘71 diSt(Isa Is’)iloov Wg = W/,

and (19) follows by applying (20) to g = fx7 and relying on the definition of ()7 . O

A combination of Proposition 2.2 and Lemma 3.1 immediately yields a sparse
domination result for the intrinsic wave packet square function

(21) an;:<z 211> \/AD Moy : 1€ DY

sES?

Proposition 3.2. Let f € L3(R) be a compactly supported function and 2 C D be a
pairwise disjoint collection. Then there exists a sparse collection S with the property
that

WS Gosf

pointwise almost everywhere. The implicit constant in the above inequality is absolute.

Indeed, by Lemma 3.1, {mg“(l) : I €D} is a Carleson sequence subordinated to the
function |f|?. Thus Proposition 3.2 is obtained via an application of Proposition 2.2,

followed by the observation that /11 s(|f|?) = Ga.sf.

3.1. Sparse estimates for smooth square functions: proof of Theorem B.
The relation of G* with the wave packet square function W* defined above is given
by the pointwise estimate
(22) G S swp WS,

1<k<9
where each Qk’*, 1 <k <9, is a collection of pairwise disjoint intervals contained
in one of the three grids D7, j = 0,1,2. To obtain this pointwise bound, associate
to each w € Q an index j € {0,1,2} and a smoothing interval w* € D7, that is the
unique interval of D7 with w C w* and 3/, < £, < 6{,. As the intervals of Q) are
pairwise disjoint, €2 can be split into collections QF, 1 < k < 9, with the property
that QF* := {w* : w € QF} C DI for some j and is a pairwise disjoint collection. A
standard discretization procedure, see for example [1, Lemma 5.9], then entails

Gszkf < Wsz’“v*f

and (22) follows. Finally we may combine Proposition 3.2 with (22) to conclude The-
orem B, using also that the union of nine sparse collections is still a sparse collection;
see e.g. [30].
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4. Proof of Theorem C

The proof of Theorem C, finalized at the end of this section, rests on a well-known
Littlewood—Paley type reduction to a model time-frequency square function appearing
on the left hand side of (24), which we now introduce.

4.1. Time-frequency square function. Fix a dyadic grid D. Given an interval w
we let w C D be a collection of dyadic intervals with the following properties.
(i) The collection w is pairwise disjoint.

(ii) For each k € Z there exists at most one o € w with ¢, = 2*.

(iii) Each a € w satisfies 7°a C w and T*a ¢ w.
Observe that by (iii) the collection w is a subcollection of a dyadic Whitney covering
of w but not necessarily the whole Whitney cover. As a result properties (i) and (ii)
can always be achieved by splitting w into finitely many subcollections. Let I C R

be any interval, possibly unbounded. Recalling the definitions (15), (16), (17), let
Os = {ps € U, U5 € |I;]|Ps : s € S} be a choice of wave packets. We say that

PE L F= S (feadls, we,
SESE(I)

is a time-frequency projection of f on the time-frequency region I x w. Note the L',
L normalizations of ¢, ¥ respectively. We will drop the subindex S from ®g for the
rest of the section and, whenever the choices of ® and w are fixed and clear from the
context, we will simplify the notation by writing Py ., suppressing the dependence
on &g and w. It is easy to check that

Prof=Pro(x;°f)

is a standard Calderén—Zygmund operator, whence the estimates

(23) 1Profllp S ool 17 (Flpas, 1 <p<oo,

hold uniformly over all bounded intervals I, which we will only use for p = 2. Fur-
thermore, due to the frequency localization of the W, classes for s € S, the equality

PI,wf = PI,wwa

holds for the frequency projection H,, defined in (1). The next theorem is a sparse
domination principle for the square function |[Pr,||¢2(wco) under the pairwise dis-
jointness assumption of the corresponding collection w € Q.

Proposition 4.1. Let ® be a choice of wave packets, f € L*(R) be a compactly
supported function, and Q be a qualitatively finite, pairwise disjoint collection of in-
tervals. Then there exists a sparse collection S depending on ®, f, Q only with the
property that

(24) 1P flleewen) S Tosf
pointwise almost everywhere, with implicit absolute numerical constant.

The proof of the proposition is given in Subsection 4.3. It relies on two lemmas
which we state now. The first deals with domination of tails.
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Lemma 4.2. Let J € D and Myf = (M|f[2)2. Let ® be a choice of wave packets.
The following pointwise bounds hold.

W | 3 (feav.

sesSw(J)

S X3<f>2,J,T-
22(we)

(ii) Suppose dist(x,J) 2 £;. Then ||Prof(2)|eweo) S XgMgf(LI}).
(111) If Suppf C 2J(0’i2); then ||PJ,wf||22(w€Q) g X?]<f>2,7J'

Proof: The first estimate follows immediately from the two controls

Z Z e\ 2 S (Faats  sup 95 S X,

weQ se8« () s€8<(J)

the second meant pointwise. To obtain the bound in (ii),

IPrwf@)leweny <D D | DY (freds(z)

£20 1€D(J) llses» (1)
10 =g

(25) <SS @ e

£>0 1€D(J)
1¢0=g

SMaof(@) Y > X)) S x5Maf(2),

£>0 1€D(J)
1¢0=y

having applied (i) with J = I for each I such that I(“?) = .J. We have employed the
easily verified inequalities

xr@)(Hari SMaf(), D xHa) S27%G (@),
1€D(J)
160 =g
valid for I C J, dist(x,J) = £;. To obtain the bound of (iii), start again from the
right hand side of the first line of (25), and apply (i) for each I in the summation, so
that

(26) IProfleweny S Y XHP2rt SXT(Fars

£>0 1eD(J)
10 =7

22 (weN)

as claimed. We have used that for each I as above, dist(supp f,I) = 2%;. Together
with supp f C 2J©*2) < 7], it follows that (f). 1+ S 27%(f)a7s, whence the last
inequality in (26). This completes the proof of the lemma. O

The second lemma encapsulates the main iteration of the proof of Proposition 4.1.

Lemma 4.3. Let J € D and f € L*(R). Let ® be a choice of wave packets. Then
there exists a sparse collection @ = Q(®,J, f,Q) with the property that, pointwise
almost everywhere,

(27) 11, P o fllezweny S To,of-

The proof of this lemma is more involved and thus occupies its own subsection.
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4.2. Proof of Lemma 4.3. The collection ® is fixed throughout this proof and thus
omitted from the notation. Arguing as in Subsection 2.4, cf. (13), it suffices to prove
the weaker result that for some sparse collection Q

(28) 11 Psswflleewen) S Teoif, Trorf = Z<f>2,],1‘117
IeQ

and later upgrade (28) to (27) via [8], with a possibly different sparse collection Q.

The proof of (28) rests on an iterative inequality whose first step is a stopping
construction. Fix again a large constant © to be determined. For each I € D(J),
define the stopping sets and collections

Ex(I) ={z €1:|MPsruflleewe) > ()21}
Ey(I) = {z € I : IM[H,(f XDl wea) > O(f)2.r.1},
S(I) == {maximal elements Z € D: Z C E(I) = Ey(I) U Ex(I)}.
This time, the maximality condition ensures

(29) gg IMPsr o, flle2weq) + 13an IM[Heo, (fXDe2weny S (fas,  Z€S),

(30) IMPsr o f (@)l e2(wen) < O(f)2,1, @ €I\ E).
Now set Qp := {J}. Proceed inductively, defining
Q1= J S, k=01,..., Q=[] %.
I€Qy k>0

Arguing in the same way as [6, proof of equation (2.22)], see also [7, Section 4], the
fact that Q is a sparse collection is easily verified once the estimates |E;(I)| < 2716|1],
Jj = 1,2, are proved. In the case of E;(I), provided © is large enough, this follows
from Chebyshev and

i [ IMPar o B e N|I|Z||P3m DI S 7 X LD < (g

weN

having used the maximal theorem in the first step, (23) for the second inequality,
and orthogonality of the projections H,, in the last. A shorter computation leads
to the same estimate for Eo(I). The next lemma is the main device that controls
the oscillation. The maximal frequency truncation idea dates back to the single tree
estimate in Lacey and Thiele’s seminal paper on the Carleson operator [27]. The proof
is given at the end of this subsection.

Lemma 4.4. Let Z € S(I). There holds
Sp |Psz o f = Parwf| S inf MPsp o f +inf MUH,(fx7)]-
7 37 37
Now for each I € D(J), with the stopping collection S(I) at hand, pick = € I.
Then either x € I\ E(I), in which case
1Psrwf(@)|lezwen) < C(f)2,11,

by virtue of (30), or x € Z for some Z € S(I), in which case

1 P31, f (%) le2(weq) < 1P3z,wf (@)le2(wen) + C(f)2,rt
via an application of Lemma 4.4 and (29). It follows that

(31) 11 Psrwflleewen) < C(f)arilr + Z 12||Psz.w flle2(weq)-
zZeQ



RUBIO DE FRANCIA SQUARE FUNCTIONS 461

Starting from I = J, iterate (31) to obtain

Ll1Psswflleweny S (FHarilr,
IeQ

completing the proof of (28), and in turn of Lemma 4.3.

Proof of Lemma 4.4: Note that

|P3Z,wf - P3I,wf‘ = Z <f7 SOS>795

SESE (31)\82 (32)

(32)

IA

Z <f7905>195 + Z PZ(OwJ'),wf'

5€82 (31) 1i1>2
Lrs>lz z©9 31

Let us deal with the tail term in (32). The separation between Z and the small scales
contained in Z(%4) for some j > 2 allows for the standard Calderén-Zygmund tail
estimate

7| > Pronuf|=1z| > D (Ho(FXD)9s)0s
(33) 1j]>2 lil>2  sesg(2(0:9)
7D 31 zONcsr

< inf MIHL(fx])].

The proof is essentially a repetition of the one for Lemma 4.2(ii) using L'-averages
instead, and thus the details are omitted. The first term in (32) is the main term. To
deal with it define the sets

Bz == Conv (U{a Cw:ily < (éz)*l}) . 7z = Conv (U{O‘ Ew:ily < (52)71}> :

Using the Whitney property of w, there exist positive constants ci, ca, c3, ¢4 With co—
¢1 ~ 1, ¢4 — ¢ ~ 1 such that if w = [a, ),

BZ = (a,a—i—cl(Zz)_l)U (b—Cg(gz)_l,b) Cryz = (a,a—i—cz(ﬂz)_l)U(b—04(fz)_1,b).

Therefore, we may choose a smooth function iz with the properties that
1Z)lIx2 Vzlloc S1, 1p, <tz <1,

In particular, @ =1 on w, whenever s € SZ(3I) and £;, > {z, given that in this

case wg C Bz, while @ = 0 on w; whenever s € S¥(3]) and ¢;, < {z, given that
instead ws N vz = @. Hence, the main term of (32) equals Ps; . %1z, up to removal
of the tiles at scale £;, = £z, on whose frequency intervals 12 z 1s not necessarily equal
to zero or one. For the details, let S(Z,w) be the set of tiles with Iy C 31, {5, = {7,
and ws € w. The spatial intervals of the tiles S(Z,w) are contained in 31, pairwise
disjoint and of the same scale £z, so that for x € Z

(34) | D {frws)ds(a)

seS(Z,w)

> (Hu(AxD): X7 pa)0s() | S inf MHL(FXD).
seES(Z,w)
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Then
Z <f7 905>19s - (P?)I,wf - Z <f; SDS>795> *’(/JZ
s€S¥(3I) sE€S(Z,w)
£, >0
<i ) i 9
S infM[ Py f] + inf M[Ho (fx7))-
Together with (33) and (34), this completes the proof of the lemma. O

4.3. Proof of Proposition 4.1. Fix an instance of 2, &, and let f be a fixed
compactly supported function in L?(R). It is possible to choose @ € D with the
property that supp f C (1 +371)Q. A first lemma takes care of the tails

P(:I:Jt,wf = Pﬂiwf - 15QP3(I>Q,wfa w e Q.
Lemma 4.5. With R(Q) as in (5), there holds
(35) 1P flle2weoy S Tori) f + Maf
pointwise almost everywhere.

Proof: In this proof, ® is fixed and thus omitted from superscripts. First of all, note
that

Pout,w = [P]R,wf - PSQ,w] + 1]R\5QP3Q,w

and the summand outside the square bracket, that is the non-local part of Psg,,
is immediately controlled by (ii) of Lemma 4.2. Therefore, it suffices to control the
difference Pg o f — P3¢ .w, which by (4) satisfies

Pewf = Pogufl< Y D 1 D0 (fieddsl+ D D [Povm uf]

Im|<1k>1|sesw (QUrm) [m|=2,3 k>0
= E E Um,k,w + E E Vm,k,w~
Im|<1k>1 Im|=2,3 k>0

Applying respectively (i) and (iii) of Lemma 4.2 yields for all £ > 0 the pointwise
estimates

(36) U kwlle2wen) S <f>2’§<7)><25@7 Vi kwllezwen) < <f>2}§mxz§7;),

the first of which holds uniformly over & > 1, |m| < 1, while the second holds
uniformly over k > 0, |m| € {2,3}. For the second control let 7 € {£2, +3} and apply
Lemma 4.2(iii) with J = Q*™) together with the fact that (f), 7qu.m = (f)
The desired estimate follows since

supp f € Q) [7Q*™)| ~ |Q(F)).

Now fix m and a point x € R. Summing (36) up over k and splitting according to

2,0

whether or not = € C% entails the claim of the lemma. O
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As T (@) is a sparse operator and My f obeys a sparse bound of the type (24), it
remains to control

15QP3(I>Q7(,«J = Z 1Q(O’j)PS(O'm),w'
Im[<1
l71<2

Applying Lemma 4.2(ii) we gather that
(37) j = m| > 1= 1g0n Poom o flewen) S Maf.

If |j — m| < 1, we instead have
(38) 1o Pom » = 1iPsy, , we,

having set J = Q(®7) and having constructed ®/™ = {@J™ ¥, : s € S} from & =
{ps,0s : s € S} as follows: @I™ = o, if [, € Q"™ and p}™ = 0 otherwise.
Applying Lemma 4.3 to each right hand side of (38) and combining with (35)—(37)
completes the proof of Proposition 4.1.

4.4. Rough square functions: proof of Theorem C. Using [12, equation (2.10)],
we learn that

285
@.
T f1 S 1Pt fl, wew,
j=1
where, for each j € {1,...,285}, ®, is a suitable collection of wave packets, w; is

a collection of dyadic intervals satisfying properties (i)—(iii) of Subsection 4.1, and
both ®; and w; are constructed on the fixed shifted grid DFi | for some k; € {0,1,2}.
Proposition 4.1 then immediately implies the conclusion of Theorem C.

5. The Walsh case

In this section, we will prove Theorem D. The strategy of proof involves a Walsh
version of the wave packet square function W*. An L?(w)-quantitative relation be-
tween this object and the Walsh—Rubio de Francia square function is provided by the
Chang—Wilson—Wolff inequality, [40, Theorem 3.4].

5.1. The setting for the Walsh model. Let T = [0,1) be the 1-torus. For k =
0,1,2,..., define the Walsh function Wax

War (z) = sign(sin(2*T17z)), z€T.

Now, for n € N, write the binary expansion of n as

[ee]
n = g 71;62]“7
k=0

where ng € {0,1} for every k = 0,1,2,..., and define the n-th Walsh function W,
as

(39) Wi (z) = [[ War ()™, z€T.
k=0

The functions {W,, : n € N} are the characters of the Walsh group (T,®), where
@ stands for addition of binary digits without carry, cf. [11] for an introduction from
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the harmonic analysis viewpoint. For an interval w = [k, m) C R with k, m € N, recall
the definition of Walsh frequency projection

n=0

For a collection Q = {w}yeq of pairwise disjoint intervals with endpoints in N, recall
that the Walsh—Rubio de Francia square function is defined as

TQf(x) = <Z|wa(a:)|2> , zeT.

weN

Below we describe the time-frequency model for this square function. We say that
s = Igxws € Tx[0,00) is a tile if I, and w; are dyadic intervals satisfying |I|-|ws| = 1.
Then, for every tile s we can find an integer n = n(s) € N so that

s=1, X wg =14 X [n,n+1).

1
||
Letting S denote the universe of all tiles thus defined, the notations (15), (16) will be

used in exactly the same way below. Given a tile s € S, we define the L2-normalized
wave packet associated to s by

1

s(@) = —= W, 1 xz e .
70 15| U(Q)I()

Observe that the Haar functions arise as a special case of these wave packets by taking
s=1x ﬁ[l, 2) with I dyadic subinterval of T, namely

1
h[((E) = RWl (Z) 1[(%), ze€T.

Then, the wave packet square function for the Walsh model is defined by

W f(z) <Z| |21I(|)>2, zeT.

s€S?

5.2. The Walsh wave packet square function. Describing the relation between
T% and its wave packet model requires some preliminaries. For w € €, denote by w
the collection of maximal dyadic intervals in w. Imagining the frequency intervals as
living on the vertical real axis, denote by w* the collection of dyadic intervals w € w
which are the upper half of their dyadic parent, and by w? := w \ w* those which are
the lower half of their parent. Then set

U Uw”.

ocef{u,d} weR

The following lemma is a consequence of the Chang—Wilson—Wolff inequality, [5, 40].



RUBIO DE FRANCIA SQUARE FUNCTIONS 465

Lemma 5.1. Let w € Ao p. Then, the following inequality holds:

1 *
1T 2y S TwlA W fll2 -

Proof: Let w = [k, m) be an interval with endpoints in N, and write

m—1 k—1
H,f= Z<f7 Wn>Wn - Z<fa Wn>Wn = Z Z <f7 ¢s>¢s§
n=0 n=0 oce{u,d} seSw’

for the last identity see [38, Section 8.1] (also [21, p. 995]). By symmetry, only consider
the case 0 = d and study the operator

Tél = Z

weN

j{: (f, 0s) s

seswd

Note that for each fixed w € €, the frequency components of the tiles in S’ form
a Whitney decomposition of w with respect to the right endpoint of w. Using this
fact, which in time-frequency terminology says that s’ is a tree, together with [20,
Lemma 2.2] yields the identity

D (fres)es

seswd

(40)

)

Z <f7 WTL(S)hIs>hIs

seswd

where n(w) € N depends on w € Q. Thus

PRI ACHIES

seswd

2 2

Z <an(s)7 hIS>hIS

seswd

L2 (w) L2(w)

12

1.\’
S; [w]Aoo,D ( Z |<fW'fL(9)’hI€> 2 |I |>
sesw? ?

L?(w)

12

= [wag (Z |<f,sos>2lllf|)

seswd

L2 (w)

where we have used the Chang—Wilson—-Wolff' inequality in the form of [40, Theo-
rem 3.4] to pass to the second line, and identity (40) again for the last equality.
Note that the right hand side of the identity above is easily seen to be bounded
by [w]a » ||WQ*f||ig(w) and the proof is complete. O

Because of Lemma 5.1, Theorem D is reduced to the following proposition. Here
we can drop the restriction I, C T in the tiles s in the definition of W and just work
with tiles with Iy C R, which we implicitly assume below.

Proposition 5.2. Let 2 be a collection of pairwise disjoint intervals with endpoints
in N. Then
1/2
W oy S Wl I lrqy, 2<p < oo,

A
5D

with implicit constants depending only on p. These bounds are sharp in terms of the
power of the appearing weight characteristic.
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Proof: We begin with the case p = 2 and we prove that for any non-negative locally
integrable function w, the following stronger estimate holds:

Jiwerpus [irPsow.

This clearly implies the conclusion for p = 2. Here we recall that Mp stands for the
dyadic maximal operator. To that end, we make the qualitative assumption w € L,
which will be removed momentarily, and use a layer-cake decomposition to prove an
L?(w)-bound for the operator W*. More precisely, for w € A; and f € L?(T), say,
write

WOy = [ 3 1P (o) ao

s€s?

= Sl [ty = [T )P ar

seSe ses?
w(ls) >\

[Is]
Ry = {Is €s?, UI(III) > A},

and denote by R} the collection of maximal elements of R. Then,

(41) WO = [ X P

I*€R s€s2 (%)

Now, let

The rightmost term in the display above can be estimated by using the local orthog-
onality of the Walsh wave packets in the form

S fes)? < /|f(x)|2dx VI € D.
€S2 (I) I
Applying this in (41) we get
W F 11720 / S| f@)Pdedr = / / 2)|? dz dA.
ery Y rery 1*
Recall that Mp stands for the dyadic maximal function, and observe that
U I C {z: Mpw(z) > A}
I*€RY,

Thus,

WO < [ /M @ [ 1@ Py ae
wa>

which is the estimate we want to prove for p = 2. We can now drop the assumption w €
L', for example by a monotone convergence argument, yielding the same inequality
for arbitrary locally integrable non-negative functions w. Finally the estimate above
and the definition of dyadic A;-weights readily yields

HWQfH%Q(w) S [w]Al,DHf”%?(w)v

which is the conclusion of the proposition for p = 2.
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For p > 2, the LP(w)-estimates of the proposition follow easily by extrapolation,
using for example [16, Corollary 4.2]. Finally note that these bounds are sharp, in
terms of the exponents of the A, p-weight. Indeed, as in [33], any of the bounds in
the conclusion of the theorem implies that the unweighted LP-norms of the martingale
square function grow like p/2, which is best possible: any better exponent on [w]a, D
would imply a stronger, and false, p growth of the martingale square function as p —
0. O

5.3. Optimality in Theorem D. The only thing remaining to show in order to
complete the proof of Theorem D is the optimality of the exponent 1 appearing in
the exponent of the weight constant in the estimate

HTQfHLP(w) 5 [w]Ap/Q,DHf||Lp(w)7 2 <p<oo.

For this we can just choose ) consisting of a single interval of the form [0,b + 1)
with b € N. We claim that an estimate of the form

sup
bEN

> W)W,

nel0,b]

< Cpr”LP(w)
L (w)

implies that martingale transforms are bounded on L? with constant at most C,.
This observation together with the considerations in [33] will imply again the claimed
sharpness. In order to verify the observation above, we quote from [13, equation (5.7)]
the equality

= Z erp(fWey, hr)hy

IeD

)

b
D AL W)W,
n=0

where €7, € {0,1} is a sequence depending on b only. The right hand side is a Haar
martingale transform of fW;,. This shows that we can recover any Haar martingale
transform of f by suitable choice of b, which is the promised claim and completes the
proof of the optimality of the exponents in Theorem D.

6. Proof of Theorem E

The proof of Theorem E begins with relating T to the intrinsic wave packet square
function W* defined in (21) via a version of the Chang-Wilson—Wolff inequality.

Lemma 6.1. For all w € A there holds
1 1
1T 2wy S WA NGl 2wy S ]2 IW L2 (w)-

Proof: The second inequality in the conclusion of the lemma is an application of (22).
The first inequality follows from an application of the Chang—Wilson—Wolff inequal-
ity [5], for example in the form elaborated by Lerner in [29, Theorem 2.7]. O

The next step is to establish a sufficient condition for L?(w)-boundedness of W*
based on the super-level sets of Mw; see (42) below. We will later show that (42) is
satisfied by radially decreasing, even A;-weights. Turning to the former task, let w €
Aj and A > 0, and let R denote a collection of dyadic intervals such that % > .
Note that

U R < {Mpw> A},
RERA
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where Mp denotes the dyadic maximal function. Arguing as in Section 5 we can re-
duce the L?(w)-boundedness of the intrinsic wave packet square function W* defined
in (21) to the estimate

(12) X i su [1rPu

tes?

for an arbitrary choice of ¢, € U, for each t € S, This is because

1gr. (z
Wy S [ 3 IR 0P (o)
R jeso | Re]
= SR e0P [ty dh= [ X (RIS A
tese 0 ¢ O —
R{ERA

Thus, our goal is to prove (42). We will use the following definition.

Definition 6.2. Let R, R* be collections of intervals. We say that R is subordinate
to R* if for every R € R there exists R* € R* such that R C R*.

The canonical example of a collection R* to which R is subordinate is the collection
of its maximal elements. However, other choices are possible. Now we assume that for
each A > 0 the collection R is subordinate to R}. Then, in view of Lemma 3.1 we
have the chain of inequalities

/0 3 |Rt||<f,sot>|2=/o D |Rt|\<f,sot>|25/R|f|2/o S e

Ry€R R*ER} Ry€Ry R*ER}
R.CR*
Thus, a sufficient condition for the desired L?(w)-boundedness (42) is that for a.e.
2 € R there holds

(43) / 7Y @ Swl),

R*€R}

where RY is such that R is subordinate to R} for every A>0. By considering a single
interval R and taking A < w(R)/|R| we readily see that (43) implies the A; condition.

6.1. L?(w)-boundedness for even and radially decreasing A;-weights. We
can show the sufficient condition (43) for even and radially decreasing weights w € A;,
ie. w(z) = wo(|z|) for some wy: [0,00) — [0,00) and wy decreasing. The proof
proceeds by verifying the sufficient condition (43). In doing so we also provide the
promised generalization of Theorem E of the previously known results for w(z) =
|z|~* € A; to even radially decreasing A;-weights on the real line.

Let R = [a,b] be an interval belonging to R, which we recall is the collection of

intervals such that % > X. Without loss of generality, assume that |a| < |b| so that

R C [—|b], |b]]. Since the weight w is even and decreasing we have that
w(R) A

A< TR S [w]a, inf w(z) = [w]a, wo([bl) == wo([b]) > fwla,

Since w is decreasing the last inequality implies the existence of some byx=0b) ([w] 4, ,w)>
0 with wo(by) > A/[w]a, such that |b| < by. That is, denoting Ry := [—by, b»] we have
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that R C Ry and all intervals R € R, are subordinate to the collection {Ry} for
every A > 0. However,

/ Xry dA S 227187/ 1{jz)<2mpyy () dA,
0 o 0

where we have used the decay of x%x. Observe that

|z] <27by <= wo (;J) > wo(by) >

[w]Al -
Thus,

[w] 4, wo (15!

o ) T
/ X%)\ d)\ 5 Z 27187—/ d)\ = Z 27187[’[1)],41’11}0 <|27_|> .
0

>0 0 >0
Finally, note that ‘2@ < |z|, so that

o (B1) = g < SOEUZD w0k

(0,12 |z|/27 ||

)2

N

< [w]a, 27 inf w=2"[w]a, wo(|z]).
(0,|=l)

Using this in the previous inequality yields

/0 o AN S [, 3278727 (w4, woJ2]) S [w]2, w(a):
>0

This shows that even and radially decreasing A;-weights satisfy the sufficient condi-
tion (43) and thus, combined with Lemma 6.1, Theorem E is proved.
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