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A NON-TRIVIAL VARIANT OF HILBERT’S INEQUALITY, AND
AN APPLICATION TO THE NORM OF THE HILBERT MATRIX
ON THE HARDY-LITTLEWOOD SPACES

V. DASKALOGIANNIS, P. GALANOPOULOS, AND M. PAPADIMITRAKIS

Abstract: Hilbert’s inequality for non-negative sequences states that

> (lmbn % = b q %
> 7m+n_1—sm, Zam D bt
m,n=1 n=1

where 1 < p,q < oo, % + é = 1. This implies that the norm of the Hilbert matrix as an operator on
the sequence space P equals bm%
In this article we prove the non-trivial variant

> n %7% amb % > %
- _omm P ba
Z (m) m+n—1" sm(za > (; n)

m,n=1

of Hilbert’s inequality, and we use it to prove that the norm of the Hilbert matrix as an operator on

oo
the Hardy-Littlewood space KP equals — =, where KP consists of all functions f(z) = Z amz™
P —

sin
[e
analytic in the unit disk with || f||%, = > (m+1)P"?|am|P < co. We also see that T+ is the norm
m=0 P
o0
of the Hilbert matrix on the space 35_2 of sequences (am) with ||(am)||;’p L= S mP2|am,|P < co.
p— =
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1. Preliminaries

The Hilbert matrix is the infinite matrix whose entries are
1

m+n—1’

The well known Hilbert’s inequality ([8, Theorem 323]; see also [8, Theorem 315]

for a weaker inequality) states that if (a,,), (b,) are sequences of non-negative terms
such that (a,,) € ¢7, (b,) € £%, then

nm=12...

> amb > !
m+n—1"sinZ m ’
m,n=1 p m=1 n=1
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s
sin =

where 1 < p,q < 00, % + % = 1, and the constant is the smallest possible for this
p
inequality. This implies that the Hilbert matrix induces a bounded operator 7,

o0

a
A (am) > Ham) = ) F:—l
m=1
on the spaces P, 1 < p < oo, with norm
7
||%||£p*>gp = Sin%.

The operator s can also be considered as an operator on spaces of analytic func-
tions by its action on the sequence of Taylor coefficients of any such function.

Let D = {z € C: |z2| < 1} be the unit disk and H(D) be the space of analytic
functions on .

The Hardy space H?, 0 < p < 00, consists of all f € H(D) for which

[fllze = sup My(r, f) < oo,
0<r<1

where MJ(r, f) are the integral means

1

Mg(raf): %

27
/ |f(re®®)|P df.
0

If p > 1, then H? is a Banach space under the norm || - |[|g». If 0 < p < 1, then H? is
a complete metric space.

For f(2) = Y. an,z™ € H', Hardy’s inequality ([6, p. 48])
m=0

= Jan|

m
S -l <l
m=0

implies that the power series
oo o0 am .
-3 (3 )
n=0 \m=0

has bounded coefficients. Therefore J#(f) is an analytic function of the unit disk for
any f € H' and hence for any f € H?, p > 1.
The Bergman space AP, 0 < p < oo, consists of all f € H(D) for which

HN%=AWMWM@<m

where dA(z) is the normalized Lebesgue area measure on . If p > 1, then AP is a
Banach space under the norm || - || a»-

If f(z) = > amz™ € AP and p > 2, then by [10, Lemma 4.1] we have

m=0

ZOO |am|

T < 0.
m+1
m=0

Thus JZ(f) is an analytic function in D for each function f € AP, p > 2.
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E. Diamantopoulos and A. G. Siskakis initiated the study of the Hilbert matrix as
an operator on Hardy and Bergman spaces in [3, 4] and showed that . (f) has the
following integral representation:

a0

#NE = | g

dt, zeD.

Then, considering 47 as an average of weighted composition operators, they showed
that it is a bounded operator on HP, p > 1, and on AP, p > 2, and they estimated its
norm. Their study was further extended by M. Dostanié, M. Jevti¢, and D. Vukoti¢
in [5] and by V. Bozin and B. Karapetrovié¢ in [1] (see also [9]). Summarizing their
results, we now know that

17| e mr0 = || ]| 20 20 = , l<p<oo

sin
The Hardy-Littlewood space KP, 0 < p < 00, is defined as the space of all f(z) =

> amz™ € H(D) such that

m=0

o0
1F1er = > (m + 1P *am | < oo
m=0
If p > 1, then K? is a Banach space under the norm || - || »-

According to the classical Hardy—Littlewood inequalities, [7, Theorems 5 and 6],
[6, Theorems 6.2 and 6.3], if f(z) = Y amz™ € HP, 0 < p < 2, then

m=0

S (m A 1P 2 aml? < el 1%

m=0

and hence f € KP. Also, if 2 <p < oo and f(2) = > ap2z™ € KP, then

m=0
e}
11 < cp Y (m+ 1P 2ap]?
m=0

and hence f € H?. In both cases ¢, is a constant independent of f.
If p > 1, and in the special case where the sequence (a,,) is real and decreasing

o0
to zero, then for f(z) = > am,2z™ we have that f € HP if and only if f € K? [11,
m=0

Theorems A and 1.1].
Now it is clear that the proper domain of definition of the operator J# acting on

o0
analytic functions in the unit disk is the space K'. Indeed, if f(z) = . a,2™ € K,
m=0
then

— |am]
> deml o
m:0m+1

and hence J2(f) € H(D).
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Moreover, when 1 < p < oo and f € KP, we consider ¢ so that % + % =1 and we
apply Holder’s inequality to find

= ‘a’m‘ i 2_o 1—2
> =D (m+1)»7"(m+1)"7|an
m:0m+1 m=0
1 1
oo 1 q oo 3 P
S(Z (m+1)> <Z<m+1>P 2|am|P> < .
m=0 m=0

Hence K? C K! and so, if f € KP?, then J#(f) defines an analytic function in D.
Recently, in [12, Theorem 1] (see also [2]), the boundedness of the generalized
Volterra operators

/f w)dw, z €D,

induced by symbols g € H (ID)) with non-negative Taylor coefficients and acting from a
space X to H*, was associated to the K?-norm of the function J#(g’). In this result
X can be HP or K? or the Dirichlet-type space DZILI

2. A variant of Hilbert’s inequality

Our first result is a non-trivial variant of the classical Hilbert’s inequality.
Before we state our first main result we shall mention two more variants of Hilbert’s
inequality. The first, in [13], is

oo %—% by % oo
> (5 T ewr (Ee) (S2)

m,n=1

and the second, in [14], is

1 %_% ab T o0 % o) %
m¥n
< ab bd
) m+n—1"sinZ (Z m) (Z ”)
p m=1 n=1

(X}77
>
1

m-=3

m,n=1

Q=

In fact Yang proves a whole family of such inequalities depending on a parameter. In
all these variants, as well as in the original Hilbert’s inequality, the kernel involved in
the double sum is of the form

k(n) \ 1
(k(m)> (Ak(m) + Bk(n))*
which is homogeneous of degree —\. As a consequence, in order to prove these variants
one needs to apply the standard arguments used in the proof of the original Hilbert’s

inequality. The kernel
ny\? ? 1
m m+n—1

in our variant of Hilbert’s inequality, which appears in the following Theorem 1, lacks
any homegeneity and the standard arguments do not apply.

Theorem 1. Let 1 < p,q < oo, % + % =1. If (ay,) € P, (b,) € ¢9 are sequences of
non-negative terms, then

> n i ambp S .
Z (m) m+n—1 smf (Zﬂ) (2:1b%>

m,n=1

The constant = 1is the smallest possible for this inequality.
P
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Proof: 1t is sufficient to consider the case 1 < ¢ <2 < p < oo.
We assume
a B_y
p q
where «, 8 will be chosen appropriately later; the choice of «, # will depend on p.

By Holder’s inequality,

o 1_1
> (2] Tt
m m+n-—1
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m=1
00 o0 1 ) a
n q
X bl — .
(Su(S(0) )
n=1 m=1
Hence it is enough to prove
0o 1
m\ P 1 T
(2.1) Z() — —<——, m>1,
—\n/) (m+n)=*(m+n-1) sin 7
and
0o 1
n\ ¢ 1 T
2.2 — < >1
(2:2) Z(m) (m+n)t=F(m+n—-1)% ~ sinT’ =t
m=1 q

where, of course, sin% = sin %
Now we observe that, for all « > 0, p > 0, m > 1, the positive function

FO =t (m+1)*"(m+t—1)"% t>0,
is convex. Indeed, taking the second derivative of the logarithm of f(t), we get

() — F (¢t 2 t_2
f()f()zf() :—+(m+t)_2+a((m+t—1)_2—(m+t)_2)>0,
ft) p
which proves that f”(¢t) > 0. In fact, this calculation proves more: that f is logarith-
mically convex.

The convexity of f implies

Adding these inequalities we get for the left-hand side of (2.1) that

>(7) % ST /; (%) % e T

n=1

A 1
= - dt
L tr(t+ 1)t +1— L)

2m m

by the change of variables ¢t — mit.
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Therefore, in order to prove (2.1) it is enough to prove

e 1
(2.3) / . dt<——, m>
1 t;(t+1)1—a(t+1_%)a sin

2m

We now consider the function

& 1
F (?/) = / I dt
b (4 1) (41— 2p)

IN
IN

N —

e 1
= / T dt, 0<y
o (tH+yrt+l+yt—at+1-y)°
Hence in order to prove (2.3) it is enough to prove

™

N | =

0<y<

Now, exactly as before, we observe that, for all « > 0, p > 0, t > 0, the positive
function

—_

g) = (t+y) PE+1+9)* (t+1—y)™", 0<y< -,

\V]

is convex. Indeed, we take the second derivative of the logarithm of g;(y) and we get

gt(y)gl/fl(y) _gilt(y>2 _ (t+y)_2 +(t+1+y)_2+04((t+1—y)_2—(t—‘r].-i-y)_z) > 07

9:(y)? p
which proves that g}/ (y) > 0.

Thus F(y) = [;° g¢(y) dt is also convex and, as such, it satisfies

F(y) < max {F(O), F(i) } .

o0 1
ﬂm:/ LT P
0 tr(t+1) sin =

in order to prove (2.4) it is enough to prove

1 0
Fl=-) < .
(2) T sin®
P

1 ® (t4 1)1 2 (t+1)
F():/ @+ )7 dt:/i(f LA
2 12 et o t'7TE(t41)

1
t?

2
t+ 1)«

/ 1(1+7)dté .ﬁﬂ-

o tr(t+1)  sinZ

In exactly the same manner, we see that in order to prove (2.2) it is enough to prove

2 B
/@fiﬂdtgi
o t'Ta(t41) sin &

Since

Since

after the change of variables ¢t — <+, we conclude that in order to prove (2.1) it is

enough to prove
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We make the change of notation

1 1
r=—-, l—2=-

p q
and, after % + g =1, we write
1—azx
B = T2
where 0 < ax < 1. Then our last two inequalities become
2 00
t+ 1)~ 1
o T r(t+1) sin 7z o trTr(t+41)
and
2 l—ax %)
t+1)1T—= 1
(2.6) / e o 7 :/ ——_at
0 tE(t+1) sin rx o t*(t+1)

Now, inequality (2.5) is equivalent to

2 a oo
/ wdtg/ .
o trE(E+1) 5 (4 1)

or, after the change of variables ¢t — 2¢, to

1 oo
(2t +1)% —1 / 1
ML T < - -
/0 A S ) de@rn &

or finally, substituting ¢ — % in the left-hand integral, to the inequality

©(142)" -1 > 1 1
2.7 ~ gt < ———dt, 0 < —.
27) /1 to(t +2) —/1 T S
Similarly, inequality (2.6) is equivalent to
l—ax
2.8 ~ L dt< ——dt, O<zx<—.
(28) /1 (L + 2) = /1 trt+1) T=35

So we have come to the point where, for every z with 0 < 2 < 3,

inequalities (2.7) and (2.8) for a proper choice of o with 0 < o < L.

A very useful observation for what follows is that for fixed a with 0 < a < 1,
if (2.7) holds for some x, then it holds for all larger x. The reason is that the left-
hand side in (2.7) is a decreasing function of = and the right-hand side in (2.7) is
an increasing function of x. Similarly, if (2.8) holds for some z, then it holds for
all smaller x. It helps to see that for fixed o with 0 < a < 1 the function 11_70;3” is
increasing.

Now we split the interval 0 < z < % into three subintervals in each of which we
1

make the corresponding choices a =0, o =1, and a = 3.

we have to prove

The case 0 < x < %

Let a = 0. First of all, it is obvious that (2.7) is true for all 0 < 2 < 1. We claim

that (2.8) is valid for all 0 < & < % and, as we have observed, it is enough to prove it

_1
forx—g.
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Observe now that 0 < z < % implies 0 < ;%= < 1, so by Bernoulli’s inequality we

get
1 x
2\ == 2 2\ I-= 2 z 2
14— =(1+-)(14+~- <(1+-](1 -
(o2 () (D122
2 x 2(t+2)
=14+- .
+t+1—x t2
Hence
1
*(14+2)7F —1 o 2 20 [ 1
-t dt< dt dt.
/1 (i +2) —/1 (i 4 2) +1—x/1 e
Using
2 1 1
(2.9) =—- - —

the last inequality becomes

> (1+ %)f -1 * 1 > 1 2
S e P _
/1 (i1 2) dt—/l el /1 TETTnE ) KL R 1oy

24 x o 1
092 -2 _/1 e

Hence in order to prove (2.8) it is enough to have
24z e 1 e 1
dt —dt
1-2)2—2) /1 1t + 2) +/1 @)
1 e e
1 1 1
o (2t + 1) RTICTES) o (2t + 1)

e 1
:QH/ =2
o tT(t+1) sin

1
For z = % this becomes % < 257;, which is true and proves our claim. We proved

that when a = 0 both (2.7) and (2.8) hold for 0 < z < 3.

IN

The case%ﬁxg %

Let o = 1. In this case (2.7) becomes

> 2 > 1
2.1 ——dt < —dt.
(2.10) /1 t1+I(t+2)dt_/1 At 1)
2

We claim that this inequality is true for % <z< % and it suffices to prove it for x = =L
Using (2.9), the left-hand side of (2.10) becomes

o 2 <1 o 1
——dt = dt — —dt
/1 itz (t 4 2) /1 tite /1 t=(t+2)

1 /OO 1
B




A VARIANT OF HILBERT’S INEQUALITY 423

Therefore, (2.10) amounts to showing the inequality
1 e 1 > 1 e 1
- < ————dt ——dt = ——dt
2 —/1 (i 1 2) +/1 PETOTEY /0 (1 2)

> 1 ™
=270 [ dt=27"
/0 tr(t+1) sin(mzx)
2

forx = % But the inequality % < 277 can be easily proved for x = £ using the first

, 5
f #2772 and doing a few straightforward

three non-zero terms of the Taylor expansion o
calculations. Thus, (2.7) is valid for % <z< %

We now turn to (2.8), and we claim that it holds for 0 < # < 3 and it suffices to
prove it for z = 1. When a = 1, (2.8) becomes

o0 2 o0 1
- _dt< — _dt
/1 2t 4+2) /1 7 (2t + 1)

or, by the use of (2.9),

> 1 > 1 >
——dt — — _dt< — L.
/1 o & /1 = (t +2) dt < /1 tr(2t + 1) dt

This is equivalent to

1 o 1 o 1 i 1 0
< —dt —dt = —dt =271 .
1—z — /1 t=*(t 4 2) + /1 t7(2t +1) /0 ti=z(t 4 2) sin

When z = % this becomes 2v/2 < 7 and it is clearly true. We proved that when o = 1
both (2.7) and (2.8) hold for 2 < z < 1.

The case%ﬁxg %

Let a = % We first deal with inequality (2.7), which we shall prove for % <z < %
As we know, it is enough to prove it for x = % When o = %, (2.7) becomes

1
>~ (1 2 2 _ 1 ) 1
/Wdtgf e — 1
Lt (t+2) L T2+ 1)

Bernoulli’s inequality gives

1
2\ 2 12 1
1+2) <1+=2=14->
<+t> sther =ity

and in view of (2.7) it suffices to show that

/w¥dt</w;dt
Lot 2) T e (2t + 1)

for x = % This is indeed true, since
52t +1) <t3(t+2), t>1,

as we easily see by raising to the third power.
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We now turn to (2.8), which for o = § becomes

2—x

1+ 1 171 o0 1
[T
1 ti==(t +2) 1 tm(2t+1)

and we claim it holds for % <z< % Again it suffices to prove this inequality for z = %
Namely, it suffices to show

4
0o 1+2 571 (%) 1
(2.11) / (3t)dt</ i
1 t5(t+2) 1 tE(2t 4 1)

Taking into account Bernoulli’s inequality, we have

4 1
2\? 2 2\?3 2 12 4
—_— = —_ —_ < —_ - J—
(1+t) (1+t>(1+t) (1+t)(1+3t) L+ o5 (2 +1),

so instead of (2.11), it suffices to prove

4 (> 241 o 1
(2.12) 7/ %dtﬁ/ - dt
3J1 25 (t+2) 1 t5(2t+1)

Observe that the left-hand side of (2.12), in view of (2.9), is equal to

4 > 2t+1 2 [2+1 2 [ 2t+1
e R Y
3 )y t2+3(t+2) 3 )1 t?ts 3 /1 t1+3(t+2)
4 [ 1 2 [ 1
:7/ —de*/ ——dt
3 1 t1+5 3 1 t2+5
4 [ 1 2 [ 1
31 t5(t+2) 31 t1ts(t+2)
20 5 4 [ 1
9 12 31 5(t-|—2)

1 [~ 1 1 [~ 1
_7/ jdt+7/ - dt,
31 tits 3J1 t5(t+2)

where we have used (2.9) for the last equality. Thus, altogether we have

[N

4 (> 241 2 > 1
3 et +2) 12 Jy t5(t+2)

Therefore, (2.12) is equivalent to the inequality

25 ~ 1 > 1 o0 1 -3
/ aidt‘f'/ 276115:/ zidt_ig’:'
12~ t5(t +2) 1 t5(2t+1) 0 3(2t+ 1) sin =

5, which we proved

when we considered the case & = 1, and of the equahty sm 3—” = sin 2?”

We proved that when o = 3 both (2.7) and (2.8) hold for s<z<iZ

Therefore, we have proved the inequality of our theorem and now we shall show
that the constant = is the best possible in this inequality. The proof follows the
P

lines of Hardy’s corresponding proof for the original Hilbert’s inequality [8, proof of
Theorem 317, p. 232], adapted to our weighted setting. For the sake of completeness,
we provide the details.
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We consider any € > 0 and the sequences (a,(€)) and (b, (e)) defined by

We then have
” Hep - Z mite:

Now, since I% is decreasing for x > 1, we have

| =
\
»—\
8
&
_’:H
QU
5]
IN
1
3
==
|
—_
+
\
3
T
U
I
—_
+
a |

Setting ¢(e) = > —= — %, we get

m=1
(2.13) [(am ()G = + ple), 0<o(e) <1
Respectively, setting ¥ (e) = io: —t — 1, we have
n=1
1
(2.14) [(nle)l7a = c (), 0=9(g<1

In addition, we have that
= i = 7 an(€)ba(€)
n\ ¢ pam a P €)0p (€
2.1 — —_—
(2.15) Z <m) m—l—n— Z < > m+n
m,n=1 m,n

Now for (z,y) in the square [m,m+ 1) x [n,n+1), m > 1, n > 1, we have

1

<n>q_:’am(e)bn(e) (n)}'—;’m P m- e rn P

m m-+mn m m-+mn m-+mn
1 € 1 € 1_1 1+4€ 1+e
x_E_Ey_E_E _ AN Py p y_ q
r+y \z r+vy
Therefore
= 75 ()ba ()
n\? Pam,(€)b,(€
2.16 — ———= > I(e),

where I(¢) is defined by

/ / ( )q ’ dxdy—/ / py : qudy.

Applying the change of variables y — zy, we get
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Another change of variables x +— = glves

/ - 1/ ——————dydx
yr T 1+y)
1 1
/ Yo [y
0o € z yrla(l+y)

| QS N L N
- 3 Y 1_« £
e\Ji yrti(l4y) 0 v 7 (1+1)

by integration by parts. From this we notice that

T
a0 [T
p1+t sin

when € — 0F. This together with (2.13), (2.14), (2.15), and (2.16) implies

PRI €3 iR CLAC! el(e) ™

[(@m(ENller 1bn(eNlles (14 ed(e))r (1 + xp(e)) s - sin 7

when € — 0.

O

3. The norm of the Hilbert matrix on the Hardy—Littlewood spaces

and on weighted sequence spaces

Our second result is the determination of the exact value of the norm || || xr—s xr
for 1 < p < oo. To that effect we shall use the variant of Hilbert’s inequality in

Theorem 1.

Theorem 2. If 1 < p < oo, then the Hilbert matrix operator is bounded on the

Hardy-Littlewood space KP with norm
[ v v =

"

Proof: Let f(z) = > amz™ € KP. Then
m=0

A=) =3 <Z m+;"+1> 2",
n=0

and

o0

oy L
lam| !
|22 (f ||Kp_< (n+1)? ( _
2 2 i

o [ oo | P\ ¥
p—2 A,
= E E n+l) » ——— .
(n—O <m—0( ) m+n+ 1) >
Due to the duality of ¢P spaces,

oo

-2
AP < s Y )
l(br)llea=1, b >0

|am|bn
m+n+1’

m,n=0

1,1 _
where;—i—a—l.
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Setting A, = |am|(m + 1)%2, we have that ||(A)|ler = ||f]|k» and

< Sma1\i P Ab, -
swp A P)lr < sup Z( ) -

1fllcr=1 lAmler=1, Zo\m+1 m+n+l sing
[1(br)]lea=1, b, >0

because of Theorem 1. This proves that ||| ke kxr < 2=

— in =
s P

The equality ||| kv kxr=5o= follows when we consider f(z)= Z amz™ € KP

n-—

with non-negative coeflicients am, since then all previous inequalities become equali-
ties. O

One final remark is that the proof of Theorem 2 applies unchanged and in an
obvious way to show that the Hilbert matrix ## induces a bounded operator on the
weighted space I _, of sequences (a,,) with norm defined by

am)ll Zmp %[y P

and that the norm [|7|[;» __,;»  of this operator is again equal to =
P pP— S P

Acknowledgement. In relation to Theorem 1, we would like to thank Dimitrios
Papadimitrakis who, initially, performed numerical calculations showing that there are
subintervals of 0 < z < % and corresponding choices of a (especially for some middle

intervals like + < x < 2) for which the inequalities (2.7) and (2.8) are true. This

preliminary numerical work served as a reassurance for us in order to try the actual
mathematical proof of the two inequalities. In fact, these numerical calculations seem
to imply that the smooth function o = 82%(1 — x) is also an appropriate choice in the
whole interval 0 < z < % but we have not worked on this.

References

[1] V. BoZIN AND B. KARAPETROVIC, Norm of the Hilbert matrix on Bergman spaces, J. Funct.
Anal. 274(2) (2018), 525-543. DOI: 10.1016/j.jfa.2017.08.005.

[2] M. D. CONTRERAS, J. A. PELAEZ, C. POMMERENKE, AND J. RATTYA, Integral operators map-
ping into the space of bounded analytic functions, J. Funct. Anal. 271(10) (2016), 2899-2943.
DOI: 10.1016/j.jfa.2016.05.021.

[3] E. DiAMANTOPOULOS, Hilbert matrix on Bergman spaces, [llinois J. Math. 48(3) (2004),
1067-1078. DOI: 10.1215/1jm/12568131071.

[4] E. DIAMANTOPOULOS AND A. G. SISKAKIS, Composition operators and the Hilbert matrix, Studia
Math. 140(2) (2000), 191-198. DOI: 10.4064/sm-140-2-191-198.

[5] M. DosTaNI¢, M. JEVTIC, AND D. VUKOTIC, Norm of the Hilbert matrix on Bergman and Hardy
spaces and a theorem of Nehari type, J. Funct. Anal. 254(11) (2008), 2800-2815. DOI: 10.1016/
j.jfa.2008.02.009.

[6] P. L. DUREN, Theory of HP spaces, Pure Appl. Math. 38, Academic Press, New York-London,
1970.

[7] G. H. HARDY AND J. E. LITTLEWOOD, Some new properties of Fourier constants, Math. Ann.
97(1) (1927), 159-209. DOI: 10.1007/BF01447865.

[8] G. H. HARDY, J. E. LITTLEWOOD, AND G. POLYA, Inequalities, 2d ed., Cambridge, at the
University Press, 1952.

[9] M. LINDSTROM, S. MIIHKINEN, AND N. WIKMAN, Norm estimates of weighted composition op-
erators pertaining to the Hilbert matrix, Proc. Amer. Math. Soc. 147(6) (2019), 2425-2435.
DOI: 10.1090/proc/14437.

[10] M. NowaK AND M. PavLovi¢, On the Libera operator, J. Math. Anal. Appl. 370(2) (2010),
588-599. DOI: 10.1016/j.jmaa.2010.04.057.

[11] M. PavLovi¢, Analytic functions with decreasing coefficients and Hardy and Bloch spaces, Proc.
Edinb. Math. Soc. (2) 56(2) (2013), 623-635. DOI: 10.1017/5001309151200003X.


http://dx.doi.org/10.1016/j.jfa.2017.08.005
http://dx.doi.org/10.1016/j.jfa.2016.05.021
http://dx.doi.org/10.1215/ijm/1258131071
http://dx.doi.org/10.4064/sm-140-2-191-198
http://dx.doi.org/10.1016/j.jfa.2008.02.009
http://dx.doi.org/10.1016/j.jfa.2008.02.009
http://dx.doi.org/10.1007/BF01447865
http://dx.doi.org/10.1090/proc/14437
http://dx.doi.org/10.1016/j.jmaa.2010.04.057
http://dx.doi.org/10.1017/S001309151200003X

428 V. DASKALOGIANNIS, P. GALANOPOULOS, M. PAPADIMITRAKIS

[12] J. A. PELAEZ, J. RATTYA, AND F. WU, Integral operators induced by symbols with non-negative
Maclaurin coefficients mapping into H*°, J. Geom. Anal. 32(5) (2022), Paper no. 148, 29 pp.
DOI: 10.1007/s12220-022-00888-1.

[13] B. YANG, On new extensions of Hilbert’s inequality, Acta Math. Hungar. 104(4) (2004),
291-299. DOI: 10.1023/B:AMHU.0000036288.28531.a3.

[14] B. YANG, On a dual Hardy—Hilbert’s inequality and its generalization, Anal. Math. 31(2) (2005),
151-161. DOI: 10.1007/s10476-005-0010-5.

V. Daskalogiannis

Department of Mathematics, Aristotle University of Thessaloniki, 54124, Thessaloniki, Greece
Division of Science and Technology, American College of Thessaloniki, 17 V. Sevenidi St., 55535,
Pylea, Greece

E-mail address: vdaskalo@math.auth.gr

P. Galanopoulos
Department of Mathematics, Aristotle University of Thessaloniki, 54124, Thessaloniki, Greece
E-mail address: petrosgala@math.auth.gr

M. Papadimitrakis
Department of Mathematics and Applied Mathematics, University of Crete, 70013, Heraklion, Greece
E-mail address: mpapadim@uoc.gr

Received on December 11, 2023.
Accepted on June 11, 2024.


http://dx.doi.org/10.1007/s12220-022-00888-1
http://dx.doi.org/10.1023/B:AMHU.0000036288.28531.a3
http://dx.doi.org/10.1007/s10476-005-0010-5

	1. Preliminaries
	2. A variant of Hilbert's inequality
	3. The norm of the Hilbert matrix on the Hardy–Littlewood spaces and on weighted sequence spaces
	References

