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CONSTRUCTING COMPACTA FROM POSETS

ADAM BARTOS, TRISTAN BICE, AND ALESSANDRO VIGNATI

Abstract: We develop a simple method of constructing topological spaces from countable posets
with finite levels, one which applies to all second-countable T; compacta. This results in a duality
amenable to building such spaces from finite building blocks, essentially an abstract analogue of
classical constructions defining compacta from progressively finer open covers.
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Introduction

Background. Connections between topology and order theory have been central
to a large body of mathematical research over the past century. The idea behind
much of this is to study abstract order structures like Boolean algebras, distributive
lattices and semilattices, etc. by representing them as families of subsets of topological
spaces. Stone was the first to initiate this line of research in the 30’s with his classical
dualities (see [30] and [31]), which have since been reformulated and extended in
various ways by people such as Priestley [26], Griitzer [13], and Celani-Gonzdlez [8],
just to name a few. However, the spaces involved in these dualities typically have many
compact open sets, which makes them quite different from the connected spaces more
commonly considered in analysis.

In the opposite direction, other work has been motivated by the idea that topo-
logical spaces, particularly compacta, can be analysed from a more order-theoretic
perspective via (semi)lattices consisting of open sets. This line of research was initi-
ated by Wallman [33] and continued in various forms by people such as Shirota [29],
de Vries [32], Hofmann—Lawson [14], and Jung—Siinderhauf [16], with recent efforts
to unify and extend these results also appearing in [11], [6], [4], [17], and [5].} In
contrast to the work above, these dualities do encompass connected spaces. However,
so far they have not found many applications in actually building such spaces, like
those considered in continuum theory.

One reason for this is that the order structures involved in these dualities are not so
easily built from finite substructures. In contrast, classical constructions of continua
often proceed by building them up from finitary approximations, e.g. coming from
simplicial complexes or finite open covers. For example, the famous pseudoarc (see [7]
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1n truth, Wallman worked lattices of closed sets; only in subsequent work did people consider lattices
of open sets instead. However, translating between open and closed sets is just a matter of reversing
the order and taking complements where appropriate, as shown explicitly in [5].
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and [20]) is usually built from successively finer chains of open subsets in R?, each
chain being ‘crooked’ in the previous chain. Our work stems from the simple obser-
vation that the ambient space R? here is essentially irrelevant; what really matters
is just the poset arising from the inclusion relation between the links in the chains.
More precisely, the covers of the space are completely determined by the levels of the
poset and these, in turn, determine the points of the space. Indeed, points can be
identified with their neighbourhood filters, which are nothing more than subsets of
the poset ‘selecting’ at least one element from each cover.

This leads us to consider a general class of posets formed from sequences of finite
levels. From any such poset, we construct a space of selectors, resulting in a T1 com-
pactum on which the levels of the poset get represented as open covers. Moreover,
we will see that all second-countable T; compacta arise in this way. Thus, at least
in theory, it should be possible to construct any such space from a sequence of finite
sets defining the levels of such a poset. We further show that continuous functions
between the resulting spaces can be completely described by certain relations between
the original posets. In this way we obtain a duality? of a somewhat different flavour to
those described above, one which has more potential applications to building spaces
like the pseudoarc from finitary approximations.

Outline. To motivate our construction we first embark on a detailed analysis of
bases of T; compacta and the posets they form (when ordered by the usual inclusion
relation C). In particular, we examine special subsets of a poset as analogues of open
covers, namely bands and more general caps. On the one hand, caps are always covers,
by Proposition 1.7. Conversely, it is always possible to choose a basis of any second-
countable T; compactum so that covers are caps. We can also ensure that the basis
forms an w-poset where ranks and levels are always well defined and finite. Further
order-topological properties of the resulting w-cap-bases are also explored in §1, e.g.
showing how they are simply characterised in metric compacta as the bases whose
diameters converge to zero (see Proposition 1.17).

In §2, we show how to reverse this process, representing any w-poset P as an w-
cap-basis Ps of a suitably defined T; compactum, namely its spectrum SP (which
is then second-countable, as P is countable). Topological properties of SP are thus
determined by the order structure of P. Most notably, SP is Hausdorff precisely when
P is regular, as shown in Corollary 2.40. Subcompacta and subcontinua of SIP are
also determined by special subsets of P, as we show in §2.4 and §2.7. With an eye
to our primary motivating example of the pseudoarc, we even show how to charac-
terise hereditary indecomposability of SP via tangled refinements in P which, modulo
regularity, generalise the original crooked refinements of Bing.

Finally, in §3, we show how to encode continuous maps between spectra by cer-
tain relations between the posets we call refiners. A single continuous map can come
from various different refiners and this flexibility yields homeomorphisms between
spectra under some fairly general conditions explored in §3.2. To obtain a more pre-
cise equivalence of categories, we turn our attention to strong refiners in §3.3 under
an appropriate star-composition, thus yielding a combinatorial equivalent S of the
category K of metrisable compacta.

Future work. Naturally, the next step would be to construct the posets themselves
(as well as the refiners between them) in a more combinatorial way. The basic idea

20r rather an equivalence of categories, as we chose the direction of our relations so that the relevant
functors are covariant (the term ‘duality’ is often reserved for contravariant functors).
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would be to consider categories of finite graphs, much like in the work of Irwin—
Solecki [15] and Debski-Tymchatyn [9], except with more general relational mor-
phisms. Sequences of such relations determine the levels of a graded w-poset, which
then yield T compacta from the work presented here. In particular, Fraissé sequences
in appropriate categories should yield canonical constructions of well-known com-
pacta like the pseudoarc and Lelek fan. Classical properties of these spaces relating
to uniqueness and homogeneity could then be derived in a more canonical Fraissé-
theoretic way, as we hope to demonstrate in future work.

1. Bases as posets

Here we analyse bases of topological spaces, viewed as posets ordered by inclusion.
In particular, we explore how to characterise covers order-theoretically and how to
construct well-behaved bases satisfying certain order-theoretic properties.

1.1. Preliminaries. We begin with some basic terminology and notation. We view
any C C A X B as a relation ‘from B to A’. We call C

(1) a function if every b € B is related to exactly one a € A,
(2) surjective if every a € A is related to at least one b € B,
(3) injective if, for every b € B, we have some a € A which is only related to b.

These notions of surjectivity and injectivity for relations generalise the usual no-
tions for functions. The prefix ‘co’ will be used to refer to the opposite/inverse rela-
tion 7! = 3 C B x A (where b 1 a means a C b), e.g. we say  is co-injective to
mean that C is injective. For example, one can note that every co-injective relation
is automatically surjective, and the converse also holds for functions.

Remark 1.1. While this version of injectivity for relations may not be the most obvious
generalisation from functions, it is the one we need for our work, being closely related
to minimal covers — see Proposition 1.2 below. It is also natural from a categorical
point of view, as the monic morphisms in the category of relations between sets are
exactly those that are injective in this sense. It also corresponds to injectivity of the
image map C' — C- on subsets C C B defined below, i.e. C is injective precisely
when C- = D= implies C = D, for all C, D C B.

The motivating situation we have in mind is where C is the inclusion relation C
between covers A and B of a set X. In this case, C is surjective precisely when A
refines B in the usual sense (we will also generalise refinement soon below). If B is
even a minimal cover, then C will also be injective, as we now show.

Let us denote the power set of any set X by

PX={A: ACX}.

To say A C PX covers X of course means X = (J A.
Proposition 1.2. If A, B C PX cover X and C = C on A X B, then
B is minimal and C is surjective = [ is injective.

Proof: If B is a minimal cover of X, then every b € B must contain some x € X which
is not in any other element of B, i.e. z € b\ |J(B \ {b}). If A also covers X, then we
must have some a € A containing x. If C is also surjective, then we have some ¢ € B
with € a C ¢ and hence ¢ = b. This shows that a is only related to b, which in turn
shows that [ is injective. O
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Again take a relation — C A x B. The preimage of any S C A is given by
(Preimage) SE=2S]={beB:3se S (scb)}.
Likewise, the image of any T' C B is the preimage of the opposite relation J, i.e.
(Image) T =c[l={a€cA:FHeT (aC t)}.

We say S C A refines T C B if it is contained in its image, i.e. S C T-. Equivalently,
S refines T" when the restriction of C to S x T is surjective. The resulting refinement
relation will also be denoted by C, i.e. for any S C A and T' C B,

SCT < SCT- < VseSHeT (sCt).
Likewise, the corefinement relation will also be denoted by 1, i.e.
TOS — TCS- «— VteTIseS(sCt)

(so refinement and corefinement are not inverses, i.e. S C T does not mean 7' 1 .5).

Here again the motivating situation we have in mind is when [ is the inclusion relation

or, more generally, some partial order or even preorder (recall that a preorder is a

reflexive transitive relation, while a partial order is an antisymmetric preorder).
Given a preorder < on a set P, we define < = <N #, i.e.

p<q <= p<q and p#q.
The antichains® of P will be denoted by
AP={ACP:Vqre A(g£randr £ q)}.

Proposition 1.3. If < is a preorder on P, then so is the refinement relation on PP.
If < is a partial order, then so is the refinement relation when restricted to AP.

Proof: If < is reflexive on P and @ C P, then ¢ < ¢, for all ¢ € @, showing that
Q < @, i.e. < is also reflexive on PP. On the other hand, if @ < R < S, then, for
any g € @, we have r € R with ¢ < r, which in turn yields s € S with r < s. If < is
transitive on P, then ¢ < s, showing that Q) < .5, i.e. < is also transitive on PP.
Finally, say < is also antisymmetric on P and Q < R< @), for some antichains Q, R€
AP. For all ¢ € Q, we thus have r € R with ¢ < r, which in turn yields ¢’ € Q
with ¢ < r < ¢’. Thus ¢ = ¢/, as Q is an antichain, and hence ¢ = r, as < is
antisymmetric on P. This shows that @ C R, while R C @ follows dually. O

We will also need to compose relations, which we do in the usual way, i.e. if = C
Ax Band ECBxC, then C oE C A x C is defined by

(Composition) aCoEc <= JbeB(aCbEc).

Note that this is consistent with the usual composition of functions as we are taking
the domain of a function to correspond to the right coordinate, not the left, i.e. a
function f: B — A from B to A is a subset of A x B (not B x A).

As in [7] (see also [20]), we say that B consolidates A when A refines B and
every b € B is a union of elements of A, i.e. b=J(b=2NA)=U{a € A:a Cb}.

Proposition 1.4. Take A,B,C C PX with C C A X B and E C B x C defined to
be restrictions of the inclusion relation C on PX. For any a € A and c € C,

aCoEc =— aCec
Conversely, if A is a minimal cover, B consolidates A, and C' consolidates B, then

aCc = aCoEc

3Note that these are more general than the strong antichains usually considered by set theorists
(which are defined to be subsets A of P in which no pair in A has a common lower bound in P).
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Proof: Certainly a C b C ¢ implies a C c. Conversely, say a C ¢ and A is a minimal
cover so we have z € a \ |J(A\ {a}). If ¢ = J 7, then we have b € B with z € b C c.
If b = | b~ too, then we have o’ € A with x € o/ C b and hence a =a’,i.e. a CbC ¢
and hence a C o E c. O

1.2. Bands and caps. Let us denote the finite subsets of a set X by
FX={FCX:|F| <o}

The following special subsets of our poset P form the key order-theoretic analogues
of open covers that are fundamental to our work.

Definition 1.5. Take a poset (P, <).

(1) We call B € FPP a band if each p € P is comparable to some b € B.
(2) We call C € PP a cap if C is refined by some band.

Remark 1.6. There is also the related notion of a cutset from [28], which is a subset C
of PP overlapping (i.e. intersecting) every maximal chain in P. Put another way, these
are precisely the transversals of maximal cliques of the comparability graph of P, as
studied in [3]. Similarly, bands are the finite dominating subsets of the comparability
graph. By Kuratowski—Zorn, every element of a poset is contained in a maximal
chain and hence every finite cutset is a band. However, the converse can fail, e.g. if
P = {a,b,¢,d} with < = {(a,c), (b,c), (b,d)}, then {a,d} is a band but not a cutset,
as it fails to overlap the maximal chain {b, c}. Nevertheless, in graded w-posets, every
level is a cutset and so in this case every band and hence every cap is at least refined
by a finite cutset, thanks to Proposition 1.13 below.

We denote the bands and caps of P by
(Bands) BP={BcFP:P=BSUB=},
(Caps) CP={CePP:dBeBP(B<()}.

The primary example we have in mind is when PP is a basis of some topological space X
ordered by inclusion C. In this case, caps are meant to correspond to covers of the
space X. More precisely, we have the following.

Proposition 1.7. If P is a basis of non-empty open sets of some T1 topological
space X ordered by inclusion (i.e. < = C), then every cap covers X, i.e.

(1.1) CeCP = [JCo=X

Proof: Note that if B refines C and |JB = X, then |JC = X. Thus it is enough to
show that | J B = X whenever B is a band. Take a band B and suppose that we have
x € X \|UB. For each b € B, let x;, be a point in b. As X is Ty, ¢ = X\ {x} : b € B}
is an open set containing x. As IP is a basis, there is d € PP such that « € d C ¢. For
each b € B, note that z, € b\ dso b ¢ d while z € d\ b so d ¢ b. This shows that
B is not a band, a contradiction. O

The converse of (1.1), however, can fail. We can even show that there is no way to
identify the covers of a space purely from the inclusion order on an arbitrary basis.
Indeed, in the following two examples we have bases of different compact Hausdorff
spaces which are isomorphic as posets but have different covers. Specifically, the bases
are both isomorphic to the unique countable atomless pseudo-Boolean algebra (the
atoms of a poset P are its minimal elements and P is atomless if it has no atoms,
while a pseudo-Boolean algebra is a poset P formed from a Boolean algebra B minus
its bottom element 0, i.e. P =B\ {0}).
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Example 1.8. The interval X = [0, 1] in its usual topology has a basis P consisting of
non-empty regular open sets which are unions of finitely many intervals with rational
endpoints (note that regularity disqualifies sets like (0,3) and (§,%) U (3,32); only
the interior of their closures [0,1) and (1, 2) lie in P). One immediately sees that
P is then a countable atomless pseudo-Boolean algebra with respect to the inclusion
ordering. We also see that p,q € P are disjoint precisely when they have no lower

bound in P, and no such p and ¢ cover X.

Example 1.9. The Cantor space X ={0, 1}* has a basis P consisting of all non-empty
clopen sets. Again P is a countable atomless pseudo-Boolean algebra and p,q € P are
disjoint precisely when they have no lower bound in P. However, this time there are
many disjoint p,q € P that cover X.

In fact, if P is the countable atomless pseudo-Boolean algebra, then its bands
and caps are all trivial in that they must contain the top element. This poset does,
however, have a subposet isomorphic to the full countable binary tree 2<%, which is
still isomorphic to a basis of the Cantor space (but not the unit interval any more).
In this case, caps of 2<% do indeed correctly identify the covers of the Cantor space.
This suggests that we might be able to ensure covers of other spaces are also caps by
choosing the basis more carefully. In other words, we might be able to find ‘cap-bases’
or even ‘band-bases’ in the following sense.

Definition 1.10. We call a basis IP of a topological space X a
(1) band-basis if BP = {B € FP: X = |J B},
(2) cap-basis if CP = {C e PP: X =JC}.

Note that every element of a cap-basis or band-basis P of a non-empty space X
must also be non-empty — otherwise () would be a minimum of P and hence a band of P
which does not cover X, contradicting the definition. Further observe that, as every
cap contains a finite subcap, every space with a cap-basis is automatically compact.
And every band-basis of a compact space is a cap-basis, as every cover has a finite
subcover which is then a band and hence a cap. Also, to verify that a basis of non-
empty open sets of a Ty space is a band/cap-basis, it suffices to show that covers are
bands/caps, as the converse follows from (1.1).

Proposition 1.11. FEvery second-countable compact T1 space has a cap-basis.

Proof: To start with, take any countable basis B of a compact T; space X and
let (Cp)new enumerate all finite minimal covers of X from B. Recursively define
(nk)kew as follows. Let ng be arbitrary. If n; has been defined, then note that, for
any x € X, we have p € C),, and ¢ € Cy, with x € pNq. As B is a basis, we thus have
b e B with z € b C pNgq. By compactness, X has a finite minimal cover of such b’s.
This means we have ng41 € w such that Cy,, ,, refines both Cy, and Cj.

Set By = Cy, and P = UkEw By,. First note that P is still a basis for X. Indeed,
if x € b € B, then, as X is Ty, we can cover X \ b with elements of B avoiding z.
Compactness then yields a finite minimal subcover, i.e. we have some k € w with b €
Cr and = ¢ |J(Ck \ {b}). Taking ¢ € Byy1 with © € ¢, it follows that ¢ C b, as
Bi.41 refines Cy and b is the only element of Cj containing z. In particular, we have
found ¢ € P with = € ¢ C b, showing that P is a basis for X.

By definition, By, refines By. We claim By, also corefines By1, i.e. By C B,%_H.
Indeed, as By is a minimal cover, for every p € By, we have x € p \ J(Bi \ {p}).
Taking ¢ € By41 with x € g, we see that ¢ C p, as By, refines By and no other
element of By contains x. This proves the claim and hence each By is a band of P.
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As every cover of X from B (and, in particular, P) is refined by some By, it follows
that every cover of X from PP is a cap of P, i.e. P is a cap-basis. O

Note that the cap-bases in the above proof are Noetherian, which have also been
studied independently (see e.g. [12]). In general, we call a poset P Noetherian if every
subset of P has a maximal element or, equivalently, if P has no strictly increasing
sequences. Put another way, this is to say that > (where a > b means a > b # a)
is well founded in the sense of [19, Definition 1.6.21]. Like in [19, §1.9], we then
recursively define the rank r(p) of any p € P as the ordinal given by

r(p) = sup(r(q) + 1).
a>p
So, maximal elements of P have rank 0, maximal elements among the remaining subset
have rank 1, and so on. For any ordinal a, we denote the o™ cone of P by

P¥={peP:r(p) <a}.
The atoms of the a'™ cone form the o™ level of P, denoted by
P, ={peP*:p” NP* =0}

Note that r~{a} C P,, i.e. the a'! level contains all elements of rank a. But this
inclusion can be strict, i.e. the at? level can also contain elements of smaller rank (e.g.
the o' level always contains all atoms of P of rank smaller than ).

If some level P, of a Noetherian poset P has finitely many elements, then it is
immediately seen to be a band. If P here is a basis of non-empty sets of a T; space X,

then it follows that P, covers X, by Proposition 1.7. In fact, even if P, has infinitely
many elements, it will still cover X as long as « is finite.

Proposition 1.12. IfP is a Noetherian basis for a Ty space X, then X = JP,,, for
alln € w.

Proof: Every z € X lies in some p € P, as P is a basis. As P is Noetherian, we then
have pg € Py with p C pg and hence x € pg too. This shows that Py covers X. Now
say P,, covers X. This means any z € X lies in some p € P,,. If p = {2}, then p is an
atom of P and hence p € P,, 11 too. Otherwise, we have y € p\{z} and hence p\ {y} is
an open neighbourhood of x, as X is Ty. Then we have ¢ € P with 2 € ¢ C p\ {y}, as
P is a basis, necessarily with r(¢) > r(p) = n. Thus we have r € P,,11 with € ¢ C r,
showing that P, 11 also covers X. By induction, P, thus covers X, for all n € w. O

1.3. w-posets. We call a poset P an w-poset if every principal filter p< is finite and
the number of principal filters of size n is also finite, for any n € w. Equivalently, an
w-poset is a Noetherian poset in which both the rank of each element of P and the
size of each level (or cone) of P is finite. For example, taking any w-tree in the sense
of [19, II1.5.7] and replacing < with > yields an w-poset.

The nice thing about w-posets is that their levels determine the caps; specifically,
caps are precisely the subsets refined by some level. Put another way, the levels are
coinitial with respect to refinement within the family of all caps (and even bands).

Proposition 1.13. If P is an w-poset, then its levels (P,,) are coinitial in BP.

Proof: First note that each level P, is a band. Indeed, if r(p) < n, then p must be
above some minimal element of P”, i.e. some element of P,,. On the other hand, if
r(p) > n, then p is below some element of rank n, which must again lie in P,,.
Conversely, say B C P is a band and let n = maxpcp r(b) so B C P". It follows
that no atom of P™ can be strictly above any element of B. Thus every element of P,
must be below some element of B, as B is a band, i.e. P,, < B. O
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In particular, the bands and caps of any w-poset are (downwards) directed with
respect to refinement. The fact that the levels here are finite is crucial, i.e. there are
simple examples of Noetherian posets for which this fails.

Example 1.14. Take a poset P consisting of two incomparable g, € P together
with infinitely many incomparable elements which all lie below both ¢ and 7, i.e.
P\ {q,7} = ¢ =~ is infinite and s £ ¢, for all distinct s,t € P\ {g,7}. This poset
is Noetherian with two levels, although only the top level is finite. Note that {g,r} is
a band of P but the only other bands of P contain at least one element of both {g,r}
and P\ {q,r}, while the caps of P are precisely those subsets containing ¢ and/or 7.
In particular, no cap refines both the singleton caps {¢} and {r}.

Another simple observation about caps in w-posets is the following.

Proposition 1.15. If P is an w-poset, then no infinite cap is an antichain, i.e.

APN CP C FP.

Proof: If C' is an infinite cap, then B < C| for some band B. In particular, B is
finite so we must have ¢ € C with r(c) > maxpep r(b). As B is a band, we then have
be BNne<. As B < C, we then have ¢ € C with ¢ < b < ¢, showing that C is not
an antichain. O

We are particularly interested in w-posets arising from bases.

Definition 1.16. A (band/cap-)basis that is also an w-poset (w.r.t. inclusion C) will
be called an w-(band/cap-)basis.

The proof of Proposition 1.11 shows that every second-countable T; compactum
has an w-cap-basis. Further note that if the space there is Hausdorff, then it is metris-
able. In compact metric spaces, we can actually characterise w-cap-bases as precisely
the countable bases whose diameters converge to zero.

Proposition 1.17. If X is a compact metric space with a countable basis P of non-
empty open sets, then, for any enumeration (p,) of P,

P is an w-cap-basis <= diam(p,) — 0.
Proof: For € € (0,1), let P. = {p € P: diam(p) < €}, so what we want to show is
P is an w-cap-basis <= P\ P. is finite, for all € > 0.

First say P\ P, is infinite, for some £ > 0. Assuming P is an w-poset (otherwise we
are already done), this means that every level of P contains a set with diameter at
least €. By Proposition 1.13, the same is true of all caps. This means that the cover P,
of X cannot be a cap and hence P is not a cap-basis.

Conversely, say P\ P, is finite, for all ¢ > 0. As p C ¢ implies diam(p) < diam(q),
P is Noetherian and the rank of each element is finite.

We claim every level P, of P covers X. To see this, take any = € X. If x is not
isolated, then we must have a sequence in P of neighbourhoods of x which is strictly
decreasing with respect to inclusion. There are then sets in P of arbitrary rank con-
taining z; in particular we have some p, € P with z € p, and r(p,) = n and hence
Pz € Pp,. On the other hand, if z is isolated, then either {x} € P™ and hence we may
take p, = {a} € P,, or r({z}) > n and hence we again have p, € P with = € p,
and r(py) =mn so py € P,. Then {p, : z € X} C P, covers X, as claimed.

If P were not an w-poset, then P would have some infinite level P,,. By the claim
just proved, P,, would then cover X and hence have some finite subcover F' C P,,. By
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the Lebesgue number lemma (see [22, Lemma 27.5]), any cover of a compact metric
space is uniform, i.e. we have some £ > 0 such that every subset of diameter at most
is contained in some set in the cover. In particular, we have some ¢ > 0 such that
P, refines F. As P, is infinite, we can take some p € P,, \ F' with diam(p) < e. But
then p C f, for some f € F, contradicting the fact that elements in the same level
are incomparable. Thus P is indeed an w-poset.

For any € > 0, we next claim that P. contains a band. To see this, first note
that P, is still a basis for X. In particular, P, covers X and hence we have a finite
subcover F' C P.. Again, we have some § > 0 such that Ps refines F, i.e. Py < F. As
P\ Ps is finite, we also have finite F C P, with P\ Ps; > E. Thus EU F' is a band
of P contained in P, proving the claim.

Now take any cover C' C P of X. Again C' is uniform and is thus refined by P., for
some € > 0, and hence by some band B C P., i.e. C is a cap. Conversely, caps are
covers, by (1.1), so IP is indeed a cap-basis. O

Note that if U is an up-set of an w-poset P, i.e. US C U, then U is again an w-poset
in the induced ordering <y = <N (U x U). Indeed, U being an up-set implies that
the rank within U of any element of U is the same as its rank within the original
w-poset P. As long as U does not contain any extra atoms, the caps of U will also all
come from caps of P in a canonical way.

Proposition 1.18. If P is an w-poset, then, for allU C P,
(1.2) CUC{CNnU:C e CP}.
Moreover, equality holds if U is an up-set whose atoms are all already atoms in P.

Proof: First note that, for any finite F C P, we can find a level P,, whose overlap
with F' consists entirely of atoms. Indeed, as F' is finite, we can find a cone P™
overlapping f~, for each f € F that is not an atom. This means non-atomic elements
of F' are never minimal in P" and hence P, is the required level. In particular, if F’
contains no atoms at all, then it is disjoint from P,,.

Now take any C' € CU, which is refined by some B € BU. We thus have a level P,
disjoint from B<. As B is a band of U, for any v € P, N U, we have some compara-
ble b € B. As u ¢ B<, it follows that u < b. This shows that P, N U refines B and
hence C. Thus P, refines C' U (P, \ U), which is thus a cap of P whose intersection
with U is the original C. This proves (1.2).

Conversely, take C' € CP, which is refined by some B € BP.If U is an up-set and
hence an w-poset in its own right, then we have some level U, of U such that B<NU,
consists entirely of atoms of U. However, B< does not contain any atoms of P. If all
atoms of U are already atoms of P, this implies B< NU,, = (). As B is a band of P,
for each u € U,,, we have some comparable b € B. As u ¢ B<, this means u < b
and hence u < ¢, for some ¢ € C, which is necessarily also in U. This shows that
U, refines C N U, which is thus a cap of U, i.e. {CNU : C € CP} C CU. O

The following result and its corollary show how to identify levels of an w-poset.

Proposition 1.19. The levels of a Noetherian poset P in which each element has
finite rank are the unique antichains (A,) C AP covering P such that, for all n € w,
Api1 \ A, refines A, \ Ap_1 (taking A1 =0) and A,, corefines Ayy1.

Proof: If A, 11\ A, refines A, \ A,,_1, then, in particular, A, refines A,, and hence
A,, refines A, for all m > n. From this we can already show that A, C P", for
all n € w. Indeed, this follows immediately from the fact that

(1.3) An3p<qed, = m>n.
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To see this, just note that if A,, 5 p < g € A, then m < n would imply A4, < A,,
and hence we would have p’ € A,, with p < ¢ < p’, contradicting A,, € AP.

Returning to the fact that 4,1\ A, refines A, \ A,,_1, it now follows by induction
that A, \ A,—1 C r}{n}, for all n € w. Indeed, A9 C P° = r~1{0} is immediate
from what we just showed. And if every p € A, 11 \ 4, is (strictly) below some ¢ €
Ap \ Ap—1 Cr1{n}, then n+1 > r(p) > r(g) = n and hence r(p) = n + 1, showing
that 4,41 \ 4, C r~{n + 1}. If the (4,) cover P, then so do the sets (A4, \ A,_1)
and hence the inclusion must actually be an equality, i.e. for all n € w,

rrin}=A4,\ 4,1

For all n € w, it follows that P* = |J, .,, Ax and hence A,, C P, by (1.3).

If A, also corefines A, 1, for all n € w, then it again follows by induction that
A, = P,. Indeed, we already know Py = P° = Ay. And if P* > A, > A, 1, then
A, 41 must contain all atoms of P U A, 11 = P ie. Puy1 C Apy1 C Py O

Let us call an w-poset P weakly graded if consecutive levels share only atoms
of P. This is equivalent to saying that every non-atomic p € P has a lower bound ¢
with r(¢) = r(p) + 1. Moreover, we immediately see that the following are equivalent.

(1) P is atomless and weakly graded.
(2) Every p € P has a lower bound ¢ with r(q) = r(p) + 1.
(3) The levels of P are disjoint.
(4) P, =r"{n}, for all n € w.
Proposition 1.19 has the following corollary for weakly graded w-posets.

Corollary 1.20. IfP is a poset covered by finite antichains (Ap)ne, C AP such that
Ans1 refines Ay, Ay corefines Apt1, and A, N Ant1 contains only atoms of P, for
all n € w, then P is a weakly graded w-poset with levels P, = A,,, for alln € w.

Proof: As above, we obtain (1.3) from the fact that each A, refines A,, showing
that P is a Noetherian poset in which each element has finite rank. To show that
P, = A, and hence that P is an w-poset, it thus suffices to show that A,.; \ A,
refines A, \ A,_1, for all n € w. But if A,1; refines A,, then, in particular, for
every p € Apy1 \ An, we have some g € A, with p < ¢q. If A,, N A,,_1 contains only
atoms of P, then this implies that ¢ € A,, \ A,,_1 so we are done. O

1.4. Level injectivity. Here we look at order properties related to minimal caps.
First let us denote the order relation between levels m and n of an w-poset P by

< =< N (P, x Pp).
Proposition 1.21. For any w-poset P, the following are equivalent.
(1) Each level P, is a minimal cap.
(2) <™ is injective whenever m < n.
(3) {n: < is injective} is cofinal in w, for each m € w.

Proof: (1) = (2) If <™ fails to be injective for some m < n, then we have some p € P,
such that ¢= NP, # {p}, for all ¢ € P,,. But then P, refines P,, \ {p} and hence
P, \ {p} is a cap, showing that P,, is not a minimal cap.

(2) = (3) Immediate.

(3) = (1) If P,,, is not a minimal cap, then it has a proper subcap C' C P,,, which
is necessarily refined by P,,, for some n > m, by Proposition 1.13. But then Py < C
and hence <} is not injective, for all £ > n, showing that {n : <" is injective} is not
cofinal in w. 0
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Accordingly, let us call an w-poset P satisfying any/all of the above conditions
level-injective. When P is atomless, we could also replace <" above with <]' =
<N (P, x P,,), when m < n, which is a consequence of the following.

Proposition 1.22. FEvery level-injective w-poset P is weakly graded.

Proof: If IP is an w-poset that is not weakly graded, then we have some p € P,,, where
n > r(p). Choosing n maximal with this property, it follows that p ¢ P,11, even
though all the lower bounds of p in P,;; have rank n + 1 and are thus below some
element of rank n, necessarily different from p. Thus P, 11 refines P, \ {p}, showing
that PP, is not a minimal cap and hence P is not level-injective.

With a little extra care, we can also choose the cap-basis in Proposition 1.11 to be
a level-injective w-poset with levels among some prescribed family of covers.

Proposition 1.23. Any countable family C of minimal open covers of a compact T
space X that is coinitial (w.r.t. refinement) among all covers of X has a subfamily
that forms the levels of a level-injective w-cap-basis.

Proof: Like in the proof of Proposition 1.11, let (C},)new enumerate C and define
(nk)kew as follows. Let ng be arbitrary. If n; has been defined, then note that, for
any x € X, we have p € Cy,, and ¢ € C, with z € pngq. If pnqg = {z}, then
set b, = {x}. Otherwise we may take away a point of pN ¢ (as X is T1) to obtain
open b, with x € b, g pNgq. As C,, is minimal, this implies that no subset of b, lies
in Cy, . Now (bs)zex is an open cover of X which must then have a refinement C,, _ ,,
for some ngq1. Thus Cy, , refines both C, and Cj, with the additional property
that C,,, ,, N Cy, consists only of singletons. As in the proof of Proposition 1.11, this
implies that P = (J,c,, Cn, is a cap-basis for X and that each Cy, also corefines C,,, . ,.
Moreover, each C,, is a minimal cover and hence a minimal cap in P. Thus P is a
level-injective w-poset with levels P, = C),, , by Corollary 1.20. O

If we want the levels of an w-poset to determine not just the caps but even the
bands, then we need a slight strengthening of level injectivity. To describe this, let us
introduce some more terminology and notation.

Take a poset (P, <). The intervals defined by any p, ¢ € P will be denoted by

(p,q) =p~Ng~ ={reP:p<r<gq},
pal=p=Ng=={reP:p<r<gqg}

We call p a predecessor of ¢ (and ¢ a successor of p) if p is a maximal element strictly
below g. The resulting predecessor relation will be denoted by <, i.e.

p<q < p<gqand(p,q)=0 <= p+#qand[p,q ={pq}
Definition 1.24. We call P predetermined if, for all p € P,
(Predetermined) p”#0 = Jq<pl(¢~ Cp%).

Equivalently, ¢ < p and ¢< C p= could be written just as ¢~ = p=. Also note
that this implies (q,p) = () and hence g < p, i.e. ¢ is necessarily a predecessor of p. In
other words, P is predetermined precisely when every non-atomic element of P has a
‘predecessor which determines its upper bounds’.

Predetermined w-posets can also be characterised as follows.
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Proposition 1.25. If P is an w-poset, then the following are equivalent.
(1) P is predetermined.
2)
(3) For every p € P and n > r(p), we have q¢ € P, with ¢= = [q,p] Up<.
(4) Every finite cap is a band, i.e. BP = CP N FP.

Every non-minimal p € P is a band of qg<, for some q € P.

Proof: (1) = (2) If P is predetermined, then, for any non-minimal p € P, we have g<p
with ¢< = p=. In particular, p is a band of ¢<.

(2) = (1) Say every non-minimal p € P is a band of ¢<, for some ¢ € P. If P is also
Noetherian, then (q,p) has a maximal element ¢/, necessarily with ¢'< = p<. This
shows that P is predetermined.

(1) = (3) If P is a predetermined w-poset, then, for any p € P and n > r(p), we
can recursively define g, € P with qu = [qx,p] U p< as follows, for k > n. First
set ¢, = p. Now assume ¢ has been defined. If ¢ is an atom, then we may simply
set qr41 = qx. Otherwise, we have g1 with ¢, = qu and hence r(ggs1) = r(qx) +1.
Thus qx+1 € Pry1, as g, € Py, and

G = {ae1} U a; = {qs1} U gk, p] Up= = [gs1,p] Up=.

(3) = (4) Assume (3) holds and take some finite cap C' C P. By Proposition 1.13,
P, < C, for some n € w, and hence P\ P* < P, < C too. On the other hand,
if p € P*\ P,, then (3) yields ¢ € P, with ¢S = [¢,p] Up<. As P, < C, we have
some ¢ € CNgS C pS UpZ and hence p € C< U CZ. This shows that C is a band.

(4) = (1) Assume P is an w-poset which is not predetermined, so we have some non-
atomic p € P with ¢< ¢ p<, for all ¢ < p. Then we can take minimal n € w such that
P,, Np~ # (). For every q € P,, Np~, pick ¢ € ¢= \ p= and note that ¢’ ¢ p= too, by
the minimality of n. Thus C' = (P, \p~)U{¢ : ¢ € P, \p=} is a finite cap, as P, < C,
but not a band, as p ¢ C<UC=. O

Corollary 1.26. Fvery predetermined w-poset is level-injective.

Proof: Every level of an w-poset P is a minimal band, being both a band and an
antichain. If P is also predetermined, then any smaller cap would also be a band, by
(4) above, and hence each level is even minimal among all caps. O

Corollary 1.27. If X is a Ty compactum and P C PX, then
P is an w-band-basis <= P is a predetermined w-cap-basis.

Proof: If P is an w-cap-basis of X, then, by (4) above, P is predetermined if and only
if every finite cover is a band, i.e. if and only if P is actually a band-basis. O

Using this, we can improve on Proposition 1.11 by showing that every T; com-
pactum even has an w-band-basis (unlike the improvement in Proposition 1.23, how-
ever, we cannot specify the potential levels of the w-band-basis in advance).

First we need the following preliminary result.

Lemma 1.28. For any basis B and finite open family C of a T1 compactum X, there
is a minimal cover D C B of X and (z4)aep C X such that, for all d € D,

(1.4) d=({eeCuD:xsce} and d+#{za} = d¢C.
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Proof: For all F C C, let us define
Lp={zreX:2a°CF}=X\J(C\F),

Xp={zeX:2°=F}=1Lp\ |J Le.
GGF

Note that each L is closed and the (Xp)pcc are disjoint subsets covering X. We
will recursively define further closed subsets Krp C Xp with minimal covers Dp C B
of Kr such that |JDr CNF, Lr € UUgcp Da and

(1.5) GSF = Kpn|JDc=0.

(Incidentally, it is quite possible for K to be empty for many F C C, but this just
means that Dp will also be empty.) If G € F, then, taking any g € G\ F, we see
that Kp N|JDg € LrNg =0 too so (1.5) can automatically be strengthened to

F#G = Kpn|JDg=0.

Once we have constructed these sets we see that, whenever d € Dp, minimality
means we have z4 € dN Kp \ U(Dp \ {d}). As Kr C X \ Ug,r Da, it follows that
xqg € d\U(D\ {d}), where D = Jyce Da. As X = Lo € UUgce De = U D, this
shows that D is a minimal cover of X and that x4 € e € D implies e =d. Moreover,
zq€ecCimplies that e€e FLasxg € Kp C Xp C Lp,and henced C|JDp C (N F Ce.
This proves the first part of (1.4).

To perform the recursive construction, first let Dy C B be any minimal cover
of Ky = Ly = X9 = X \UC. Once K¢ and D¢ have been defined, for G G F, we
set Kp = Lp\ UUG;CtpDG C Lp\ UUG;CtFLG = Xp C () F. By compactness, we
then have a minimal cover Dp C B of Kp with

UDFgﬂFgX\ U Xe C X\ U Kg.

GGF GGF

As X is Ty, we can further ensure that d & () F and hence d ¢ C, for each d € Dp,
unless Kp = (| F = {z}, for some z € X, in which case the only option is Dp =
{{z}}. This ensures that the second part of (1.4) also holds. Now just note that

LrcKrulJ | DeclUDrulJ U D= U De

GGF GGF GCF
so the recursive construction may continue. O
Theorem 1.29. Any countable basis of a T1 compactum contains an w-band-basis.

Proof: As in the proof of Proposition 1.11, let (C},), e, enumerate all finite minimal
covers of a T1 compactum X coming from any given countable basis B. Recursively de-
fine finite minimal covers (B, )ne. as follows. Let Dy = C'kUUK]€ B;. By Lemma 1.28
we have a minimal cover By C B, such that By N Dy contains only singletons, as well
as (zp)pep, € X such that b = ({e € By U Dy : xp € e}, for all b € By. In other
words, z, € b C e, for any e € By, U Dy, with x;, € e, so By refines Cj, and Bj, for
all j < k. As in the proof of Proposition 1.11, this implies that P = (J, ., Bx is a
cap-basis and each By, also corefines By1. By construction, By1 N By contains only
singletons, which are atoms in P. Thus P is an w-poset with levels P, = By, by Corol-
lary 1.20. Also, for every b € By, we have ¢ € By41 with zp € ¢. Then ¢ < a implies
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xp € a € By, for some j < k, and hence b < a. This shows that ¢< C bS and hence
c¢< = bS, as long as b is not an atom. Thus P is also predetermined and hence an
w-band-basis, by Corollary 1.27. O

1.5. Graded posets. We call a Noetherian poset P graded if the rank function maps
intervals to intervals, i.e. for all p,q € P,

p<q = r[(p.q)] = (r(q),r(p)).

In particular, this means the rank function turns predecessors into successors, i.e.

p<q = r(p)=r(g)+1L

In fact, if every element of P has finite rank, then P is graded precisely when this
happens. This also makes it clear that every graded w-poset is indeed weakly graded.

Remark 1.30. Hasse diagrams of atomless graded w-posets can thus be viewed as
Bratteli diagrams (see [27, Definition 3.1]) where the levels (P,,) form the vertex sets
and the edges come from the predecessor relation <. Indeed, any Bratteli diagram
with at most one edge between distinct vertices arises as the Hasse diagram of some
atomless graded w-poset. Whether one chooses to work with diagrams or posets is
thus a matter of taste, although the diagram picture will be particularly instructive
in future work when we construct graded w-posets associated to interesting compacta
(e.g. see Example 2.16).

Graded w-posets are completely determined by the order relation between consecu-
tive levels. As such, they are the strongest interpretation of what it means for a poset
to be built from a sequence of finite levels. Naturally, we would like to construct bases
of this special form. First we begin with some simple observations.

Proposition 1.31. Let P be a graded w-poset.

(1) P is level-injective if and only if P is predetermined.
(2) The levels are pairwise disjoint if and only if P is atomless.
(3) If P is a basis of a T1 space, then every level P, consolidates P, 41.

Proof: The ‘if’ part of (1) follows from Corollary 1.26. Conversely, suppose that P is
not predetermined so we have non-atomic p € IP,, such that ¢<\ p< # 0, for every q €
P,.1Np~. Since P is graded, we then have r € P, Ng< \ p=. It follows that P, \ {p}
is refined by P, 41, and so P, is not a minimal cap.

As P is graded and hence weakly graded, (2) is immediate.

To prove (3), take b € P,, and let B = {¢ € P41 : ¢ C b}. If we have z € b\ |J B,
then we have u € P such that z € v C b as P is a basis. We may further assume
that u & ¢ for every ¢ € B as the space is Ty. Hence, u € P, for some m > n. But
since P is graded, we get u C v C b for some v € P,,;1. Hence, x € v € B, which is a
contradiction. O

To ensure the cap-bases in Proposition 1.11 are graded, we need the following.

Lemma 1.32. Let (C),) be a sequence of minimal covers of a set X with each Cy
consolidating Cy 11 and Cy 11 NCy, only containing singletons {{z} : © € X}. Further
let P = Unew C,, considered as a poset with < = C. Then

(1) P is a predetermined graded poset with n'* level P,, = C,,, and

(2) if P is a basis for a compact topology, then P is also an w-cap-basis.
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Proof: (1) First note that Cs = |, ., Ck, for all n € w. Indeed, if we had ¢ < d € C,
for some k > n, then, as Cy < C,, we would have some ¢ € C, with ¢ < d < ¢,
contradicting the minimality of C,. In particular, as Cy = COS is a minimal cover
of X, it consists entirely of maximal elements of P, i.e. elements of rank 0.

We claim that, for all n € w,

(Coti \Cp)< CCp\ {{z} s € X} Cr i {n}.

For the first inclusion, take ¢ € (Cp41 \ Cyr)<, which means we have d € Cp11 \ Cp,
with d<c. In particular, ¢ € Cyy,; so we must have m < n with ¢ € Cy,. By minimality,
we can choose some z € d\ [J(Cpn41 \ {d}). As each cover consolidates the next, we
have ¢, > -+ > cpy1 with ¢, = c and = € ¢ € Cy, for all k between m and n + 1.
By our choice of x, we must have ¢,,11 = d and hence ¢, > d because d € Cj, 11 \ Cp.
In particular, ¢, is not a singleton so other inequalities must be strict too, i.e. ¢ =
Cm >+ > Ccpy1 = d. The only way we could have d < ¢ then is if m = n. This proves
the first inclusion. The second now follows by induction — the n = 0 case was observed
above, while all successors of elements of Cy, 41 \ {{z} : 2 € X} C Cyy1 \ C,, must lie
in Cp, \ {{z} : x € X} and hence have rank n, so all elements of Cy, 1\ {{z} : 2 € X}
have rank n + 1.

In particular, each p € P has finite rank and all its successors p< have the same
rank, proving that P is graded. Also note that singletons persist as soon as they
appear, i.e. if {z} € C,, then {2z} € C, 1, again because each cover consolidates
the next. Thus each C), consists precisely of the elements of rank n together with
singletons (and hence minimal elements of P) of smaller rank, i.e. C,, = P,. Finally,
for any p € P we can again take x € p\ [J(Cyy) \ p). If p is not minimal, we can
then take q € Cy ()41 with x € ¢ < p and show that g< = p=, which means that P is
predetermined.

(2) Now assume P is also a basis for a compact topology. In particular, each minimal
cover C,, must be finite and hence P is an w-poset. We claim that, moreover, every
cover C' C P must be refined by some level C,,. Indeed, by compactness, we can
replace C' with a finite subset if necessary. As each level is a consolidation of the
next, we can further replace each non-atomic element of C' having smallest rank with
elements in a level below. Continuing in this manner, we eventually obtain a new
cover D refining the original cover C' whose elements are all contained in a single
level C,. As C}, is a minimal cover, D must then be the entirety of C,,, proving the
claim. As levels are caps, this shows that IP is a cap-basis. O

Note that for P to be graded here, not just Noetherian, it is crucial that each cover
is not only refined by the next cover but also consolidates it, as the following shows.

Example 1.33. Let X = [0, 1] and define
Ccr={[o

G2 ={[0.5), (5. 1]},

Cy ={[0
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The Hasse diagram of the resulting poset (C; U Cy U Cs5, C) looks like this:
[0,%)

1\ (1 2\ (1 3) (1
[0,3) (:3) (3-7) (3.1]

Note that C3 refines Cy which in turn refines C;. However, C3 5 (%, %) - (i, 1} ey

even though there is no element of Cs in between, i.e. C7 U Cy U Cj3 is not graded.

Using Lemma 1.32 we can construct graded w-band-bases.
Theorem 1.34. Every second-countable T1 compactum has a graded w-band-basis.

Proof: We modify the proof of Proposition 1.11 so we can use Lemma 1.32. To start
with, again take any countable basis B for T; compactum X and let (B, ),c. enumer-
ate all finite covers of X from B. Recursively define another sequence of finite open
covers (C,,) as follows. Let Cy = {X}. If C,, has been defined, then, for each z € X,
let

dw:ﬂ{aeBnUCn:an}.

As B,, and C,, are finite, so is D = {d, : € X}. For each d € D, choose some x4
such that d = d,, and denote the set of all the other chosen points by

fa= U {ze}

ee D\{d}
We then have a minimal open cover refining both B,, and C),, given by
E={d\ fs:d € D}.

Also note that if y € ¢ € C,,, then y # x4 for any d # d, (because y = x4 implies
dy =dy, =d)soy € dy\ fa, C c. This shows that ¢ = |J(E N ¢2), for all ¢ € Cy,
i.e. C, consolidates F. At this stage it is possible that there could be some non-
singleton ¢ € C), N E. However, this can only happen when ¢ is contained in some b €
B,, and disjoint from all other subsets in (B,, \ {b}) U C,, and hence E — otherwise
we would have some d € D with d & ¢ and so certainly d \ fq & ¢, while all other
elements of F would avoid z4 € d C ¢. For any non-singleton ¢ € C,, N E, we can
thus pick arbitrary distinct y., z. € ¢ and replace ¢ with ¢\ {y.} and ¢\ {z.} without
destroying the minimality of F. In other words, to ensure consecutive covers can only

contain singletons, we define C), 1 by

Cor1 = ENC, U | {e\ fyedoe\ {1}

ceENC,

This completes the recursion and the poset P = J, .., Cy is then a predetermined
graded w-poset, by Lemma 1.32. As X is compact, every cover of X from P is refined
by B, and hence C), 1, for some n € w. As in the proof of Proposition 1.11, IP is then
an w-cap-basis and hence an w-band-basis, by Corollary 1.27. O

Unlike in Theorem 1.29, we cannot choose the graded w-band-bases above to lie
within some basis given in advance. Indeed, the following result shows that most
Hausdorff compacta have bases which do not contain any graded w-basis.
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As usual, we view any ordinal « as a topological space with respect to the interval
topology, i.e. generated by subbasic sets 3< and 57, for all 8 < «.

Proposition 1.35. For any Hausdorff compactum X, the following are equivalent.

(1) X is homeomorphic to «, for some o < w?.
(2) Every basis for X contains a graded w-(cap-)basis.

Proof: If X = a < w?, then any basis for X contains a basis IP such that each p € P
is either a singleton or contains a unique non-zero limit ordinal w(n + 1) such that
p C (wn,w(n + 1) + 1). Taking a further subset if necessary, we can ensure that the
neighbourhoods of any fixed non-zero limit ordinal wn are linearly ordered and hence
T, ={p €P:pC (wnwn+1)+ 1)} consists of atoms together with at most
one decreasing sequence. In particular, each T, is graded and hence P = {{0}} U
an+1€a T, is a graded w-cap-basis.

Conversely, say X is not homeomorphic to any o < w?. We can further assume that
X is second-countable (otherwise X certainly could not have any w-basis and we would
be done). We claim that the non-isolated points of X have some limit point y € X.
Indeed, X = Y U S, for (unique) perfect Y and countable scattered S. If Y # (),
then just take any y € Y. If Y = (), then X = S must be homeomorphic to some
ordinal o > w? and we can just take y to be (the point identified with) w?, which is the
limit of (w(n+1))pew- This proves the claim and it follows that y has a neighbourhood
basis consisting of non-closed open sets — if O is a clopen neighbourhood of y, just
take any non-isolated z € O \ {y} and note that O \ {z} is still open but no longer
closed. These neighbourhoods of y together with all open sets avoiding y thus form a
basis B for X. As X is Hausdorff and hence regular, we can argue as in the proof of
Proposition 1.11 to obtain another basis P C B such that strict containment implies
closed containment (just choose each b > z there so that cl(b) € N{c € Uj<i Cn;
z € c}), ie.

pGq = dp) Cq

As each p € P containing y is not closed, p can never be the union of a finite subset
of P\ {p} (as p would then be the union of their closures too and hence itself closed).
In particular, IP cannot contain a graded w-basis, as each level would then have to
consolidate the next, by Proposition 1.31. O

The following summarises Proposition 1.23, Theorem 1.29, and Theorem 1.34.

Theorem 1.36. FEvery second-countable T1 compactum X has an w-cap-basis P.
Moreover, we can arrange any of the following (but not any two simultaneously).
(1) P is level-injective and the levels P, are members of a given coinitial family of
minimal open covers.
(2) P is predetermined and its elements are members of a given countable basis.
(3) P is predetermined and graded.

1.6. Additional properties. Before moving on, let us examine some other simple
order properties possessed by all cap-bases of T; spaces. Specifically, let us call a
poset P branching if no principal down-set p~ has a singleton band, i.e.

(Branching) p<q = Ir<qg(pLrandrLp).

In particular, this implies that no p € P has a unique predecessor, so the Hasse diagram
of P does indeed branch as much as possible. This even characterises branching posets
among w-posets or, more generally, posets which only have finite intervals.

Proposition 1.37. Any basis of non-empty open sets of a Ty space is branching.
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Proof: Take a basis P of non-empty sets of a T space X. For any p,q € P with p < ¢,
we can take z € p and y € ¢\ p. We then have some r € P with y € r C ¢\ {z}. Note
that p £ r,asx € p\r, and r £ p, as y €  \ p. This shows that P is branching. O

In particular, every poset arising in Theorem 1.29 is branching. It is natural to
wonder if this is the only extra restriction, i.e. does every branching predetermined
w-poset arise as a cap-basis of some (necessarily compact) T; space? In fact, this will
even hold under a certain weaker assumption which we now describe.

First let us define the cap-order relation = on PP by

(Cap-order) QIR < VFCP(FUQe(CP = FUREeCP).

Note it suffices to consider finite F' here, as every cap has a finite subcap. Further
note that = is a preorder containing refinement as a subrelation. In particular, on
singletons it contains the original order <. Let us call a poset P cap-determined if it
actually agrees with < on singletons, i.e. for all p,q € P,

(Cap-determined) p3q = p<q.

More explicitly this means that, whenever p £ ¢, we have some F' C P (which we can
take to be finite) such that F' U {p} is a cap but F' U {q} is not.

Proposition 1.38. FEvery cap-basis of a T1 space is cap-determined.

Proof: Take a cap-basis P of a Ty space X. Whenever p £ ¢, we have some z € p\ g.
As X is T and P is a basis, we can cover X \ p with a subcollection ' C P whose
elements all avoid . Thus FU{p} is a cover of X and hence a cap of P. On the other
hand, no member of F'U {q} contains x so it cannot be a cover of X and is thus not
a cap of P, by (1.1). This shows that P is cap-determined. O

The relationship between these various notions can be summarised as follows.

Proposition 1.39. If P is an w-poset, then

P is branching and predetermined =—> P is cap-determined =— P is branching.

Proof: For the first implication, assume P is predetermined and take any p € P. We
claim that we can recursively construct (pn)n>r(p) such that p, € P, and p is a band
of p5, for all n > r(p). First set Pr(p) = p- Now assume p,, has already been constructed.
If p, is already minimal in P, then it must lie in all levels beyond n too and we may
simply set pp+1 = pn. Otherwise, we can take p,11 < p, such that prH = ps, as
P is predetermined, noting that this implies r(p,4+1) = r(pn) + 1 (otherwise we would
have ¢ > pp41 with r(¢) = r(pns1) — 1 > r(py) S0 ¢ # py, a contradiction). As p is a
band for ps = pjﬂ, it is also a band for pfﬂ = prH U {pn+1}. This completes the
recursion.

Now say that p & ¢. First consider the case where ¢ £ p as well. Let F' = Py \ {p}
so certainly F'U{p} is a cap. However, F'U{q} is not refined by P,,, for any n > r(p),
because P, contains the p, constructed above, which cannot be below any element
of F U {q}, as none of these are comparable with p. Thus F U {¢} is not a cap, by
Proposition 1.13. On the other hand, if ¢ < p, then, as long as P is branching, we
can take r < p, which is incomparable with ¢. The argument just given then yields F
such that F'U{r} and hence F U {p} is a cap while F U {q} is not. This shows that
P is cap-determined.

For the second implication, assume P is cap-determined. So if p < ¢, then we
have F' C PP such that F' U {q} is a cap but F'U {p} is not. Take any n > r(p) such
that P, refines F'U {q}. As F U {p} is not a cap, we have r € P, \ (F U {p})=. In
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particular, r £ p but also p £ r, as r(p) < n < r(r). Moreover, r £ f, for all f € F,
and hence r < ¢, as P,, refines F'U {¢q}. This shows that P is branching. O

Even when P is not cap-determined, B = C' is meant to signify that B is covered
by C in a certain sense, which we will make more precise in (2.1) below. For the
moment, let us just note a few further properties of <. Firstly, as one would expect,
the caps of IP are precisely the maximal elements with respect to 3, i.e.

(1.6) CeCP < PIC.

Indeed, if C is a cap, then B =3 C, for any B C P, as every superset of a cap is a
cap (in particular, we can take B = P). On the other hand, if C = C U () is a cap
and C' 3 A, then A= AU is also a cap (in particular, we can take C' = P).

We also immediately see that the empty set (J is minimal with respect to X, although
in general there can be elements of P that are minimal too. However,

(1.7) P is cap-determined = Vp e P (p Z 0).

Indeed, if p 2 0, then p = ¢, for all ¢ € P, so if P is cap-determined, then p is a
minimum of P, i.e. P = p<. But then {p} itself is already a band and hence a cap,
even though the empty set () is never a cap, contradicting p 3 0.

Lastly, we show that 3 is determined by its restriction to singletons on the left.

Proposition 1.40. For any poset P and B,C C P,

(1.8) BZ3C < YWeB((bz30).

Proof: First let us note that 3 respects pairwise unions, i.e. for all A, B,C C P,
(1.9) A BZC = AUBZC.

To see this, take any F' C IP such that AUBUF € CP. If A <X C, then this implies that
BUCUF € CP. If B X C too, then this further implies that CUF = CUCUF € CP.
This shows that AUB 3 C.

Now if B X C, then certainly b X C, for all b € B. Conversely, if B 2 C, then we
have some D C P such that BUD € CP but C U D ¢ CP. We then have some finite
F C B such that FUD is still a cap and hence F' Z C. If we had f X C, forall f € F,
then (1.9) would imply F' = C, a contradiction. Thus f 2 C, for some f € F C B, as
required. O

We summarise implications between considered properties of w-posets in Figure 1.
The notion of a prime poset is defined in Definition 2.27 in the next section.

Predetermined Level-injective
branching graded
Predetermined
Cap-determined l Graded
/ \ Level-injective
Branching Prime/ kkly graded

FIGURE 1. Implications between properties of w-posets.
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2. The spectrum

In this section, we construct a T; compactum from any poset and relate its topo-
logical properties to the order properties of the original poset.

Throughout this section fix some poset (P, <).

2.1. Selectors. The points of our desired compactum will be certain subsets of P
which contain at least one element from every cap (i.e. ‘transversals’ of the caps).

Definition 2.1. We call S C P a selector if it overlaps all caps, i.e.
(Selector) CeCP = SNC#D.

Equivalently, S C PP is a selector precisely when its complement P\ S is not a cap
(as being a cap and containing a cap are the same thing).
We will be particularly interested in minimal selectors.

Proposition 2.2. Fvery selector contains a minimal selector.

Proof: Note that every cap C contains a finite subcap — bands are finite by definition
so if B is a band refining C', then we can simply choose a finite subset of C' that is still
refined by B. For S to be a selector, it thus suffices for S to select elements from just
the finite caps. The intersection of a chain of selectors is therefore again a selector so
Kuratowski-Zorn implies that every selector contains a minimal selector. O

The first thing to note about minimal selectors is the following.
Proposition 2.3. FEvery minimal selector is an up-set.

Proof: Take a minimal selector S C P. Minimality means that, for every s € S, we
have some C' € CP such that SN C = {s} (otherwise S\ {s} would be a strictly
smaller selector). For any p > s, note that (C'\ {s}) U{p} is refined by C and is thus
also a cap. As S must also overlap this new cap, the only possibility is that S also
contains p. This shows that S< = S, i.e. S is an up-set. O

Moreover, to verify that an up-set is a selector, it suffices to consider a subfamily
of caps B C CP that is coinitial with respect to refinement, e.g. the bands BP or even
just the levels (P,) if P is an w-poset, thanks to Proposition 1.13.

Proposition 2.4. Take an up-set U C P. For any coinitial B C CP,
U is a selector <= U overlaps every B € B.
If P is an w-poset, U is a selector precisely when U is infinite or contains an atom.

Proof: As B C CP, = is immediate. Conversely, say U N B, for all B € B. For
any C € CP, coinitiality yields B € B refining C. This means any b € BN U has an
upper bound ¢ € C, which is thus also in U, as U is an up-set. Thus U is a selector.

Next note that if @ € P is an atom, then a= is a selector. Indeed, for any band B €
BP, the minimality of a implies a € BZ and hence a= N B # (. As a= is up-set and
bands are coinitial in CPP, we are done.

It follows that if U contains an atom, then U is a selector. Now assume P is an
w-poset. If U is infinite, then U contains elements of arbitrary rank. In particular,
U overlaps all levels of P, which are coinitial by Proposition 1.13, showing that U is
again a selector. Conversely, if U is finite and contains no atoms, then we have a level
of P which is disjoint from U, showing U is not a selector. O
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2.2. Spectra. As alluded to above, minimal selectors will form the points of the
desired compactum SIP that we are about to define. While the definition of SIP applies
to arbitrary PP, it is best behaved when PP is an w-poset, as we will soon see. For ex-
ample, minimal selectors are then special kinds of filters, as noted in Proposition 2.13
below, just like in many more classical topological dualities. Under suitable regularity
conditions, they can even be characterised as the maximal round filters, as shown
below in Proposition 2.41.

First let us define the power space of P as the power set PP with the topology
generated by the subbasis (p§)per, where

pS ={SePP:pe S}

Equivalently, this is the topology we get from identifying every S C P with its char-
acteristic function yg € 2F, where 2 = {0, 1} is the Sierpiriski space (where {1} is
open but {0} is not) and 2% is given the usual product topology.

Definition 2.5. The spectrum is the subspace of PP consisting of minimal selectors
SP = {S CP: S is a minimal selector}.

So SP has a subbasis consisting of the sets p§ = p§ N SP, for p € P. From now on
we will usually drop the subscript and just write pg as p<.
By Proposition 2.3, minimal selectors are always up-sets so, for all p,q € P,

p<q = p=Cqc.

We can thus view the sets (p€),ep as a more concrete representation of the poset P

as a subbasis of a topological space. However, this representation may not always

be faithful, at least with respect to the original ordering, i.e. it is possible to have

p€ C ¢€ even when p £ ¢. It is even possible for p€ to be empty, for some p € P.
For example, consider the graded w-poset P = w x {0,1} where

(n,0) < (n',¢') < n'<nandd§ <4

The levels of P are then given by Py = {(0,0)} and P, = {(n,0),(n — 1,1)}, for
all n > 0. The only minimal selector is then w x {0} so (n,1)€ =0, for all n € w.

The representation p — p€ will, however, be faithful with respect to 3, as defined
in (Cap-order). In particular, it will be faithful with respect to the original order
precisely when P is cap-determined.

Proposition 2.6. For any A,B C P,

(2.1) AZB +— UaEQUbE.
acA beB

Proof: By (1.8), it suffices to consider a singleton A = {a}.

Now take a minimal selector S € a€. Minimality means we have a cap C € CP such
that C NS = {a}. If a 3 B, then it follows that BU (C'\ {a}) is a cap and hence
BNS=(BU(C\{a}))NS #0, as S is a selector, i.e. S € [J,cp bS. This shows that
a C Upep b€

Conversely, if a Z B, then we have F' C P such that {a} U F' is a cap but BU F is
not. This means P\ (BU F) is a selector and hence contains a minimal selector S, by
Proposition 2.2. As {a} U F is a cap and F is disjoint from S, it follows that a € S so
S € a®\Uyep b€, as B is disjoint from S, i.e. S witnesses a€ € |J,c g bE. O

For any C' C P, we denote the corresponding family of open sets in SP by
Cs={c*:ceC}.
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Corollary 2.7. The map p — p© is an order isomorphism from IP onto the canonical
subbasis Ps of the spectrum precisely when P is cap-determined.

Proof: For any p,q € P we have
p<q = p3q = p~Cq°

by (2.1) and former observations. The remaining implication p < ¢ < p 3 ¢ is
equivalent by definition to P being cap-determined. O

Proposition 2.6 yields the first fundamental properties of the spectrum.

Proposition 2.8. The spectrum is a compact T space. Moreover, C' C P is a cap
precisely when the corresponding subbasic sets Cs cover the whole spectrum.

Proof: Given any distinct S,7 € SP, minimality implies that we have s € S\ T
and t € T\ S. This means S € s€ Z T and T € ¢t # S, showing that SP is T;.

By (1.6), C C P is a cap precisely when P 3 C, which is equivalent to saying
Cs covers the entire spectrum, by (2.1). As every cap contains a finite subcap, X is
compact, by the Alexander—Wallman subbasis lemma (see [33] or [1]). O

The spectrum can also recover a space from the order structure of a cap-basis.

Proposition 2.9. If P is a cap-basis of a Ty space X, then
x2S ={peP:xep}
is a homeomorphism from X onto SP.

Proof: Take any x € X. By assumption, any cap C' € CP is a cover of X and hence
we have some ¢ € C containing z, i.e. ¢ € € N C. This shows that z€ is a selector.
Now take any p € x€. For any y € X \ p, we have some q € y€ \ €, as X is T;. This
means C' = {p} U (P \ z€) is a cover of X and hence a cap of P with C' Nz€ = {p}.
Thus z€ is a minimal selector.

On the other hand, for any selector S € SP, we know that P\ S cannot cover X
(otherwise it would be a cap with SN (P\ S) = (), a contradiction). So we can
pick z € X not covered by P\ S, which means z€ C S. If S is a minimal selector,
then this implies € = S. This shows that SP = {z€ : z € X}. Also z # y implies
z€ #£ y€, as X is Ty, so z — z€ is a bijection from X onto SP.

Finally, note that z — € maps each p € P onto p©, as

rEp = pecat = zFepc.

As P is a (sub)basis of X and (p€),ep is a subbasis of the spectrum SP, this shows
that the map x — x€ is a homeomorphism from X onto SP. O

Spectra thus yield a large class of spaces.

Corollary 2.10. Every second-countable compact T1 space arises as the spectrum of
some predetermined branching graded w-poset.

Proof: By Corollary 1.27, any second-countable compact T space X has a graded
w-band-basis P, which is predetermined, by Theorem 1.34, and branching, by Propo-
sition 1.37. Moreover, its spectrum SP is homeomorphic to X, by Proposition 2.9. [

Remark 2.11. Any graded w-poset is determined by the order relation between con-
secutive levels. By Corollary 2.10, we should therefore be able to construct any
second-countable compact T; space by recursively defining relations between finite
sets IPo,P1,... and then looking at the spectrum of the resulting poset P = J,, ., Pn.
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The exact nature of the construction will of course depend on the space we wish to
construct, as we will soon see in the examples of the next subsection. In future work,
we will examine more examples constructed within the framework of Fraissé theory
as it applies to certain subcategories of relations between graphs.

In Lemma 1.32, we saw how graded posets arise from consolidations. Conversely,
levels of graded posets correspond to consolidations in the spectrum.
Note that P,,s below refers to the s operation applied to the n'® level of P, i.e.

P,s = {p€:peP,}.
Proposition 2.12. IfP is a graded w-poset, then P,,s consolidates P,s when m < n.

Proof: If P is an w-poset and m < n, then certainly P, < IP,, and hence P,s < P,,s.
Now take any p € P,,. For any S € p€, minimality yields C' € CP with C NS = {p}.
Then we have k > n with P, < C and hence P, NS C p=. As P is graded, for
any ¢ € P, NS, we have r € P, N (g,p) C ¢ C S and hence S € r€ C p€. Thus
p€ = J{r€ : r € P, NpZ}, showing that P,,s consolidates P,s. O

Before moving on, however, let us make a couple more observations about spectra
arising from general w-posets. The first thing to note is that every element S of the
spectrum of an w-poset is not just an up-set but even a filter, i.e.

(Filter) p,g€ES <= IreS(r<p,q)

(note that = means S is down-directed while <= just means S is an up-set).
Proposition 2.13. If P is an w-poset, then every S € SP is a filter.

Proof: Assume P is an w-poset and take a minimal selector S € SP. For any ¢,r € S,
we have caps C, D € CP such that CN.S = {¢} and DNS = {r}. By Proposition 1.13,
C and D are refined by levels of P. As the levels are linearly ordered by refinement,
we can find a single level L € CP which refines both C and D. As S is a selector,
we can take s € SN L. As L refines C and D, we have ¢ € C and d € D such that
s < ¢,d and hence ¢,d € s= C S. But ¢ and r are the only elements of S in C and D
respectively so ¢ = ¢ > s and r = d > s, which shows that S is down-directed. By
Proposition 2.3, S is also an up-set. O

Corollary 2.14. If P is an w-poset, then Ps is a basis for SP.

Proof: Whenever S € p€ N ¢S, we have r € S with r < p, ¢, by Proposition 2.13. But
this means S € r€ C p€ N ¢, showing that Ps is a basis. O

This yields a kind of converse to Theorem 1.34.
Corollary 2.15. Any cap-determined w-poset P arises as a cap-basis of a T1 space.
Proof: Immediate from Corollary 2.7, Proposition 2.8, and Corollary 2.14. O

2.3. Examples. Our spectrum generalises the well-known construction of a metris-
able Stone space from the branches of an w-tree (sometimes called its branch space,
as in [10, §III] for example). Of course, the advantage of our spectrum, as applied
to more general graded w-posets, is that we can also construct connected spaces, the
simplest example being the arc.

Example 2.16. Let X be the arc, which we can take to be the unit interval [0, 1] in
its usual topology. Define open covers (Cy,) of X by

Cp = {int([(k — 1)/271, (k +1)/27+1)) 1 < b < 27+ — 1),
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So each C,, consists of 2"t — 1 evenly spaced intervals, each of length 2~". Then
P =, c, Cn is a predetermined graded w-poset, by Lemma 1.32, which can also be
seen directly from its Hasse diagram, as drawn below.

[0,1]

Note that P is a cap-basis, by Proposition 1.17 (or Lemma 1.32(2)). By Proposi-
tion 2.9, the spectrum of P then recovers the original space X, i.e. the arc. A more
combinatorial construction of the arc could thus proceed as follows — first define re-
lations between finite linearly ordered sets P,, such that each element of PP, is related
to three consecutive elements of P, 11 and consecutive pairs in P, are related to ex-
actly one common element in P, ;. Then let P = (J, ., Pn with the order defined

from the relations between consecutive P,’s. Finally, define the arc as the spectrum
of P.

The following example shows that a basis forming a cap-determined poset is not
necessarily a cap-basis, i.e. the converse of Proposition 1.38 is not true (although the
poset will yield a cap-basis of a different space, namely its spectrum, which will be a
quotient of the original space — see Corollary 2.46 below).

Example 2.17. Let Y be the unit circle in the complex plane with the usual topology,
and let 0: R — Y be the covering map z — €*™®, so the restriction 6: [0,1] — Y is
the quotient map identifying the endpoints. We define open covers (D,,) of Y by

D, = {0[((k —1)/2" ' (k+1)/2" )] : 0 < k < 2"},

So each D,, for n > 1 consists of 2"*! evenly spaced arcs of length 27/2". In par-
ticular, Dy consists of the images of the intervals (—1/4,1/4), (0,1/2), (1/4,3/4),
and (1/2,1). We put Dy = {X} and Q = {J,,,, Dn- As in the previous example, Q is
a predetermined graded w-poset and a cap-basis of Y so the spectrum of Q recovers
the space Y, i.e. the circle.

Let C! = C, U{[0,1/2"F 1)U (1 —1/2""1 1]}, where C,, is the cover of the arc X =
[0, 1] from the previous example for n > 1 and Cj = Cy = {X}, and let P' = J,,., Cy,.
Observe that p — int(0[p]) is an isomorphism of posets P’ — Q. It follows that P’ is a
cap-determined poset and an open basis of X (as it contains the original cap-basis P),
but is not a cap-basis of X (as its spectrum is the circle and not the arc).

Our primary interest is in Hausdorff spaces, but our spectrum can indeed produce
more general T; spaces. Some of these are not even sober (< each irreducible closed
set has a unique dense point), like the cofinite topology on a countably infinite set.

Example 2.18. Let X = w with the cofinite topology (i.e. non-empty open sets
are exactly the cofinite ones), and let P = {p,; : i < n,n € w}, where p,; =
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(w\n+1)U{i}, so poo = w, p1o = w\ {1}, p11 = w\ {0}, p2o = w\ {1,2},
p21 =w\ {0,2}, poa =w\ {0,1}, and so on. Clearly, {p,,; : n > i} is an open basis
at i € X, and so IP is an open basis of X.

Every prn.i, © < n € w, has exactly two immediate predecessors: p,41; and pr41,n+1,
and so every p, ; with ¢ < n # 0 has a unique immediate successor p,,_1 ;, while p,, ,,
with n # 0 has all elements p,,_;,; for ¢ < n — 1 as immediate successors. It follows
that P is a predetermined branching atomless graded w-poset, as shown in Figure 2,
with disjoint levels P, = {pp; : ¢ < n}.

The levels PP, are minimal covers of X since p,; is the unique set containing i.
Also, every PP, is a consolidation of P41 since py, i = Dn+1,i U Pnt1,nt1. Altogether,
P is a cap-basis of X by Lemma 1.32.

N

FI1GURE 2. The poset P for the cofinite topology on w.

However, this does not have an uncountable extension.
Example 2.19. An uncountable set X with the cofinite topology has no cap-basis.

Proof: Suppose Q is a subbasis of X consisting of non-empty and so cofinite sets. By
the A-system lemma, there are pairwise disjoint finite sets R and F,,, o € wy, such
that D = {X\ (RUF,) : @ € w1} CP. Let B C P be any band. Since B is finite,
there is b € B comparable to uncountably many elements of D. Since b is cofinite,
it cannot be below uncountably many elements of D. Hence, b is above uncountably
many elements of D, and so b O X \ R. It follows that the finite upwards closed
family F = {b C X : b D X \ R} is a selector.

If Q were a cap-basis, a minimal selector contained in F' would correspond to a
point of X with a finite local (sub)basis, by Proposition 2.9, which is impossible. [J

The following gives an example of a spectrum that is not a first-countable space.

Example 2.20. Let x be an infinite cardinal, let X = & U {oo} be the one-point
compactification of x with the discrete topology, and let P = {F,k\ F' : F C k finite}\
{0} be the finite-cofinite algebra on x minus the bottom element. For every o € &,
let S, = {a}< be the principal filter generated by {a}, and let S.. be the family of
all cofinite elements of P. We show that the map f: X — SP defined by x — S, is a
homeomorphism.

Proof: Since S, is an up-set and {a} is an atom in P, S, is a selector as every
band contains an element above {a}. Moreover, S, is a minimal selector since every
subselector S C S, has to overlap the band {{a},x \ {a}} and so contains {a}. By
Proposition 2.2 there is a minimal selector S’ C S, and it is equal to S, as it is an
up-set (Proposition 2.3) containing {a}.
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Soo 18 a selector since every band is finite and so has to contain a cofinite element.
For every finite F' C &, the family {{a} : « € F} U {k\ F} is a band, and so every
selector either contains an atom {a} or contains all cofinite elements. Hence, S is a
minimal selector, and SP = {S, : a € k} U {Sx}.

We have already shown that f is a bijection. Now for every finite F' C k we have
FE€E={Sy,:aeF}and (k\F)¢ ={S,:a ¢ F}U{Swx}, and so the elements of P
correspond to basic open sets of X. O

2.4. Subcompacta. Next we examine closed subsets of the spectrum.

Proposition 2.21. Any Q C P determines a closed subset of SP given by
Q2={SeSP:SCQ}.

Proof: If S € cl(Q=), then every subbasic neighbourhood p€ containing S must also
contain some T' € Q=. In other words, for every p € S, we have T € SP withp € T C
Q. Thus S C Q, showing that S € Q= and hence cl(Q=) = Q=. O

In fact, every closed subset of the spectrum of an w-poset arises in this way.

Proposition 2.22. If P is an w-poset, then the closure of any X C SP is given by
2
(2.2) c(X) = (U X) .

Proof: By the previous result, (U X )2 is a closed subset of SIP which certainly con-

tains X. Conversely, if S € (U X);7 then, for any p € S, we have some T € X
with p € T, i.e. every subbasic neighbourhood of S contains an element of X. How-
ever, if P is an w-poset, then (p€)yep is actually a basis for SP, by Corollary 2.14.

Thus this shows that S € ¢l(X), which in turn shows that cI(X) = (U X)Q. O

Let us call @ C P prime if ¢ 2 P\ Q, for all ¢ € Q, where 3 is the relation
from (Cap-order). Put another way, this means that @ must overlap every subset
which is cap-above any element of @, i.e. for all C C P,

(Prime) Q3¢q3C = QNC#0.

Indeed, if ¢ Z P\ Q and ¢ 3 C, then C € P\ @, i.e. QN C # 0, showing (Prime)
holds. Conversely, if Q 3 ¢ 3P\ Q, then P\ Q itself witnesses the failure of (Prime).

It follows that any non-empty prime ¢ C P is automatically a selector — if ¢ € @
and C' € CP, then certainly ¢ = C and hence Q N C # (). Actually, more is true.

Proposition 2.23. Prime subsets are precisely the unions of minimal selectors.

Proof: Take a minimal selector S C P. For every s € S, minimality yields F C S\ P
such that FU{s} is a cap. But S\ P(= (S\P)UF) is not a cap, simply because S is
a selector, so F' witnesses s Z S\ P. This shows that every minimal selector is prime
and hence the same is true of any union of minimal selectors.

Conversely, take any prime Q C P. For every ¢ € @, this means ¢ Z P\ @ so we
have S € ¢\ UpelP’\Q pS, by (2.1), and hence ¢ € S C Q. This shows that Q is a
union of minimal selectors. O

In fact, as long as P is an w-poset, the minimal selectors forming a prime subset @
determine the spectrum of () when considered as an w-poset in its own right.

Proposition 2.24. If P is an w-poset and Q C P is prime, then SQ = Q=.
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Proof: First we claim that the atoms of any prime @ C P must already be atoms in P.
Indeed, any ¢ € Q is contained in some S € Q=. If ¢ is not an atom in P, then we have
some level P,, disjoint from ¢=. Making n larger if necessary, we may further assume
that SNP,, C ¢2, as S is a minimal selector, and hence () # SNP,, C ¢~, showing that
¢ is not an atom in S C . This proves the claim and hence CQ = {C'NQ : C € CP},
by Proposition 1.18. But if S € Q and C € CP, then SNC =5SNCNQ # 0, so
it follows that S is a selector in P if and only if S is a selector in . The same then
applies to minimal selectors, i.e. SQ = Q=. O

In this way, prime subsets of P correspond exactly to closed subsets of SP.

Corollary 2.25. If P is an w-poset, then we have mutually inverse order isomor-
phisms between prime Q@ C P and closed subsets X of the spectrum SP given by

(2.3) Q+—SQ and X +—|JX.

Proof: By Proposition 2.21, Proposition 2.23, and Proposition 2.24, X + (J X and
Q +— Q=2 = SQ take prime selectors to closed subsets and vice versa. By Proposi-
tion 2.22, X = (U X)2 whenever X is closed. By Proposition 2.23 again, Q = [ J(Q=)
whenever @) is prime. Thus these maps are inverse to each other. O

Remark 2.26. The frame of open subsets of SP can thus be obtained directly from P.
Specifically, complements of prime subsets ordered by inclusion form a frame F which
is order-isomorphic to the open subsets of SP, by Corollary 2.25. Thus F can be viewed
as a kind of completion of P, once we identify each p € P with p~ € F.

Definition 2.27. Let us call a poset P prime if it is prime in itself, i.e. if p& # 0 or,
equivalently, p Z 0, for all p € P.

While there do exist non-prime w-posets (e.g. P = w x {0, 1}, mentioned just before
Proposition 2.6), every w-poset P contains a prime w-subposet | JSP with exactly the
same spectrum, by Proposition 2.24. Also, cap-determined w-posets are necessarily
prime, by (1.7), as are level-injective w-posets.

Proposition 2.28. Fvery level-injective w-poset is prime.

Proof: If P is level-injective, then every level of P is a minimal cap. For any p € P,
this means Py(,,) \ {p} is not a cap and hence p Z ), showing that PP is prime. O

Theorem 2.29. If P is a prime w-poset, then Ps is an w-cap-basis for SP.

Proof: We already showed that Ps is a basis in Corollary 2.14.

Now take a cover of SP from Ps, i.e. of the form Cs, for some C C P. Then C'is a
cap of P, by Proposition 2.8, and is thus refined by some band B C P. This implies
Bs is a band of Ps which refines Cs, showing that Cs is a cap of Ps. Conversely, caps
of Ps are covers, by Proposition 1.7, seeing as p€ # (), for all p € P, as P is prime.
This shows that Ps is a cap-basis.

Next say that we have p € P and infinite @ C P such that p€ G ¢, for all ¢ € Q.
Then p ¢ QS C S > p, for any S € p€, even though Q= is an infinite up-set and
hence a selector, contradicting the minimality of S. Thus Ps is Noetherian and every
element of Pg has finite rank.

Now say Ps has an infinite level Ps,,, which must cover SPP, by Proposition 1.12.
Take minimal L C P with Ls = Ps,,, which must be an antichain in P, as Lg is an
antichain in Ps. By Proposition 1.15, L cannot be a cap, i.e. P\ L is a selector and
hence contains a minimal selector S ¢ |J Lg, contradicting the fact that Lg covers SP.
Thus Ps has finite levels and is thus an w-poset. O
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When P is prime and X = p€ in (2.3), the union | J X can be described in simple
terms using the common lower bound relation A = > o0 <, i.e. p A ¢ means there exists
some r € P below both p and ¢ or, more symbolically,

pAq <= TIreP(pqg>r).

Note that the following is equivalent to saying that pAq holds precisely when p©Ng< #
0.

Proposition 2.30. If P is a prime w-poset, then, for all p € P,
(2.4) UpS =p".

Proof: If P is an w-poset, then every S € p€ is a filter, by Proposition 2.13, and hence
S C p”, showing that |Jp® C p”. Conversely, if P is prime and p A g, then, taking
any r € pZ N¢=, by assumption we have some S € r€ C p€ N g€ and hence q € |Jp<,
showing that p” C |Jp®. O

Incidentally, this result also holds for any cap-basis P of a space X (which again

applies to all cap-determined w-posets, by Corollary 2.15). Indeed, in this case
pAg = pnq#,

forif p,g Dr € P, then pNq # 0, as r # 0 (see the comments after Definition 1.10).
Conversely, if x € p N g, then, as P is a basis, we have r € P with x € r C pNyq.
Proposition 2.9 then yields Jp© = U, ¢, 2 = .

Here is another simple observation about A that will soon be useful.
Proposition 2.31. For any p,q € P and C € CP,

pAqg = JeeC (pAchq).

Proof: If C € CP, then we have B € BP with B < C. If p A q, then we have r < p, gq.
As B is a band, we then have b € BN(r<Nr2). If b < r, then b < p, ¢, b, while if r < b,
then r < p, ¢, b. In either case p Ab A q and hence pAcAgq, for any ce CNbS. O

2.5. Stars. For Hausdorff spectra, stars play a particularly important role. Specifi-
cally, as in [25, §2.3], we denote the star of p € P in C' € CP by

Cp=Cnp".

The first thing to observe is the following.
Proposition 2.32. Stars are never empty.
Proof: For any p € P and C € CP, certainly pAp so Cp # (), by Proposition 2.31. O

For any C' € CP, let us define a relation <i¢ on P by

p<dcq < (Cp<gq.

Note that <i¢ is also compatible with the ordering, i.e. for all p,p’, q,q" € P,
(Compatibility) p<p <dcqd <q = p<cyq.
Indeed, if p < p’ <¢ ¢ < g, then Cp C Cp' < ¢ < g, i.e. p<¢ q. Also
(Transitivity) p<doq<cr = p<cor,

as the left-hand side means C'p < ¢ and hence C'p C Cq < r, thus giving the right-hand
side. Also note that refining the cap results in a weaker relation, i.e. for all B, C' € CP,

(2.5) B<(C = <¢ C<pg.
Indeed, if B < C and p <¢ q, then pB < pC < ¢, i.e. p <p q.
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The star-below relation is the minimal relation <1 on P containing all of these

(Star-below) = U <c,
Cecp
i.e. p < ¢ means p <¢ ¢, for some C € CP and hence some B € BP, by (2.5). Whenever

p <¢ g, for some C € CP, note that we can always replace C with D = C'\ ¢ZU{q} €
CP. In other words, <1 could also be defined more explicitly by

p<q < 3C e CP(Cp={q}).

We again immediately see that <1 is compatible with the ordering. As long as PP is
an w-poset then it is also transitive — in this case any B,C € CP has a common
refinement D € CP and so p <p g <¢ r implies p <p ¢ <p 7, by (2.5), and hence
p <p r, by (Transitivity). We also see that <C A and even

(2.6) No <1 CA.

Indeed, if p A ¢ < r, then we have s < p with s < g < r and hence s <¢ r, for
some C' € CP. Then Proposition 2.32 yields t € C's so p > s At < r and hence p A r.
The significance of < is that it represents ‘closed containment’ in the spectrum.

Proposition 2.33. If P is an w-poset, then, for all p € P,
(2.7) p<q = () Cq.
The converse also holds when P is also prime.

Proof: Tf p <1 ¢, then we have C' € CP with Cp < ¢. Take S € cl(p€) = (Up€)7,
by (2.2). By Proposition 2.13, all minimal selectors are filters so |Jp® C p” and
hence S C p”. It follows that () 2 SNC C Cp < g and hence g € S = S, i.e. S € ¢€.
This shows that cl(p€) C ¢€.

Now assume P is prime. If p 4 ¢, then Cp £ g, for every C € CP, i.e. p" \ gz is
a selector. By Proposition 2.3, we have a minimal selector S C p" \ ¢© and hence
S eph2 = (Upe)2 = cl(p®), by (2.2) and (2.4) (this is where we need P to be
prime). Thus S € cl(p€) \ ¢€ witnesses cl(p€) & ¢°. O

In particular, p <1 ¢ implies p€ C ¢€ and hence p 3 ¢, by (2.1), so
P is a cap-determined w-poset — < C <.

However, there are non-cap-determined w-posets with <« ¢ <. For example, if we take
P = —w, then, for any p, ¢ € P, we see that C = {min(p, ¢)} is a band with Cp = C' < ¢
and hence p < ¢, i.e. 9=PxP ¢ <.

There is one other situation worth noting, though, when p < ¢ implies p < q.

Proposition 2.34. If P is an w-poset and p € P is an atom, then p< = p=.

Proof: Take a level L containing p and note that pL = {p}. Indeed, if I € pL, then
we have ¢ € p= N 12 so ¢ = p, as p is an atom, and hence [ = p, as distinct elements
of L are incomparable. Thus p < g implies p <1, ¢. Conversely, if p < ¢, then we have
a band B with p <ip ¢q. Thus we have b € B comparable to p and hence p < b, as p is
an atom. Thus b € Bp < q and hence p < b < q. O

But sometimes we can replace < with <t N <. First let us call R C P round if

(Round) R C RY,
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i.e. Risround if each r € R is star-above some ¢ € R. Let us also call S C P star-prime
if it overlaps every star of every element of S, i.e.

(Star-prime) peS and CeCP = SNCp#0.

For example, P itself is always star-prime, by Proposition 2.32.

Proposition 2.35. IfP is an w-poset and S C P is both round and star-prime, then,
for every r € S, we have s € S such that both s <r and s < r hold.

Proof: Take any r € S. If S is round, then we have p,q € S and C, D € CP with p <¢
q <p r. If P is an w-poset, then we have B € CP refining both C' and D. If S is
star-prime, then we have s € Bp N S. We then have ¢ € C with ¢ > s A p and
hence ¢ € Cp < ¢q. So s < ¢ < g < r and hence s < 7, by (Compatibility). On the
other hand, we also have d € D withd > s < gsod € Dg<randhences <d<r. [

If P is round, we can also improve on (2.6) as follows.

Proposition 2.36. If P is round, then
AN=ANo<.

Proof: We already know A D Ao <, by (2.6). Conversely, say p A ¢, so we have r €
p= Ng=. If P is round, then we have s </ r so p,q I> s, by (Compatibility), and hence
pAs <gq, by (2.6) again, showing that A C Ao <. O

To say more, we will also need the caps to be ‘round’ in an appropriate sense.
2.6. Regularity. The key condition for Hausdorff spectra is regularity.
Definition 2.37. We call P regular if every cap is <-refined by another cap, i.e.
(Regular) CP C CP<.

Equivalently, here we could strengthen <i-refinement to star-refinement where

(Star-refinement,) C star-refines D <= C <¢ D.

Proposition 2.38. An w-poset P is reqular precisely when every band or cap is star-
refined by another band or cap.

Proof: One direction is immediate from the fact that star-refinement is stronger
than <-refinement. Conversely, say P is regular and take D € CP. By regularity
and (Compatibility), we have B € BP with B <1 D, i.e. for each b € B, we have C} €
CP and d;, € D with Cyb < dp. As B is finite and P is an w-poset, we have A € BP
with A < Band A < Cy, for all b € B. For every p € A, we then have b € B with p <b
and hence Ap < Cyp C Cypb < dp, showing that A <14 D. O

In regular w-posets, the spectrum consists of round filters. In fact, it suffices to
consider L C PP that are merely linked in that p A ¢, for all p,q € L.

Proposition 2.39. FEvery round linked selector is minimal. If P is an w-poset,

every minimal selector is round <= P is reqular.

Proof: If S is round, then, for any s € S, we have t € S and C € CP with ¢t <¢ s. If
S is also linked, then SN C C Ct so this implies SN C < s and hence (C'\ S) U {s}
is a cap, as it is refined by the cap C. As SN ((C'\ S)U {s}) = {s}, if S is also a
selector, then this shows that it must be minimal.

Now if P is not regular, then we have C' € CPP\ CP<. This means that C* does not
contain any cap, i.e. P\ C” is a selector and hence contains some minimal selector S,
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by Proposition 2.3. In particular, we have some ¢ € C'N S and hence s < ¢, for
all s € S, showing that S is not round.

Conversely, say P is a regular w-poset and take a minimal selector S. For any s € S,
minimality yields C' € CP such that SN C = {s}. As P is regular, we have D € CP
with D <1p C. As S is a selector, we have d € DN S. Taking ¢ € C with d <p ¢ and
hence d < ¢, it follows that ¢ € S so s = ¢ > d, showing that S is round. O

Regularity thus means that the spectrum is Hausdorff/regular/metrisable.
Corollary 2.40. IfP is an w-poset, then
P is reqular = SP is Hausdorff.
The converse also holds as long as P is prime.

Proof: If P is a regular w-poset, then, whenever S € p<, Proposition 2.39 yields g € S
with ¢ < pso S € ¢¢ and cl(¢€) C p€, by (2.7). This shows that SP is a regular space
and, in particular, Hausdorff.

Conversely, if P is a prime w-poset that is not regular, then, by Proposition 2.39,
we have some non-round S € SP, i.e. we have ¢ € S\ S s0 cl(s€) € ¢, for all s € S,
by Proposition 2.33. This means that S has no closed neighbourhood contained in ¢,
showing SP is not a regular space. This, in turn, means that SIP is not even Hausdorff,
as we already know that SP is compact, by Proposition 2.8. O

We can now also characterise minimal selectors in regular w-posets as follows. In
particular, in this case the spectrum consists precisely of maximal round filters, just
like those considered in compingent lattices in [29] and [32].

Proposition 2.41. If P is a reqular w-poset, then
SP={S CP:S is a round linked selector}
={S CP:S is around filter selector}
={S CP: S is a mazimal round filter}.

Proof: By Proposition 2.39, every round linked selector is minimal and every minimal
selector is round. By Corollary 2.14, every minimal selector is also a filter and, in
particular, linked. This proves the first two equalities.

For the last, first note that any round filter R containing a selector S must again be
a selector and hence a minimal selector, by what we just proved, which implies R =
S. This shows that round filter selectors are always maximal among round filters.
Conversely, say M is a maximal round filter. If M were not a selector, then it would
be finite and not contain any atoms of P, by Proposition 2.4. As M is a filter, finiteness
implies it has a minimum m, but then M = m= would not be maximal, as m is not
an atom, a contradiction. Thus M is a selector. O

When the space X in Proposition 1.23 and Theorem 1.29 is Hausdorff, minor mod-
ifications of the proofs allow us to construct the cap-bases so that strict containment
implies closed containment, i.e.

pSqa = cp)Caq
In terms of the resulting poset, this means < C < (and we can likewise modify the
proof of Theorem 3.10 below when P is regular to ensure < C < on the subposet Q).
When < C <, our spectrum consists precisely of the wltrafilters, i.e. the maximal filters
in P. This ultrafilter spectrum is just like that considered for Boolean algebras in the
classical Stone duality (originally formulated in terms of maximal ideals — see [30])
and has also been considered for general posets more recently in [21].
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Corollary 2.42. If P is a reqular w-poset with < C <, then
SP={U CP:U is an ultrafilter}.

Proof: Assume PP is an w-poset with < C <. Take an ultrafilter U C P. If U has no
minimum, then it is round because < C <. If U has a minimum m, then this must be
an atom, by maximality, in which case m <1 m so U is again round. So all ultrafilters
are round and hence these are precisely the maximal round filters. The result now
follows immediately from Proposition 2.41. O

However, for graded posets, this only happens when < is reflexive. In this case the
spectrum has to be totally disconnected and so this never happens for the continua
(& connected compacta) we are primarily interested in.

Proposition 2.43. If P is a graded w-poset with < C <, then < is reflexive.

Proof: Assume P is an w-poset with < C < and take any p € P. If p is an atom,
then, in particular, p < p. If p is not an atom, then F = p= N Py (p)+1 is a finite set
with p” = Usep 2. As < C <, we then have C' € CP with f <¢ p, for all f € F.
Take any g€ Cp, so g€ C and we have r < p,q. If r = p, then ¢ = p because p =1 < ¢
would imply ¢ > f and, in particular, ¢ € C'f < p, for any f € F, a contradiction. On
the other hand, if r < p, then » < f, for some f € F', which implies ¢ € C'f < p. In
either case, ¢ < p, showing that Cp < p, i.e. p ¢ p. As p was arbitrary, this proves
that < is reflexive. O

Regularity also yields the following characterisations of prime subsets.

Proposition 2.44. Consider the following statements about some S C P.
(1) S is prime.
(2) S is star-prime and round.
(3) S is a round up-set whose atoms are all already atoms in P.

If P is an w-poset, then (2) = (3) = (1). If P is also reqular, then (1) = (2) as well.

Proof: (2) = (3) If S is round, then, for any p € S, we have ¢ € S and C € CP
with ¢ <¢ p. For any ¢t > p, this means D = (C'\ Cq) U {t} is refined by C and is
thus also a cap with Dg = {t}. If S is also star-prime, then ¢ € S, showing that S is
an up-set. Moreover, if p is not an atom in P, then we can choose B € CP refining C
with p ¢ B (e.g. take t < p and B = P, for some n > r(t) with P,, < C). As S is
star-prime, we then have r € SN Bg < Cq < p. Thus S > r < p, showing that p is
not an atom in S either.

(3) = (1) Take any p € S. If we have some atom a of P with a < p and hence a < p,
then a= is a minimal selector containing p. Otherwise, assuming S is round and has
no extra atoms, we can recursively define a sequence of distinct p, € S with p = pg
and p, > ppy1, for all n € w. As long as S is also an up-set, the upwards clo-
sure U = J,co ps is then a round linked selector. In particular, U is a minimal
selector containing p, by Proposition 2.39. So S is a union of minimal selectors and
thus prime, by Proposition 2.23.

(1) = (2) Now if P is regular, then every S € SP is round and linked, by Proposi-
tion 2.39. Thus, for every s € Sand C € CP, ) £ SNC C SNCs,ie. SNCs # 0.
So every minimal selector is round and star-prime and hence the same applies to
any union of minimal selectors. By Proposition 2.23, these are precisely the prime
subsets. O
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As P itself is always star-prime, the above result implies that, in particular, any
round w-poset is prime and, conversely, any regular prime w-poset is round. Also, if
< C < (e.g. if P is a cap-basis of proper open subsets of a continuum), then no round
subset can contain any atoms, making the last condition in (3) superfluous, i.e. in
this case every round up-set is prime (and conversely if P is also regular).

Lastly, we note that linked selectors can be made round by taking the star-up-
closure.

Corollary 2.45. If P is reqular and S C P is a linked selector, then S< € SP.

Proof: First note S< is linked, by (2.6). To see that S< is a selector, take any C €
CP. As P is regular, we have B € CP with B < C. As S is a selector, we have
b€ BNS. Then we have ce C NbY C C N SY, as required. To see that S is
round, take any t € S, so we have s € S and C € CP with s <¢ t. As P is regular,
we have B € CP with B < C. As S< is a selector, we have b € BN SY. Then we
have ¢ € CNbY C CNSIT C Cs, again by (2.6), so b < ¢ < ¢, showing that S is
indeed round. Thus S< is a minimal selector, by Proposition 2.39. O

This gives us the following variant of Proposition 2.9, showing that Example 2.17
is one instance of a more general phenomenon where the spectrum of a regular w-basis
is a quotient of the original compactum.

Corollary 2.46. IfP C PX \ {0} is a regular w-basis of a T1 space X, then
nz)=2"={peP:3geP(zecqg<p)}

defines a continuous map n: X — SP. If X is compact, then n is also a closed sur-
jective map. In this case, 1 is also injective precisely when P is a cap-basis.

Proof: Take any x € X and first note that =€ is linked, as P is a basis. Also any C' € CP
covers X, by Proposition 1.7, and hence overlaps z€, showing that = is also a selector.
By Corollary 2.45, €< € SP, showing that n maps X to SP. Continuity is then
immediate from the fact that ~1[p€] = (Jp™, for all p € P.

Now assume X is compact. First we claim that, for all p,q € P,

p<q = cl(p) Cq.

To see this, just note again that any C' € CP covers X, by Proposition 1.7, and hence
p <¢ ¢ implies cl(p) C |JCp C ¢, as P is a basis. By Proposition 2.39, any S € SP is
round and so this means (.S = (), g cl(s) # 0, as X is compact. Taking any = € (.S,
it follows that S C z€ and hence S C S< C 2. Thus S = 29, as < is a minimal
selector, showing that 7 is surjective.

Similarly, we can show that 7 is a closed map. To see this, take any closed Y C X
and any S € cl(n[Y]). By compactness, § =Y N S(=Y N[ cqcl(s)) would imply
that Y N F = 0, for some finite ' C S. As S € cl(n[Y]) N N;cp [, we would
then have y € Y with 7(y) € ;cp f€. But this means F' C y<< C < and hence y €
YN F =0, a contradiction. Thus we must have some y € YN(Ss0S C S C y&<
and hence S = y&< € n[Y], showing that n[Y] is closed.

If P is a cap-basis, then x€ is already a minimal selector so < = z€, for any x € X,
and hence 7 is injective, by Proposition 2.9. Conversely, if IP is not a cap-basis, then
X has a cover C C P which is not a cap. Thus P\ C' is a selector and hence contains
a minimal selector S, again with (S # 0, by compactness. If we had (S = {z}, for
some x € X, then x would lie in some ¢ € C. But then (]S \ ¢ = 0, so compactness
would yield finite F C S with (| F\ ¢ = 0. As P is a basis, we would then have s € S

with # € s C (| F and hence s\ ¢ = (), meaning s C ¢ and hence ¢ € s C S,
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contradicting S C P\ C. Thus [ S contains at least two distinct x,y € X, necessarily
with S C € Ny€ and hence S = n(x) = n(y), showing that 7 is not injective. O

2.7. Subcontinua. Next we examine connected subsets of the spectrum.

While the open subset p€ coming from a single p € P may not be connected, subsets
of P can still form analogous ‘clusters’. First let us extend A to subsets A, B C P by
defining

AANB <= ZJac AT e B(aNbd).

We call C C P a cluster if
(Cluster) A#0#B and AUB=C = AAB.

In other words, C is a cluster precisely when it is connected as a subset of the graph
with edge relation A. Put another way, C fails to be a cluster precisely when C has
a non-trivial discrete partition {A, B}, meaning A # 0 # B, ANB=0, AUB =C,
and aZ Nb> = (), for alla € A and b € B.

The first thing to observe is that clusters are ‘upwards closed’. For convenience,
here and below we let Cp =Clp =C NP x D), forany C CPx P and D CP.

Proposition 2.47. If C C P is a cluster and C < D, then C=DP is also a cluster.

Proof: Say C<P = AU B, where A # () # B and hence AZ¢ # () # BZ¢. If C < D,
then C = AZc UBZc If C is also a cluster, then we must have ¢ € A2¢ and d € B2¢
with ¢ A d. This means we have a € A and b € B with a > ¢ A d < b and hence a A b,
showing that C'<? is also a cluster. O

Connected subsets of the spectrum yield clusters in all caps.

Proposition 2.48. If P is an w-poset and X C SP is connected, then CN|{JX is a
cluster, for every cap C' € CP.

Proof: If CN|J X were not a cluster, for some C' € CP, then it would have a discrete
partition {A, B}. As every minimal selector in an w-poset is a filter, this means
Y = Ugeaa® and Z = | J,c 5 b€ are disjoint non-empty (as p& # 0, for all p € [J X)
open subsets covering X, contradicting its connectedness. O

Recall from Proposition 2.21 that any @ C P defines a closed subset of the spec-
trum Q=2 = {S € SP: S C Q}. As a converse to the above, we can show that if QN C
is a cluster, even just coinitially often, then Q= is connected.

Proposition 2.49. If P is a reqular prime w-poset and Q C P is an up-set selector,
{C eCP:QNC is a cluster} is coinitial in CP = Q= is connected.

Proof: If P is a regular w-poset, then SP is Hausdorff, by Corollary 2.40. Thus if Q=
were not connected, then we would have A, B C P such that the corresponding open
sets O = J,c4 a and N = |J,c 5 b€ form a disjoint minimal cover of Q=. Assuming
P is also prime (and hence a A b implies a€ N b€ # ()), this means a= N b= = (), for
alla € Aand b € B.

If @ is an up-set selector and {C' € CP : @ N C is a cluster} is coinitial in CP,
we claim that @ \ (A U B) is still a selector. Indeed, this means that any D € CP is
refined by some C € CP such that @ N C is a cluster. Then D' = (QNC)<P C QN D
is also a cluster so Q N D C AU B would imply that D’ is contained in either A
or B. Assume D’ C A. Take S € N N Q=, so we have some b € BN S. As S is a
selector, SN C # ) and hence we also have a € (SNC)<P C D’ C A. But then a A b,
as a,b € S, a contradiction. Likewise, we get a contradiction if D’ C B, so the only
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possibility is that, in fact, @ "D € AU B. As D was an arbitrary cap, this shows
that @ \ (AU B) is still a selector and hence contains some minimal selector 7. But
then T € Q= \ (O U N), again a contradiction. Thus Q= is connected. O

In particular, Proposition 2.48 and Proposition 2.49 tell us that if P is a regular
prime w-poset, X C SP is closed, and C = {C eCP:JXNCisa cluster}, then

X is connected <= C =CP <= C( is coinitial in CP.

Hereditarily indecomposable spaces have been a topic of much interest in continuum
theory since the discovery of the pseudoarc (see [7] and [20]). Here we will show how
to characterise them in terms of certain ‘tangled’ refinements. These are more in
the original spirit of Bing’s crooked refinements, in contrast to the crooked covers
introduced by Krasinkiewicz and Minc to characterise hereditary indecomposability
(as discussed in [18], [24], and [2]).

First let us recall some standard terminology for a compactum X. We call any
closed connected ¥ C X a subcontinuum. We call X indecomposable if it is not
the union of two proper subcontinua. We call X hereditarily indecomposable if every
subcontinuum is indecomposable (note here that we do not require X itself to be
connected, although that is the case of primary interest). This is equivalent to saying
that any two subcontinua of X that overlap are comparable, i.e. one is contained in
the other.

This motivates the definition of a ‘tangled’ refinement. Specifically, we call a re-
finement A C P of B C P tangled if, for all clusters C, D C A,

CAND = CCDSBZ or DC(CSBZ,

More explicitly, C' C D<2Z means that every ¢ € C shares an upper bound in B with
some d € D, while D C C<22 means that every d € D shares an upper bound in B
with some ¢ € C'. We denote tangled refinements by %, i.e.

A3— B <= Ais a tangled refinement of B.

In particular, A & B implies A < B. Next we show that tangled refinements are
auxiliary to general refinements in the sense that if A is a tangled refinement of B,
then any refinement of A is a tangled refinement of any family refined by B.

Proposition 2.50. For any A, A’,B,B’ C P,
AA<As+— B <B = A 9— B
Proof: Take clusters C, D C A’ so C<4 and D=4 are then also clusters. If C' A D,

then C<4 A D=4 and hence, by the definition of &, either CSa C DSasB2 C D<BZ2
or DS4 C C=4S<BZ C 0<BZ If CS4 C DSBZ then A’ < A and B < B’ imply

C C CSa2 ¢ pSB22 — D<B2 C DSBSE'22 C DSB'2,
Likewise, if DS4 C C<BZ, then D C C'<5'Z, showing that A’ & B'. O
Let us call P € FP a path if P is a path graph with respect to the relation A, which
means we have an enumeration {p1,...,p,} of P such that
pjApy <= |j—kl <Ll

For paths, tangled refinements can be characterised in a similar manner to the crooked
refinements from [7] used to construct the pseudoarc, as we now show.

Note that any cluster in a path P is also a path and each pair ¢, € P is contained
in a unique minimal cluster /subpath, which we will denote by [g, r]. We further define

lg,7) = [g, 7]\ {r}, (¢;7] = [g,7] \ {q}, and (¢,7) = [g,7] \ {q,7}.
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Proposition 2.51. If P,Q C P are paths with P < Q, then
(28) P3+— Q <= Va,deP3be€ a,d|Ice(b,d]Tq,r€Q (a,c < q and b,d <)
(2.9) = Va,d € P3be [a,d)3c € [bd ([a,d] C[a,b]S2=N]e, d]S22).

Proof: Assume the right-hand side of (2.8) holds. To show that (2.9) holds, take
any a,d € P. Then we have g, h € Q with [a,d]< = [g, h] and we may pick a’,d’ € [a,d]
with @’ < g and d' < h. If pS@ = {g}, for some p € [a, d], then we may further ensure
that a’S@ = {g} and, likewise, if pS@ = {h}, for some p € [a,d], then we may further
ensure that d’<@ = {h}. By (2.9), we have b € [@/,d’] and ¢ € [b,d’] with a’,c < ¢ and
b,d < r,forsome q,r € Q. If a’S@ = {g}, then ¢ = g and hence [¢, d'|<?Z = [¢g,h]Z D
[a,d]. On the other hand, if a’S@ # {g}, then p=@ # {g} and hence p= N (g, h] # 0,
for all p € [a,d], which again yields [c,d’|S2Z D (g, h]Z D [a,d]. Likewise, we see that
[a’,b]<@Z D [a,d]. Expanding [a’,b] and [c,d'] to include a and d then shows that
(2.9) holds.

Now assume (2.9) holds and take any clusters/subpaths A, D C P with AAD. This
means AU D = [a,d], for some a,d€ P, so we have b€ [a, d], ¢ € [b,d] satisfying (2.9).
It follows that A or D must contain [a, b] or [c,d] and hence that D C ASeZ or A C
D=eZ eg.if [a,b] C A, then D C [a,d] C [a,b]=2= C ASeZ. This shows that P & Q.

Finally, assume that P & @ and take any a,d € P. Then we have b € [a, d] such
that b shares an upper bound in @ with d but no element of [a,b) does. As P & @,
this implies [a,b) C [b,d]S?Z and, in particular, we have some ¢ € [b,d] sharing an
upper bound in @ with a (because a € [a,b), as long as a # b, while if a = b, then we
can just take ¢ = a too). This shows that the right-hand side of (2.8) holds. O

In the next result it will be convenient to consider a slight weakening of 3. Specif-
ically, let us call a refinement A C P of B C P weakly tangled, denoted A %, B, if,
for all clusters C, D C A,

CND#0) = CCDSBZ or DCCSBZ,
We call P (weakly) tangled if every cap has a (weakly) tangled refinement, i.e.

((Weakly) Tangled) CeCP = 3D ecCP (D 93—, C).

We immediately see that A < B &, C implies A & C' so
P is regular and weakly tangled = P is tangled.

The following result thus tells us that, among prime regular w-posets, those with
hereditarily indecomposable spectra are precisely the tangled posets.

Theorem 2.52. If P is an w-poset, then
P is weakly tangled = SIP is hereditarily indecomposable.

The converse holds if P is also regular and prime.

Proof: Assume SP is not hereditarily indecomposable, so we have overlapping incom-
parable subcontinua Y, Z C SP. So we can take S € Y\ Z and T' € Z\Y and obtain a
minimal open cover of SP consisting of the sets SP\ Y, SP\ Z, and SP\ {S,T'}. This is
refined by some basic cover (¢%).cc, necessarily with C' € CP, by Proposition 2.8. Now
take D € CP with D < C. By Proposition 2.48, we have clusters A = DN JY and
B =DnNJZ, necessarily with ANB #0,as Y NZ # (. We also havea e DNS C A
and b € DNT C B. Taking any ¢ € C with a < ¢, we see that S € a® C ¢ and
so ¢€ ¢ SP\Y and ¢€ ¢ SP\{S, T}, the only remaining option then being ¢ C SP\ Z.
But whenever B 3V < ¢ € C, we see that b/ € |JZ, so we have U € Z with ¥’ € U
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and hence U € b'€ C ¢/S. Thus implies ¢S ¢ SP\ Z and hence ¢’ # ¢. Likewise, we
see that b has no common upper bound in C' with any element of A. This shows that
D is not a weakly tangled refinement of C. As D was arbitrary, this shows that P is
not a weakly tangled poset, thus proving =.

Conversely, assume P is regular and prime but not weakly tangled, so we have C €
BP such that D %, C, for all D € CP. Take a coinitial decreasing sequence (C,,) C BP
with Cy < C. As C,, % C, we have overlapping clusters A,,, B, C C),, such that
A, ¢ B5°Z and B,, ¢ A5c=. Taking a subsequence if necessary, we can obtain
clusters A, B C C with AS¢ = A and B=¢ = B, for all n€w. Taking further subse-
quences if necessary, we may assume we have clusters D,,,, E,,, C C), with AEC’” =D,
and BEC’" = F,, whenever m < n. Note that D,, C BZ would imply

<c,2 > >> > <c>
Anp1 CACT =Dy € B2 C B® = ByoF,

a contradiction. Thus D,, ¢ BZ and, likewise, E,, ¢ A=, for all n € w.

Now note that @ = e, Upsm A5 is an up-set such that Q N C = A5c =
Aand QNC, = Af_f{‘ = D, for all n € w. It follows that Q= is connected,
by Proposition 2.49. Likewise, we have an up-set R = (,,c., Up>m By such that
RNC = B and R2 is connected. Also Q' =J, .., (Dn \ BZ)S C Q\ B is a selector
and hence contains a minimal selector in Q= \ R=2, seeing as R N C = B. Likewise,
R =U,co(En\ AZ)S C R\ A contains a minimal selector in B2\ Q=. Lastly note
that 0 £ D, NE, C QN R, for all n € w, so Q N R also contains a minimal selector
in Q2N R=2. Thus Q= and R= are incomparable overlapping subcontinua and hence
SPP is not hereditarily indecomposable. O

3. Functoriality
Here we examine order-theoretic analogues of continuous maps, using these to
obtain a more combinatorial equivalent of the usual category of metrisable compacta.
Throughout this section, fix some posets P, Q, R, and S.
For extra clarity, we will sometimes use subscripts to indicate which poset we are
referring to, e.g. <p and < refer to order relations on P and Q respectively.

3.1. Continuous maps.

Definition 3.1. We call 1 C Q x P a refiner if
(Refiner) CQ C CP*-,
i.e. if each cap of Q is refined by some cap of P.
For example, in this terminology a poset is regular precisely when the star-above

relation > C P x P is a refiner.
We can use refiners to encode continuous maps as follows.

Proposition 3.2. If P is an w-poset and ¢: SP — SQ is continuous, then

(3.1) ¢Tsp = ¢ [¢°] 2p°
defines a refiner g C Q X P such that ST¢ = ¢(S) for every S € SP.

Proof: Any C € CQ defines a cover Cs of SQ, which in turn yields a cover (¢p~1[c€])cec
of SP. If IP is an w-poset, then Ps is a basis for SIP, by Corollary 2.14, so we have B C P
such that Bs refines (¢~ '[c€]).cc, with respect to inclusion, and hence B refines C,
with respect to Cy = j;17 i.e. B4 C. By Proposition 2.8, B is a cap of IP, so this
shows that T4 is indeed a refiner.
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If ¢ € ST¢, then there is some p € S with ¢~1[¢S] D p€ > S so ¢(S) € ¢ and
hence ¢ € ¢(S). On the other hand, if ¢ € ¢(5), i.e. ¢(S) € ¢, then by continuity
there is some p € S such that ¢~'[¢¥] 2 p®. Hence ¢ O, p € S s0 g € S&2. O

A relation 13 C P x Q is A-preserving if, for all p,p’ € P and ¢q,¢ € Q,

(A-preservation) gapAp Cqd = qn¢q.
As long as PP is prime and Q is an w-poset, the refiner 7, defined in (3.1) will also
be A-preserving. Indeed, if P is prime, then, for any p,p’ € P and s < p,p’, we have
S € SP containing s. If ¢ Ty p and ¢’ T, P/, then ¢,¢' € ¢(S) and hence g A ¢,
assuming Q is an w-poset, by Proposition 2.13.

Conversely, as long as we restrict to regular posets (and hence Hausdorff spectra),
we can define continuous maps from A-preserving refiners.

Proposition 3.3. IfP is an w-poset and Q is a reqular poset, then any A-preserving
refiner 1 C Q x P defines a continuous map ¢—: SP — SQ by

(3.2) 9-(8) = 557,
If Q and R are also reqular w-posets and 3 C R x Q is another A-preserving refiner,
(3.3) $50 ¢33 = ¢z0o.

Proof: For any S € SP, we see that ST is a linked selector, as 1 is a A-preserving
refiner. Thus S&< € SQ, by Corollary 2.45, showing that ¢ maps SP to SQ. For
continuity just note that ¢5'[¢€] = Upcoaq P 18 open, for any ¢ € Q.

Next note that the larger subset S&=USE< is still linked, because C is A-preserving
and Ao <4C A, by (2.6). If Q and R are also regular w-posets and 3 C R x Q is
another A-preserving refiner, then it follows that STF and S=<F are again selectors
with linked union. Now, for any C' € CR, we have A, B € CR with A <4 B <1 C. We
then have a € ANSEE and o' € ANSE<E, necessarily with a Aa’. We then also have
be Bandc e C with a,a’ < b < ¢ and hence ¢ € SEEI N SEIEI N . This shows
that SEE<I N SE<E< ig a selector and hence, by the minimality of ¢5,+(S) = SEEJ
and ¢5 o ¢—(S) = SEIEC it follows that ¢5 0 ¢—(S) = d505(9). O

Let K denote the category of metrisable compact spaces and continuous maps,
and let P denote the category of regular prime w-posets and A-preserving refiners
(note that these are closed under composition and that idp is always a A-preserving
refiner). We already have a map S from objects P € P to SP € K and we extend this to
morphisms 7 € P2 (= refiners in Q x P) by setting S(7) = ¢ € Kgg (= continuous
maps from SP to SQ — in general, for any objects A and B of a category C, we denote
the corresponding hom-set by C& = {m : m is a morphism from A to B}).

The previous results can thus be summarised as follows.

Theorem 3.4. The map S: P — K is an essentially surjective full functor.

Proof: For every S € SP we have ¢iq,(S5) = S< = S since every minimal selector in a
regular w-poset is round, by Proposition 2.39, and so S(idp) = idsp for every P € P.
Together with (3.3), this shows that S is a functor.

Moreover, S is essentially surjective because every metrisable compactum X is
homeomorphic to SP for some cap-determined w-poset P, by Corollary 2.10, which is
necessarily prime, by (1.7), and regular, by Corollary 2.40.

The functor is full by Proposition 3.2 since, for every pair of prime regular w-
posets P and Q and every continuous map ¢: SP — SQ, we have ¢ = S(T,) (because
¢=,(S) = S=¢< = St¢, as S&¢ is already round, by Proposition 3.2 and Proposi-
tion 2.39). The refiner Ty is A-preserving since our w-posets are prime. O
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Remark 3.5. We could turn the above result into an equivalence of categories by
simply identifying 1,3 € Pg whenever ¢— = ¢5. Then S factors as Eo Q, where E is
an equivalence and Q is the quotient functor. However, what we would really like is
a more combinatorial formulation of the quotient category. We will achieve this in
§3.3 via a certain category S with the same objects as P but more restrictive ‘strong
refiners’ as morphisms under a modified ‘star-composition’.

With (3.1) in mind, one might expect that ¢ 1 p is equivalent to ¢5'[¢€] D p€.
However, both implications may fail, even for A-preserving refiners on regular w-

posets. The best we can do at this stage is to show that two weaker relations are
equivalent.

Proposition 3.6. Whenever 1 € P%,
¢dp = ¢"2p"7 = ) 2 oot
Proof: For the first =, just note that ¢ 3 p implies p"=< C ¢"< C ¢".
If ¢" D p"E<, then, for any S € p<,
$5(8) = ST Cpt C " = Jd5,
by (2.4), and hence ¢—(S) € cl(¢€), by (2.2). This proves the = part.

Conversely, say cl(¢€) 2 ¢5[p€] and take r € p"=<. Then we have s € p* Nr>-
and S € p€ N s€, as P is prime (see (2.4)), necessarily with r € s=< C ST< = ¢—(9).
As ¢+(S) € ¢5[p€] C cl(¢), it follows that r € p—(S) C Jg¢€ = ¢, by (2.2) and (2.4)
again. This shows that ¢”* D p"E<, as required. O

By Proposition 2.33, ¢ > r 3 p then implies ¢ D cl(r€) 2 cl(¢5[p€]) and hence
$35'[a°] 2 63" [el(¢=[p<])] 2 cl(p©), ie.

(3.4) qodp = ¢5'[¢F] D cl(p®).
Later we will show how to turn this into an equivalence using star-composition.

3.2. Homeomorphisms. By Theorem 3.4, isomorphisms in P yield homeomor-
phisms in K. We can also obtain homeomorphisms of spectra from much more general
pairs of refiners, even between non-regular posets.

Let zZp C P x P be the cap-order =~ C PP x PP restricted to singletons, i.e.

pZepr = Pz} = p*2p*
(see (2.1)). Likewise define g € Q x Q and let Zp = 75" and Zg = ?\j@l If these
have subrelations coming from compositions of a pair of refiners between them, then

these refiners yield mutually inverse homeomorphisms between their spectra.

Proposition 3.7. If 3 C Q x P and 3 C P x Q are refiners satisfying
Jo3CZg and Jo1C Zp,
then S — S& and T — T are continuous maps between SP and SQ satisfying
S =SF and T =TFC.

Proof: First note S& is a selector in P whenever S is a selector in Q. Indeed, for
any D € CQ, we have C' € CP with C C D, as 1 is a refiner. As S is a selector, we
have ¢ € SN C. We then have d € D with ¢ C d and hence d € S= N D.

Likewise, any selector T' in Q gives rise to a selector TF in P, which in turn yields
another selector TEC = TE°C C T<¢ in Q. If T is a minimal selector, then 7= C T,
by (2.1), and hence T®- = T. Moreover, TF contains some minimal selector S, by
Proposition 2.3. It follows that S= C T®F = T', which implies S= = T, by minimality.
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This in turn implies S = S&F = TE, i.e. TF was already minimal. This shows that
S+ SC and T — T are mutually inverse bijections. Lastly, note that the preimage
of any subbasic open set ¢< with respect to the map S — S© is given by U, <,
which is again open, showing that S — ST is continuous. Likewise, T + TF is also
continuous, as required. O

We can also obtain a kind of converse to Proposition 3.7 by noting that
Ty © Ty & Tyogs
for any ¢: SP — SQ and ¢: SQ — SR, as r 3, ¢ J, p means 1~ 1[r€] D ¢ so
Wod) '€l = ¢ [T [r€]] 2 67 g%] 2 p°.

In particular, if P and Q are w-posets and ¢: SP — SQ is a homeomorphism, then

Te-1 © Jp € Tidge and Tg 0 Tg-1 € Tiag,- But ¢ Tigg, p just means ¢€ 2 p€, which
is equivalent to g 7~ p, by (2.1). So this shows that

Te-10dp C ~p and e 0 Jg—1 C i@.

The following corollary of Proposition 1.13 shows that subposets of an w-poset
containing infinitely many of its levels all have homeomorphic spectra.

Corollary 3.8. If P is an w-poset, Q C P, and PQ N BP is coinitial in BP, then
S+ SNQ and T +— TS are continuous maps between S € SP and T € SQ satisfying

(SNQ)S=S and (TSNQ)=T.
Proof: We claim that the caps of QQ are precisely the caps of P contained in Q, i.e.
CQ=CPNPQ={CcCP:CCQ}

Indeed, if CP > C C Q, then, as Q contains a coinitial subset of BP, we have some
B € BPN PQ C BQ refining C and hence C' € CQ. Conversely, take some B € BQ.
For sufficiently large n € w, the cone P" will contain B and hence the level P, will be
disjoint from B<. As Q contains a coinitial subset of BP, we have C' € BPNPQ C BQ
refining P,,, which is thus also disjoint from B<. But B is a band of Q so this implies
that C C BZ, i.e. C refines B and hence B is also a cap of P. This shows that all
bands of Q are caps of P and hence the same applies to caps of Q as well, proving the
claim.

Thus the restrictions Zg and 2% of >p to Q x P and P x Q are refiners satisfying
>20>F C >q C =g and >5 0 >2 C >p C 7p. Noting 5<% = §NQ and T<¢ = T<,
for all S € SIP and T € SQ, the result now follows from Proposition 3.7. O

We can also obtain a similar order-theoretic analogue of Theorem 1.29. First, we
need the following order-theoretic analogue of Lemma 1.28. Let

Pp={peP:p30}.

Also note that D Zp B below is equivalent to saying that D refines B, with respect
to the Zp relation on P (which is stronger than just saying D = B, for the relation 3
on PP).

Lemma 3.9. If P is an w-poset, B is a cap, and C is a finite subset of P\ Py on
which Zp is just <, then there is a minimal cap D Zp B and minimal caps (Eq)aep
with d € Eq such that, for allc € C and d € D,

(3.5) cZBs\{d} = d<c¢ and ¢3d = c=d and c= € SP.
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Proof: For all F C C, we will recursively define Dp C B%F N ﬂfeF fZ such that
Ep = Dy U(C\ F) is a cap, where Dy = |Jgcp De is minimal with this property
(incidentally, D can be empty for many F C C). In particular, D =Dy, is a minimal
cap. Also, if d € Dp, then C 3 ¢ Z Ep \ {d} 2 C\ F implies ¢ € F and hence
d € D < ¢, proving (3.5) when we take E; = Ep.

To perform the recursive construction, first note that every ¢ € C' is contained in
a minimal cap, as C NPy = (). As P is an w-poset, these have a common refinement
with B in CP, which then refines C'U (B=\ C=<*). So this must also be a cap and we
can then let Dy be any minimal subset of BZ \ C<* such that C'U Dy is a cap.

Once D¢ has been defined, for G g F, note that, for each f € F, we have a
cap Ep\(y} = Dip\ 5y U{f}U(C\ F). Each c € C'\ F is also again contained in a
minimal cap. These have a common refinement with B in CP, necessarily refining

E. = ELU ((320 N f2>\(C\F)5ﬂ’>, where Ej = | J DaU(C\F).

fer GGF

Thus E}, is a cap. Now say ¢=* is a selector, for some ¢ € F. If ¢ 3 E/, then Ef, X E,
so EY. is also a cap and we may set Dp = (). On the other hand, if ¢ 2 E%, then, in
particular, ¢ Z ) so ¢=* € SP and ¢<* N B= NNyer f= #0, as E, is a cap. This means
c€E Bz“”ﬁﬂfeF fZ, as Zp is just < on C, so we may set D = {c}. Otherwise, f= is
not a selector, for all f € F, and hence E’% has a common refinement in CP with each
complement P\ f=¢, which in turn must refine £ U (BZ N Nier 2\ C3*). So this
last set is a cap and we may let Dr be a minimal subset of (B2 N ﬂf€F fz) \C:ﬁ?
such that E% U D is a cap. As Dp C (\;cp fZ this implies that D%}, = Uccr Pa
is minimal such that D} U (C'\ F) is a cap — otherwise we would have d € D¢, for
some G G F, such that (D% \ {d}) U (C'\ F) is a cap refining D¢, \ {d} U (C'\ G),
contradicting the minimality of Dg,. O

Above, Zp is again just < on CUD. Indeed, for any ¢ € C and d € D, d Zp ¢ implies
¢ 2 Eq\ {d} (otherwise d 3 E4\ {d}, contradicting the minimality of FE;) and
hence d < ¢. On the other hand, ¢ Zp d implies ¢ = d and, in particular, ¢ < d.

This yields the following order-theoretic analogue of Theorem 1.29. Essentially it
says that, given any w-poset P, we can always revert to a branching predetermined
w-subposet Q without significantly affecting caps or the spectrum (although it is
worth noting that, even if P is graded, there is no guarantee Q will be graded too).

Theorem 3.10. FEvery w-poset P contains a predetermined branching w-poset Q
with CQ = CP N PQ such that SP is homeomorphic to SQ via the maps

S+—SNQ and T —s TP,

Proof: Recursively define minimal caps (Dy,)new and (E})5E5  of P as follows. First

let Dy be any minimal cap and set E{ = Dg \ {d}, for all d € Dy. Once Dy, has been
defined, use the lemma above to define Dy, Zp By and (Es)deDk+1 satisfying (3.5),
where we take C' = C}, = Ujgk D; and B = Pj. Note that then Dy refines Dy, — for
any d € Dyy1, EX\{d} is not a cap and so we must have some ¢ € Dy(C Cy) with ¢ 2
E%\ {d} and hence d < ¢, by the first part of (3.5). As Dy is a minimal cap, it must
then also corefine Dy.y1. Moreover, as noted above, Zp is just < on Q = Unew D,.
This and the second part of (3.5) imply that Dyy; N Dy consists only of atoms of Q.
Thus Q is an w-poset with levels Q,, = D,,, for all n € w, by Corollary 1.20.
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By Proposition 1.13, every C € CQ is refined by some Q,, = D,, € CP, implying
that C € CP. Conversely, if C € CPNPQ, then, again by Proposition 1.13, it is refined
by some P,, and hence D,, Zp C. As Zp is < on Q, it follows that D,, < C and hence
C € CQ. This shows that CQ = CP N PQ.

It then follows that idg C Q x Q C Q x P is a refiner. As Q,, Zp Py, for all n € w,
we have another refiner J = Zp NP x Q. Moreover, idg o € >¢ C Zg and Joidg =
T C zp so Proposition 3.7 yields mutually inverse homeomorphisms S + S'de = SNQ
and T — TC = T<* between SP and SQ.

In particular, (¢€)4eq is a basis of SP, one which is order-isomorphic to Q, as
Zp is just < on Q. Thus Q is branching, by Proposition 1.37. To see that Q is
also predetermined, say d € Q,, is not an atom in Q. Take any ¢ € Q,41 such that
q Z B2\ {d}. Note that q < ¢, for some ¢ € Q,,, necessarily with ¢ 2 E¢\ {d} and
hence d < ¢, which then implies ¢ = d, as Q,, is an antichain. Thus ¢ < d because d is
not an atom in Q. Likewise, if ¢ < ¢, for some ¢ € Qy, necessarily with k > n, then
d < ¢ so ¢< = d=, showing that Q is indeed predetermined. O

In order to prove that spectra of regular w-posets are homeomorphic we can also
use a back-and-forth argument analogous to Proposition 3.7.

Proposition 3.11. If we have regular w-posets P and Q with coinitial sequences (Cy,)C
CP and (D,,) C CQ as well as co-N-preserving surjective C, C C,, X D, and E,, C
Dyy1 x Cp with £y 0 Cp € <g and Cpy1 0 Ey C <p, foralln € w,

C = U(l:,,LO<]Dn) and E = U(Enoan)

new new

define N-preserving refiners 1 and 3 such that ¢5 o0 ¢ =idsp and ¢ o 5 = idsg.

Proof: As Q is regular, J is a refiner. To see that 1 is A-preserving, take a € Cp,
and b € C), with a A b. If m = n, then e A f whenever a ,, e and b C,, f, by the
assumption that —,, = [, is A-preserving, and hence the same applies whenever
a Cm o <g,, €and b Ty 0 ¢, f. Now assume that m > n and take any e, €/, f, f’
with a Ty, € <p,, ¢ and b T, f <p, f’. The surjectivity of the given relations then
yields ¢ € C), and d € D,, satisfying

eEm—1°Cm-1°9Em—2-"""Cht+1°EncCy d.

As Cpq1 0 E, € <p, for all n € w, it follows that ¢ < ¢ and hence b A c. As C,, is
co-A-preserving, it follows that f A d and hence d < ', as f <p, f'. Also e < d,
as Ep o, C <g, for all n € w, so e < f" and hence e’ A f/, as e <p,, €. A dual
argument applies if m < n, thus showing that 1 is indeed A-preserving.

Likewise, 3 is A-preserving and hence we have continuous maps ¢—: SP — SQ and
¢5: SQ — SP as in (3.2). To see that ¢50¢— = idsp, take any S € SP. For any A € CP,
we have B € CP and n € w with C,, <¢, B < A. We then also have E € CQ and
m >n+1with D, <p,, £ < Dyy1. As S is a selector, we have s € SN C,. The
surjectivity of all the relations involved then yields a € A, b€ B, c € Cy, d € Dy41,
e€ E,and f € D,, with

SCm f<p,, edE, c<g, b<a.
This means s C e < d and hence d € ¢—(5). Likewise, d E b < a and hence a €
d5(05(S)). Now surjectivity again yields g € D,, and p € C,, with
f Em—10Cm-1°Em-2""Cnt1 ¢ Enp.

As E, 0, € <g, for all n € w, it follows that f < ¢ and hence d A q. As E,, is co-A-
preserving, this implies ¢ A p and hence p < b < a. Noting s < p, as Cp41 0 E,, C <p,
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for all n € w, it follows that a € SS< = S. We have thus shown that SN ¢=(¢5(S5)) N
A #£ D, for all A € CP, i.e. SN ¢5(p5(S)) is a selector. As S and ¢5(¢—(S)) are
minimal selectors, this implies S = ¢5(¢(.5)). This shows that ¢5 o ¢ = idsp and
a dual argument yields ¢ o ¢5 = idsg. O

As an application of Proposition 3.11, we can use it to give an alternative proof of
Corollary 2.10, at least in the Hausdorff case, one which gives us more control over
the levels of the poset, like in Proposition 1.23.

Let the gradification Pg of an w-poset P be the disjoint union of its levels, i.e.

Pe=| | Pn=JPnx{n}

new new

To define the order on Pg, we first define the predecessor relation < by
(pyn) <(g,m) < p<gand m<n.

Let <9 be the equality relation on Pg and recursively define <l = <Moo = <0<,
i.e. <™ is just the composition of < on Pg with itself n times. Finally let < = UnEW <n
on Pg. In particular, the strict order < on Pg is just the transitive closure of the
predecessor relation defined above.

The following result is now immediate from the construction.

Proposition 3.12. If P is an w-poset, then Pg is an atomless graded w-poset with
PGn = Pn X {TL}

Let us call an w-poset edge-witnessing if common lower bounds of elements in
any level are always witnessed on the next, i.e. whenever ¢,r € P, and ¢ A r, we
have p € P,,41 with p < g and p < r. Likewise, we call an w-poset star-refining if each

level is star-refined by the next, i.e. Ppyq <p, , Py, for all n € w.

Proposition 3.13. The spectrum SP of any edge-witnessing star-refining w-poset P
is always homeomorphic to the spectrum of its gradification SPg.

Proof: For all n € w, define C,, C Pg, X P, and £,, C P11 X Pg,, by

(pn)Crnqg <= p=gq,
PEn(g;n) <= p<q.

For each n € w, we immediately see that C,, and £, are surjective, ,, is co-A-pre-
serving, E, 0 Cp € <p and Cpy1 0 E, C <p.. As P is edge-witnessing, £, is also
co-A-preserving. As IP is star-refining, so is Pg. In particular, both P and Pg are regular
so SIP is homeomorphic to SPg, by Proposition 3.11. O

Let us illustrate the usefulness of the above result with snake-like spaces. First let
us call an open cover S a snake if its overlap graph is a path, i.e. if there exists an
enumeration si,...,s, of S such that

SmNsy #0 < |m—n| <1

We call X snake-like if every open cover is refined by a snake (this is a standard
notion in continuum theory, also called chainable as in [23, §12.8]). In particular,
every snake-like space is compact because snakes are finite. Also, if X =Y U Z for
non-empty clopen Y and Z, then any refinement of {Y, Z} cannot be a snake, i.e.
snake-like spaces are necessarily connected as well.

Proposition 3.14. Fvery metrisable snake-like X has a graded w-band-basis whose
levels are all snakes.
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Proof: As X is connected, any minimal subcover of a snake is again a snake. As X is
metrisable and snake-like, we thus have a countable collection C of minimal snakes
which are coinitial w.r.t. refinement among all open covers. By Proposition 1.23, we
have a subfamily forming the levels of a level-injective w-cap-basis P. By Proposi-
tion 2.9, the spectrum SP is homeomorphic to the original space X. If necessary, we
can replace P with a subposet consisting of infinitely many levels which is also edge-
witnessing and star-refining. By Corollary 3.8, SP will still be homeomorphic to X,
as will SPg, by Proposition 3.13. As each level of Pg corresponds to a snake in SPg
and hence X, we are done. O

3.3. Star-composition. Let us define the star J* of any 1 C Q x P by
qO*p < 3ICeCP(CpC q).

For example, the star-above relation is the star of both > and idp, i.e. idp = >* = >.
If T4 is defined by containment relative to some ¢: SP — SQ, as in (3.1), its star,
then corresponds to closed containment.

Proposition 3.15. If P is a prime regular w-poset and ¢: SP — SQ is continuous,
¢ p = ¢ '[¢F] 2 d(pF).

Proof: Say q T p, so we have C' € CP with ¢ 3y ¢, for all ¢ € Cp, and hence
¢~'1g%] 2 (Cp)© 2 p"2 = cl(pF),

by (2.2) and (2.4) (if S€p”=2, then S C p” so we have c€ C N SCCp and hence S €
(Cp)€). This proves the = part.

Conversely, assume ¢~ 1[¢S] D cl(p€). As Ps is a basis for SP, we have a cover Cg
of SP such that either ¢& C ¢=1[¢€] or ¢& C SP\ cl(p®), for all ¢ € C. Thus C € CP,
by Proposition 2.8, and ¢& C ¢~ ![¢€], whenever ¢ € Cp. This means ¢ J, ¢, for
all ¢ € Cp, so C witnesses ¢ 7 p. O

Another thing we can note immediately about stars is the following.
Proposition 3.16. If 1 C Q x P is A-preserving, then so is J*.

Proof: Say T is A-preserving. If ¢ O* p and ¢’ OJ* p/, then we have C,C’ € CP
with Cp C g and C'p' C ¢'. If p A p’, then Proposition 2.31 yields ¢ € Cp with c A p'.
Then Proposition 2.31 again yields ¢ € C'p’ with cAc’. Thus ¢Aq¢’, as ¢ JcAd T ¢
and T is A-preserving, showing that J* is also A-preserving. O

Also, stars do not change the up-closures of round star-prime subsets.
Proposition 3.17. For any 3 C Q x P and S C P,
(3.6) S is round and star-prime —> ST =S8F.

Proof: If S is round, then ST = S<E C §'C. On the other hand, if ¢ € S'F, then we
have s € S with ¢ J* s, which means we have C € CP with C's C ¢. If S is star-prime,
then we have c € CsN S T ¢ so ¢ € ST, showing that S'C C SC. O

Define the star-composition of any 3 C R x Q and 3 C Q x P by
Sx 0= (370 0)".

This more accurately reflects the composition of continuous functions, as we now
show.
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Proposition 3.18. If P, Q, and R are prime reqular w-posets, then, for any contin-
wous maps ¢: SP — SQ and 1p: SQ — SR,
Ty * 3 = Dy * 0 = Doy
Proof: By Proposition 3.15, 73, € Ty and T3 € Ty so Ty, * T3 C Ty * Jg. On the
other hand, if » Ty * Ty p, then we have C' € CIP such that, for all ¢ € Cp, we have
gc € Q with r 3y g. J¢ c. This means
dpS)c |J e U o7l S o7 T T = (o g) T rf):
ceCp ceCp

By Proposition 3.15, this implies r 77, , p.

Now say r 77, p, i.e. cl(p€) C ¢~ [y~ 1[r€]]. For each S € cl(p€), the continuity
of 9 yields ¢ € ¢(S) with cl(¢®) C ~1[r€]. The continuity of ¢ then yields ¢ € S
with cl(c€) C ¢~ ![¢€]. On the other hand, for every S € SP\ cl(p®), we have c € S
with ¢ Np=Z = 0. As SP is compact, it has a finite cover consisting of c€ for such c.

By Proposition 2.8, these form a cap, i.e. we have C' € CP such that r 77, o 77 ¢, for
all ¢ € Cp, showing that r 77, * 7 p.

Also, replacing o with  in (3.4) turns = into <.

Proposition 3.19. If P and Q are regular prime w-posets and 1 C Q x P is a
N-preserving refiner, then, for allp € P and q € Q,

(3.7) g+ 3p = ¢5'[¢%] 2 clp®).
Proof: If ¢ > * O p, then we have C € CP with Cp C o < ¢ so (2.4) and (3.4) yield
cl(p®) C (Cp)€ C el((Cp)F) € ¢5'[¢°]-

Conversely, if ¢ > * 3 p fails, then Cp € ¢> -, for all C € CP. Put another way,
p™ \ ¢® is a selector and hence contains a minimal selector S. Then S € cl(p®),
by (2.2) and (2.4), but ¢ ¢ ST = $(S), i.e. p5(S) & ¢€ s0 S € cl(p€)\ o3 [¢€]. O

Next let us make some simple observations about *. For example,

(3.8) I*xJ2-do "
Indeed, if » 3 ¢ 3* p, then we have C' € CP with Cp C ¢ E 7 so r 3 %« I p. Thus
(3.9) Jo>COJ%x>=23"0>=7%

Indeed, the first inclusion is just a special case of (3.8) where 3 and 1 are replaced
by O and > respectively. On the other hand, if ¢ J* p > r, then we have C' € CP
with Cr C Cp < ¢ and hence ¢ J* r. This shows that 7% o > = T*. Also certainly
O* C (Qo >)* =% >. Conversely, if ¢ I * > p, then we have C € CP such that,
for all ¢ € Cp, we have ¢. € P with ¢ < ¢, C ¢. Setting D = (C'\ Cp) U{q. : c € Cp},
note that C < D € CP and Dp C ¢, i.e. D witnesses ¢ 1% p, showing 1 % > C J* too.

Proposition 3.20. If P is regular and 3 C Q X P is a refiner, then so is J*.

Proof: As P is regular, t> is a refiner. As 1 is a refiner too, so is 1 o > and hence so
too is OJ* D Jo >, by (3.9). O

Combined with Proposition 3.16, this means 1% € Pg whenever 1 € P%. More-
over, ¢ = ¢+, by (3.6). We can further characterise when ¢ = ¢5 as follows.

Corollary 3.21. For any J € P%,
P =¢5 = D*x1=D*x3.
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Proof: If ¢4 = ¢, then (3.7) yields

g>*p <= ¢5'[¢F] D) <= ¢5'[¢] 2 d(pf) < ¢>*3p.
Conversely, if > % J = > * 3, then (3.6) yields

$=(S) = GE< — ghod — g7 (Ced) — g7 (Eo<) _ gEod _ gEC _ $=(S). ]
Here are some further simple combinatorial properties of star-composition.

Proposition 3.22. If P is a reqular w-poset, 3 C R x Q, and 3 C Q X P, then
(3.10) SxJ=3* = (3% 0)".
Proof: First we claim that
(3.11) O =20"=0x%D>.

Indeed, if ¢ 3** p, then we have C' € CP such that, for all ¢ € Cp, ¢ I* ¢ and
hence B.c C q, for some B. € CP. Replacing C' with a finite subcap if necessary,
we can then take A € CP refining B, for all ¢ € Cp, as P is an w-poset. We claim
that Ap < o C ¢. Indeed, if a € Ap, then Proposition 2.31 yields ¢ € Cp with a A c.
As A < B., we then have b € B, with cAa < b. Thusb € B.c C gsoa < b C g, proving
the claim. In particular, A witnesses ¢ J x > p, showing that 3** C O x > = J*.

Conversely, if ¢ 3* p, then we have C' € CP with Cp C ¢q. Regularity then yields B €
CP with B <« C so Bp << Cp C ¢q and hence ¢ 1 o > b, for all b € Bp. Thus B
witnesses ¢(J o I>)*p, showing that 2* C (J o >)* C O**, by (3.9), completing the
proof of (3.11).

In particular, (3o )" = (3o )* = (ToJdo>)* C (Fod* by (3.9). In
terms of star-composition, this means that (3% 2)* =3« 3 C 3% J*. But 3« J1* =
(3o TJ*)* C (3T * )%, by (3.8), completing the proof of (3.10). O

Proposition 3.23. For any 3 C R x Q and A-preserving refiner 1 C Q x P,
F*o0C 3.

Proof: If r 3* ¢ O p, then we have C' € CQ with Cq 3 r. As 1 is a A-preserving
refiner, we then have B € CP with B C C and hence Bp C Cq E r. So B witnesses
r 3 % 1 p, showing that 3* 0 3 C 3 % 1. O

Under suitable conditions, we can now show that star-composition is associative.

Proposition 3.24. If P is a regular w-poset, 1 C Q x P is a A-preserving refiner,
3 C R x Q satisfies 3 C 3", and 5 C S X R, then

Sx(FxJ)=([oJoM)" =(=Z*3)*.
Proof: First note that (3.10) immediately yields
Sx(ZxJ)==*x(Zo )" =3x(ZoJ)=(ZFozoI)".
Likewise, (3.10) and 3.23 yield
Ex3)*x03=((Fo) o) ' C(Ee*)* =(ZocTJ)*x0=(Zo30 )"
Conversely, as 3 C 3*, (3.8) yields

(Sozmo)*C(ZoT o) ' C(E+x37 o) =(=x3)+x1. O
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Let us call O € P% a strong refiner if
(Strong refiner) O=0D* .

For any other 3 € P%, we immediately see that J % 3 = > % 1O % 3. In particular,
strong refiners are closed under star-composition. They are also star-invariant, as

=C+«x0) =(roN)T=(>o0) =0

Moreover, > x> = >* %« >* = > x > = (> 0 >)* = >* = >, showing that > is also
a strong refiner on any P € P. Furthermore, >« J = 3 = 3J* = 3% >, showing
that each >p is an identity with respect to star-composition. In other words, we have
a category S with the same objects as P (prime regular w-posets) but with strong
refiners as morphisms under star-composition.

In fact, S is equivalent to K, as witnessed by the map S from Theorem 3.4.

Theorem 3.25. S|s: S — K is a fully faithful essentially surjective functor such that
S =S|s o Q, where Q: P — S is the functor defined by Q(J) = > .
Proof: For any T € P%, (3.11) yields

DxJx>=Px*0)" =(>o)"=(>oI)" =>x*.
For any other 3 € Pg, it follows that

D+ Jx>*xI=D>xJ+x3I=(>oTJo3J)" =>x(Jo03).
This shows that Q defined by Q(3) = > x 3 preserves the product. Moreover,
>p*idp = (Bpoidp)* = >p = >3" = >p = >p.
As each >p is an identity in S, this shows that Q is a functor. Also
Gz = ¢(goj)* = ¢z00 = ¢50 ¢

and ¢, = idsp (because S = S< =899 for all S € SP), so S|s is a functor too. In
particular, this also yields ¢r.5 = ¢ 0 ¢ = ¢, showing that S = S|g 0 Q. As S is
full and essentially surjective, so is S|g. By Corollary 3.21, S|g is also faithful. O

The functor Q thus replaces any 1 € P% with a canonical representative in the
same equivalence class defined by S, namely the unique representative which cor-
responds exactly to closed containment, by (3.7). The natural topology on strong
refiners thus corresponds exactly to the compact-open/uniform convergence topology.
More precisely, the functor S|g is a homeomorphism from each hom-set Sg, consid-
ered as a subspace of the power-space P(Q x P) (i.e. with the topology generated by
sets of the form {3 € S% :q O p}, for p € P and ¢ € Q), to the hom-set Kg% with its
compact-open /uniform convergence topology. We plan to make use of this in future
work on dynamical systems constructed from posets and refiners.

Remark 3.26. One could also make other choices of representative morphisms. For
example, for any J € P%, we could define J C Q x P by

¢dp <= ¢ 2p~.

Then 0+ > x 1 again defines a functor selecting a representative in the equivalence
class defined by S, this time corresponding to mere containment, i.e.

q>xJp < ¢5'[¢%] 2 pC.

However, the natural topology on such refiners will be different and thus less useful
when it comes to considering dynamical systems.
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