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REGULARITY RESULTS FOR A CLASS OF NONLOCAL DOUBLE
PHASE EQUATIONS WITH VMO COEFFICIENTS
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Abstract: We study a class of nonlocal double phase problems with discontinuous coefficients. A lo-
cal self-improving property and a higher Hélder continuity result for weak solutions to such problems
are obtained under the assumptions that the associated coefficient functions are of VMO (vanishing
mean oscillation) type and that the principal coefficient depends not only on the variables but also
on the solution itself.
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1. Introduction
In this article, we consider the following nonlocal problem:
(P) Ea(.}u)’bu = f in Q,

where © C RV is a bounded domain with N > 2, f € L () with 7 > max{1, I},
and the nonlocal operator L. ) is defined as

Ju(@) — u(y)"~2(u(z) — u(y)) ,

Loy pu(z) =2 P.V. o a(z,y,u(x),u(y)) & — gV ps Y
|u(@) — u(y)|**(u(z) — u(y)) N
+2P.V./RN b(x,y) o — gVl dy, forz e R",
with 1 <p <g<oo,0<s,t <1, and the kernel coefficients a(-,-,-,-) and b(-, ) are

nonnegative bounded functions. We will specify structural and regularity assumptions
to be imposed on a and b later in the introduction. Specifically, the nonlocal operator
in this work is motivated by the double phase equations and quasilinear equations for
local cases; we refer to [2, 12, 13, 15, 29, 40] and [7, 34] for each type of problem,
respectively.

The primary objective of the paper is to establish a local self-improving property
and a higher Holder regularity result for weak solutions to a class of nonlocal double
phase problems with possibly discontinuous coefficients and a leading kernel coefficient
depending not only on the independent variables but also on the solution. Particularly,
we assume that the kernel coefficients are of VMO (vanishing mean oscillation) type.
We establish the self-improving property of local weak solutions that are locally in an
appropriate fractional Sobolev space which extends the results of [28] and [37]. To
the best of our knowledge, there is no result to deal with a self-improving property
of local weak solutions with nonzero boundary data. In this regard, our result gives a
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new path to approach a local weak solution with nonzero boundary data concerning
a nonlocal Calderén-Zygmund theory as in [32, 33]. We also complement the results
of higher Holder continuity for local weak solutions of [4] and [22] to the case of more
general kernel coefficients.

We now briefly mention some recent regularity results on nonlocal problems. In the
case when the kernel coefficient a(+, -) is independent of the solution and b = 0, i.e., the
fractional p-Laplacian type equations, Di Castro, Kuusi, and Palatucci ([18]) proved
the local Holder regularity. Subsequently, for the case when the coefficients a = 1
and b = 0, Brasco, Lindgren, and Schikorra ([4]) obtained a higher Holder regularity
for the weak solutions to the problem (P) for the superquadratic case. For p = 2,
Nowak in [31] established a similar result as in [4] for problems involving irregular
kernel coefficients. For additional regularity results of nonlocal equations, we refer
to [9, 10, 14, 19, 26, 39] and references therein.

Concerning the nonlocal double phase type problems, we refer to [17] for Holder
regularity results for bounded viscosity solutions to the problem (P) for the case
when a is independent of the solution and gt < ps. Later, Fang and Zhang in [21] and
Byun, Ok, and Song in [6] obtained the Holder continuity results for weak solutions
to a similar problem when ¢q < ps and ps < tq (with the coefficient b being Holder
continuous in the latter), respectively. Recently, Giacomoni, Kumar, and Sreenadh
in [22] obtained higher Holder continuity results with an explicit Holder exponent for
weak solutions to the problem (P) for the case gt < ps and the coefficient b being
locally continuous only along the diagonals in 2 x Q. For some other regularity results
of problems with nonstandard growth nonlocal operators, we refer to [5, 11, 16, 23,
24].

Regarding a self-improving property of weak solutions to the nonlocal equations,
Kuusi, Mingione, and Sire ([28]) proved this property for fractional Laplacian type
problems with linear growth by introducing the notion of dual pairs. Subsequently,
Scott and Mengesha ([37]) extended this result to bounded weak solutions of (P)
with a(z,y,u(x),u(y)) = a(z,y) when pp%l < z—g < 1. On the other hand, in [1, 35],
the authors employed different techniques such as functional analysis and harmonic
analysis tools to obtain similar self-improving properties. Moreover, we refer to [3, 20,
30, 32, 33] for Sobolev regularity results for nonlocal problems involving fractional
Laplacian type operators (or their nonlinear versions).

Motivated by the above discussion, in this article, we consider the problem (P) with
the coefficient functions a: RY x RV x R x R — R and b: RY x RV — R satisfying
the following:

(A1) the functions a and b are symmetric; that is, a(x,y, z,w) = a(y,z,w, z) and
b(z,y) = b(y,x) for all z,y € RN and z,w € R;

0<A ! <a(z,y,z,w) <A and

0<b(z,y) <A;

is, for any M > 0, there is a nondecreasing function wg ar: [0,00) — [0, 00)
with wg a7(0) =0 and hfg wq,m (t) = 0 such that
' t

|lw—w'|+ |z — 2|
2

for all z, 2/, w,w’ € [-M, M] uniformly in (z,y) € RN x R¥;

la(@,y,w,2) — ala, g, )| < wa,M<
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(A4) the function a(-,-, z,w) is in VMO on Q x Q locally uniformly in z, w and the
function b(-,-) is in VMO on © x €, in the sense of Definition 2.2 below.

To prove our higher Hélder continuity result, we first obtain a self-improving identity
for the weak solution to the problem (P) much in the spirit of [28] and [37]. It is
worth mentioning that, unlike the previously mentioned works, for our case, solutions
considered here are assumed to be locally bounded and locally in an appropriate
fractional Sobolev space (see later, in Section 2). However, this requires careful han-
dling of the nonlocal tail terms. More precisely, we replace the notion of the standard
nonlocal tail with a refined version as in (3.14) so that only the local behavior of
the solution with respect to the fractional Sobolev space is taken into account. As a
consequence, our self—improving identity holds for all tg < ps without requiring any
lower bound on the quantity <4, unlike in [37, (A2)]. Subsequently, we use a suitable
approximation technique for VMO coefficients to establish an appropriate comparison
result, which finally yields the Holder continuity estimates for weak solutions to the
problem (P).

For the sake of completeness, we prove the existence of a weak solution to the
problem (P) with prescribed exterior data (see problem (G)). For this, we use the
theory of M-type operators (as described in [38, Chapter II]) defined on a suitable
separable reflexive Banach space. The main difficulty in this regard lies in the lack of
monotonicity caused by the fact that the kernel coefficient a depends on the solution.

Before introducing our main results, we give a definition of a local weak solution.
See Section 2 for a precise definition of the terms involved.

Definition 1.1 (Local weak solution). Let f € (W(Q))*. Then we say that u €
Wiee () N LEZHRYN) N L 2 (RN) is a local weak solution to the problem (P) if, for

all ¢ € W(Q ) Wlth compact support contained in €, there holds
[u(z) — u(y)P~"
alZ,y,uxr),u - ;I;_d) dx d
[ Lt un) M= 6) - o) o dy

qg—1
/RN /RN v y |a: — J(Vyj}zt (¢(z) — ¢(y)) de dy = (f, P)w,w+-

A local weak subsolution (resp. supersolution) is defined similarly by replacing the
sign “=” with “<” (resp. “>") in (1.3) for all nonnegative test functions.

We now introduce our main results. The first one is the following local self-improv-
ing property of a weak solution to (P).
Theorem 1.1 (A priori estimate). Suppose that 2 < p < q < B and that the
assumptions (A1) and (A2) hold. Let u € WP (Q) N LS, () N LESHRYN) N Lg;l(RN)

be a local weak solution to (P) with the nonhomogeneous term satisfying

(1.4) feLP Q) for some small 6y > 0,

loc

where
N /

NJr - ifsp< N and p.=1ifsp>N.

P =
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Then, for all Q € Q, there is a constant § = (N, s,t,p,q, A, do, ||u||Lx(§)) > 0 such

s _
(1+ﬁ)»P(1*‘5)<52)

that u € WIOC . In particular, there exists a constant ¢ depending only

on N, s, t,p, q, A, dg, and ||UHLOO(32PO(ZO)) such that

p—1
_U( |p> 1+5) p(1+6)
dx dy
(/ (wo)][ (Jco)( |z — y|NFps
1 1
(1.5) < |u(z) —u(y)|? da d er s |f(x)|p*+5° dx Petoo
B B |z — y|NHes )
200 (Z0) /B2y (%0) B

2p0 (=)
+ o5 T (w5 w0, 2p0) + Pas(pfl)Tﬁs_l(u; To,2p0) + Pos(pl)] ;
whenever Bap, (xo) € Q with py € (0,1].

Remark 1. We observe that if u € W*P(RY), then
ueWP(Q)n LAY RY),

loc

but the converse is not true. Therefore, as we pointed out earlier, our result generalizes
the previous works in [28] and [37]. On the other hand, if we consider the case
for b = 0, then it suffices to take a weak solution

€ Wik(Q) N L7 H(RY).

loc

We next describe the second main result, which is the higher Holder regularity.

Theorem 1.2. Suppose that 2 < p < g < min{p%,ps/t}. Let the kernel coefficients
satisfy the assumptions (A1) through (A4) and let u be a local weak solution to the
problem (P) such that u € L, Y(RN). Then, u e CX%(Q) for all o € (0,0), where

loc

(1.6) 0= min{pswy,qt,l}.
p—1 "q—1

Before ending the section, we mention the layout of the rest of the paper. Section 2
deals with some preliminaries related to the paper. Section 3 corresponds to the self-
improving property and we prove Theorem 1.1. Section 4 contains the proof of the
higher Holder regularity result of Theorem 1.2. Section 5 deals with the existence
result for the problem (P). Finally, the appendix is devoted to some boundedness
results.

2. Preliminaries

In this section, we give some notations and introduce related function spaces. Here,
we will also recall some of the well-known results.

2.1. Notation. For 1 < p < oo, we set [£]P~1 = |¢[P~2¢, for all £ € R. We abbreviate

(—A);)a(w)u(x) =2PV. /RN a(x,y,u(x),u(y))% dy, = eRY,
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and analogously (—A)fhb is defined. The number p’ denotes the Holder conjugate of p;
that is, 1/p + 1/p’ = 1. Additionally, for 1 < p < co and s € (0,1), we define the
Sobolev conjugate of p by

« _ JNp/(N —ps) if N > ps,
S if N < ps,

where P is an arbitrarily large number. For 2o € RY and v € L' (B, (x0)), we set
1

V)pmy 1= ][ v(x)de = ——— v(x) dz
( B, (z0) |Br(20)| J B, (20)

and when the center is clear from the context, we will denote it as (v),. In several
places, we will use

dx dy
dpa(z,y) = W and  dps(z,y) == m'

For a Banach space (X, || - ||), we denote its topological dual by X* and (-,)x, x+ de-
notes the duality pairing. The constant ¢ appearing in the proofs may vary from line
to line and is always greater than or equal to 1. In particular, we write the relevant
dependencies on parameters using parentheses; e.g., ¢ = ¢(N, s). On the other hand,
we write

data = data(N, s,¢,p,q, A).

2.2. Function spaces and definitions. For an open set  C RY, we define the
space W, (Q2) as below:
Wi () := {u € WP(Q) : [ulyyta gy + llullaqw,, ) < o0},

equipped with the norm

lullw, ) = lluller@) + lullLaw,.0) + [Wlwer@) + [Ulwraq),
where
21)  [ulLemq = /Q Wo(2)|u(x)|? dz with Wi (z) := /RN\Q %dy
and
Wtq // x y —u)l" dxdy with [u]werq) = [u]wsrq)-
|N+tq 1

Note that Cf:’o (Q) is 0bV1ously contalned in Wy(Q). It is not difficult to verify that
Ws(Q) is a uniformly convex Banach space. Moreover, Wy, (£2) is continuously embed-
ded into WP (Q).

In what follows, the subscript b from the definitions of W, (£2) and W, will be
suppressed if it has no relevance to the context. We call a function u € Wiec(2)
if u e W(&'Nl), for all Q € Q. Now we give definitions of the tail space and kernel
coeflicients.

Definition 2.1. Let 0 < m,a < oo and b(-,-) € L¥(RY x RY) be a nonnegative

function. Then, we define the tail space as below:

m
LM, (RN = {u: RM - R is measurable function: sup / b(z, y)% dy < oo}.
#E) 2B SOV Ty

And for b(-,-) = 1, we denote it by L™(RY). In particular, we write

1
u(y)|™ m
||U||ngb(RN) = (SUP b(l’,y)mdy> .

werN JrN (14 [yhN+e
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For 0 < @ < 1 < m < oo and a measurable function u: RY — R, the nonlocal tail
centered at ¢ € RY with radius R > 0 is defined as

Ju(y)|™ ! ml
Tnap(u; o, R) = | R™ sup / b2, y) e .
z€RN JRN\Bg(zo) |{L‘0 - y|
For b(-,-) =1, we follow the convention Tyq 1(u; o, R) = Tina(u; o, R).
Remark 2. Using Minkowski’s inequality, we check the following algebraic fact:
Tma,b(u + v; o, R) < Tma,b(u; X, R) + Tma,b(m Zo, R)
for any u,v € Lg”tb(RN ) with m > 2. We will often use this inequality when we deal

with a tail estimate in Section 4.

Definition 2.2 (VMO functions). (1) For any M > 0 and any ball Bg C Q, we
say that the function a is (7, R)-vanishing in Bg X Bg, if for all zg,yo € Bgr
and r € (0, R] such that B, (xo), Br(y0) C Bg,

Foof o lalews) - @2 dody < 0y, for all w, € [~ ),
B.(z0) ¥ Br(yo)

where ()r,z0,y0 (W, 2) = £ 40y F5. (yo) @@ Y5 W, 2) dz dy.

(2) We say that the function a is in VMO on © x Q locally uniformly in (w, z) if
for any M > 0 and B,(x), B,(y) C Q,

(2:2) v ()= sup sup sp f ol w2 (@) w2 da dy
lwl,|z|<M 0<r<pz,yeQJ B.(z) J B, (y)

tends to 0 as p | 0.
Especially, if the function a is independent of (w, z), then we say that a is
in VMO on Q x Q and the VMO modulus of a is denoted by v,:

va(p) = sup sup ][ ][ la(z’,y") — (a)r,x,y|dm/ dy'.
0<r<pz,yeQ J B,.(z) J B, (y)

We recall the following inequalities (see [27]):
e for ¢ > 2, there exists a constant ¢(¢) > 0 such that

(2.3) (O =<l < ([ = [ATHE ¢ forallg,CER;
e for ¢ > 2, there exists a constant ¢ = ¢(¢) > 0 such that for all £, € R,
(24) 16— w] ™ = [C—w) T < elé = ¢+ ele = CllE - w|R

Before ending this section, we mention the following iteration lemma, which will be
used in the proof of Lemma 3.6.

Lemma 2.1 (see [25, Lemma 6.1]). Let ¢ be a bounded nonnegative function in [t1,ta].
Fort;i <r<p<ty,

o(r) < np(p) + (

p—r)’
with n € (0,1), M >0, and o > 0. Then we have
M
t1) <ec——-—
90( 1)—C(t2_t1)a7

for some constant ¢ = ¢(n, a).
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3. Self-improving properties

Throughout this section, we assume that the local weak solution u to the prob-
lem (P) satisfies the following:

u € Wil () N Lis (@) N L (RY) N L ' (RY)
with 2 < p < ¢ < *% and that (1.4) holds. We now fix
Qefeq.
In what follows, we write
data; = data; (data, Hu||Loo(§)).

For any v € LE;H(RN) N LI 1 (RY), we denote

T(U;.’IZ‘(),R) — / ( I»U(y)|p—1 + ||bH |U(y)|q_1

L~ = | dy,  Br(xo) C Q.
RN\ B (o) \ [0 — y|N TP |$0__yLN+tq> (

For a unified approach to handle the forcing term, we set a nonnegative number 2
such that

(3.1)

A=0 if sp< N,
2 = L min{dy,1/p} if sp> N.

Before going further, we first give the following Caccioppoli-type estimate.
Lemma 3.1. Let u be a local weak solution to (P). Let B = Bgr(xg) C Q with R < %,

and let ¢ € C°(B) be a cutoff function such that 0 < ¢ <1, ¢ =1 in By(xg), and
V| < %T with r € (0 R). Then we have

w7 ( I” Ju(z) — Y(y)u(y)|?
/ ][ |x _ |N+sp / ][ b(x \x — y|N+ta dr dy
p(1—s) (1-1) p*wl
S R ][|u )P d;v—i— cRY ][\u )| dz+cR (][|f Pt dx)
RN+€p |u ‘p 1 q
+C(R*T)N+S” /RN\B |zo — y[N TP ][ Vi@lu(@)| de

RN Juy)]e!
N b||poe ——2——d a d
(R— )N+ /RN\B L ey 27 y]iw (2)|u(z)| da,

for some constant ¢ = c(data).

+c

Proof: Note that Holder’s inequality, Sobolev’s embedding, and Young’s inequality
imply that for any o > 0,

a a
/B ) da < |07 o my % 03 | s

a a s a
(3:2) < e(data) | f ¥ || Lowra(my X ([ # |wew(m) + RS ut)? || Lo ()

(W Iy enmy + BT FIu? (Lo ))-

In addition, since the kernel coefficient a(-, -, -, -) satisfies the uniform ellipticity condi-
tion (1.1) in (A2), we have the result of the lemma by following the proof as presented
in [37, Theorem 3.1] with (3.2). O
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A dual pair (u,U). We now introduce the notion of dual pair (u,U), which is
an essential tool to obtain the self-improving property of a weak solution u to (P).
Assume that € is a sufficiently small positive number such that

€€ <0,min{s,1 s}) ,
p

which will be determined later, in Lemma 3.6. Let us define a measure p in R?Y by

dz d

p(A) = / xij\?i, A C R* is a measurable subset.
Az —y[Nep

We write B(xg, R) := Bgr(zo) x Br(zg) with 2o € RY and R > 0. Then we observe

some properties of the measure p as below.

Lemma 3.2 (see [36, Theorem 3.1]). Let us write kB(zo, R) = B(zo, kR) for k > 0.
Then we have

M = ENTPe  and M(B(waR)) = CRN+p€7

1(B(zo, R)) €

where ¢ = ¢(N, p, €) satisfies ﬁ < ¢ < C(N,p) for some constant C(N,p) > 1.

For (z,y) € RN x RY, we define some functions as below:

B(,y) = bz, y)lz — y| =00 D), U, y) = Bt

fa—glFe

H(z,y,U) = U? + BUY, G(x,y,U) = H(z,y,U)7,
x x,y) € Q xQ,
F(w):{m )| (@)

0 otherwise.

(3.3)

Then we notice that

Gla,y,U) € LV (2 x Qydp) and  F € L (Q x Q3 dpr).

loc
For convenience of notations, we set
N ep? € m s—e(p—1
m:7p+p , T:s—i—e——p, a=— <1, 927@ )
N + sp+ep m p N +ep

and
B; = 2! H+9))  for nonnegative integers i.
Then we check directly the following:

Nm

4 1 -
(3.4) me (Lp), p=———

, and iﬁi<oo.

i=0
We now state the following fractional Sobolev inequality.

Lemma 3.3 (see [36, Lemma 4.2]). Let Br(xg) C Q and let u € WP (Bgr(xo)). Then
for allm € [1,p], we have

(][ |u(m>—(u)R,x0|"do:> "< ‘iRS*E(][ U’”du)m,
BR(IIJ(]) em B(lU,R)

for some constant ¢ = c(data).

With the aid of the Caccioppoli-type inequality (see Lemma 3.1) and Lemma 3.3,
we prove the following diagonal reverse Holder-type inequality with a nonlocal tail.
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ot
—
(o)

Lemma 3.4. Let u be a local weak solution to (P). Let 0 < R < % and choose a
positive integer | such that

(3.5) 20€Q, 2'R<2, and Byg(zo) C .

Then, for B = Br(xy), the following holds:

(f G(.’E,y,U)p/ dﬂ) ’ S 60—7 (f G iE 'Y, )p “ dﬂ) )
%B €p D<7

Zﬁp 1( G(z,y, )”adu>
(3.6) T vB

1

/C!

+ coe? [en(B)])°T (4 — (u)g g a0, 2 R)

p*+91
n C[GM T <][ Fp»«-l—?l dM) ,
GP*+W p’

for some constant ¢ = c(datay) which is independent of I and o € (0,1).

Proof: Let [ be a fixed positive number satisfying (3.5). Using Lemma 3.1 with r = g
and [|ul| e (B,) < ¢, we deduce

Ju(z) — u(y)|?
/ ][ \x— |N+sp e d*“/ ][ oo y) Ty Ty 40

< s )~ (P do+ T - >R,xo;xoyR>]i P9(@) () — () |
RP Pt g >M
+c (/B |f(z) x

Iy

We estimate each I;, for i = 1, 2, 3, and 4, to discover the reverse Holder inequal-
ity (3.6).

Estimate of I. By (3.3) and Lemma 3.2, we observe that

G(z,y, U)p/ du < cill.
15 re

Estimate of I5. In light of Lemma 3.3, we have

ReP /
L <& <][ G(z,y,UWdu)
Em B

Q=
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Estimate of I3. A simple calculation with (3.5) gives us
-1

_ q—1 _ q—1
/ |U(y) (U)R,zo| dy < Z/ |u(y) (U)R,mo‘ dy
RM\Br  |To —y[N T B |zg — y|Ntta

=0 21?+1R\BziR

lu(y) — (U’)Rl‘o|q_1
3.7 +/ : d
(37) RN\ B, |zg — y|NFta Y

-1
= Z I3; + I3
i=0

We first note from the facts ||ul[z~(p,) < ¢ and p < ¢ that
1
p—1

5 < c((zimqt foow- <u>BR|“dy)
B

2i+1R

) gt p—1
<c(2'R)" 7T K][ lu— (W)B,r |7 1dy) +Y Wy, — (W, |
Byit1g i—

i+l 1
c<2’R>-wZ(]f3 ju— (u)s,, [P 1dy>
2i+1R

j=1
i+1 1

<c@R Y (£ e )
j=1 \ Bait1p

where we have used the relations 2/R < 2 and tq < sp in the last inequality. Then,
by Lemma 3.3, we obtain

p 1 7 A S+€)RS+€ m
1777 < c(2'R)” U™ du
2iB

3

' M

We now employ the following Minkowski’s inequality
i 1
(Suzr) < zf;x
j=0

and Fubini’s theorem to deduce that

-1 % -1 i+l 1
e ) op 2j(s+e)Rs+e ™
OIS SETRED sy PN
=0 =0 j=1 em 278
lo1-1 - i
) p 2J(s+e)Rs+e m
<) D ZR)wl(][ Umdu)
° - €m 2iB

<c R—p‘“’—”l““ﬁf( AU’"du> '
218

€Em
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By using Minkowski’s inequality once again, we next note that

_ _1
ITL < (/ lu—(u)B,,, |7 dy) e
B= \Ures ly|"+ta

2lRr

(3.8)

1

(W) By, — (W), |97 71
4 / 2i+1R 2i R dy) .
Z( R™\ By ly[+ta

We further estimate the second term on the right-hand side of (3.8) by means of
Lemma 3.3 as below:

-1

1
|(u)£%j+1R _-(U>BQjR‘q_1 a-t
2 y
R [y

j=0 "\Byi

1

(/ ‘(U)BQJ+1R — (U)szR|p_1 dy) .
R\ B |y|tta

2lRr

M \

—1

-1
< CZ(QlR)_ﬁ‘(U)BQj+1R - (7“L)BQJ‘R|Qf
=0

'S
|

—

3=

-1 - =1
op 2](s+5
<e5 (enre

PN =2
Rs+e 2\ 271
()
€m 2iB

We next claim that

-1 1
Sp 2J s+e)Rs+e ™
(39) L, <CT(u—{u)ot i 0, 2 R)7T4¢S (2VR)~ <][ Umdu)
€m 27 B
Jj=1

Indeed, if p = ¢, it is a direct computation. We now assume that p < g. Then, by
Holder’s inequality, we have

< T (u— (W)t oy 0, 2 R) 7T

p—1 g=1

-1 AN g1\ pT
i\ =sp Cep 20(ste) Rete m m o\ ¢ P
+C<Z e (QJR) S ) ) )

Jj=1

< T (u— (W)t oy 0, 2V R) 7T

bp 2_7(3+€)Rs+e - %
+CZ 2 R)” ( 2]BU du> 7

e'm
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which proves (3.9). Consequently,

-1 —1
‘u(y) B (U)R7I0|q p—1 =1 b
/RN\BR |zo — y|NFta s ZI?” +131

=0

(3.10) < cT(u— (w)giR 4y T0s 2'R)

l

Rep s+e i p—1
T (5]’ <][ um d#) ) )
€ m 0 2iB

]:
where we have used the following algebraic inequality:

l 8, 2\
(Z R_psfpri-s-i-eii (][ um dﬂ) >
; €m 2iB

j=1
l B o
< (ZR—T(s+e)(p—1)le<][_ Umdu)
= € m 2iB

1 —1
Rep (s+e) +\7
(L))
o 2i B

Similarly, we estimate

_ . |p—1
/ @) = Wrao ™ 4y - ()1 R,z 70,2 R)
RN\Br

o — y|NFeP
-1
Rep—(s+e) ( =\7
+c7p_ B; ][ Umdu) :

J

)

(3.11)

Coupling (3.10) and (3.11), we get

1 —1
Rep (s+e€) l 1 P
T(u — (u) Ryzos Tos ) < Z (ﬁj ( um d,u) >
(3.12) e 2B

+ T (u = (u)a pay; 0,2 R).
On the other hand, we have

(3.13) } vl ~ nsl e < (f o du>;-

€m

Consequently, using Young’s inequality with (3.12) and (3.13), we obtain

’ 1 p—1y\ p’
P’ Rep ™

I <l > B (][ um d,u)
€m = 2B

p/ Spl _ . 1 p/ O'ipREP m
+co? RP T(u — (u)ai g oy 0, 2’ R)P 4+ c— U™ du
B

Em
o R RN
sc cZ Z Bj (][ GP e dﬂ)

p’ psp’ _ . L pyp' o PR® p'a "
+co? RP T(u — (u)ai g 4y 0, 2 R)P 4+ c— GP%du ) .
B

ik

€Em
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Estimate of I. Recalling the definition of F from (3.3), we get

’
’

p
RSP Dx+A
I,<c (][ Fret dﬂ> )
ep*JrQ( B

Eventually, we combine the estimates of Iy, I, I3, and I to discover that

5P , a
f Gy ans 2 (f G(x,y,wadu)
lB Em B

2
coP’ ! va v
7 (Zﬁfl<f Gpadﬂ) )
=0 21 B

+ cea? R ~PT (u — (W21 R 2o T0s 2R

RSP —ep p*wt
+o—— (][ Fret2t du> ,
ep*+‘<’l

which implies (3.6). O

Now we are ready to give and prove a level set estimate for G in B(zo,2p0) C
Q x Q with pg < 1 and xg € Q. First, we introduce a few more functionals. For
every B(z, R) C B(zo,2po), we define

1
Pat ATy
T(m,R) p— (7[ FPetA+ds dM) f7
B(z,R)

where d; € (O, %‘)} will be determined later, in Lemma 3.6, and

Tail(x, R) Zﬁp 1(7[ G(z,y, U)P ™ d,u> '
2:B(z,R)

+ e [ep(B(a, )T (u — (u)y1 g i 7, 2'R),

for some positive integer [ such that

1

T

(3.14)

p2£ < 2ZR < po-
We also define
1

, ¥ P
Yy (z, R) = <][ G? du> + MM (][ Fpet du)
B(z,R) ePe AT B(z,R)

where M > 1 will be chosen later, in (3.32). Now we set
E(z,R) := Y (2, R) + Tail(xz, R) + ¥ p(z, R).

In particular, we denote

(3.15) Zo := Y(x0,2p0) + Vi(xo,2p0) + T'(u — (w)2p0,20 0, 200)-
For convenience, we write
(p+1)(1—0a)

0, =

. (P« +20)6 > and ;= L=t (H0%)

’ 9f:<p*+m+5f)<1—(p*+2l)0 1—(p+20)0

In this setting, we now describe an integral estimate of G on superlevel sets.
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Lemma 3.5. Suppose that u is a local weak solution to (P). Take B = Bs,,(xo) C Q

with 0 < pg <1 and zy € Q. Let 8 <r < p < po. Then there exist constants co =
co(datay) > 1, ¢y = cy(datas,e) > 1, and Ky = ky(datag,€) € (0,1) such that the
iequality

1

— G¥' dp,
AP /B(xo,r)ﬁ{G>)\}

el dp < 7/
MNP [0 (G}

(3.16) ,
)\ f
+ Crio

. / Frt2qy,
s B(zo,p)N{F>rsA}

holds whenever A > Ao, where

2N+
(3.17) Ao i= — ( Po ) 'z
. 0-— "1 —0>

for some constant ¢ = c¢(datay).

Proof: Let x € (0,1) be a parameter which will be determined later, in (3.24). Define

1
(3.18) A1 = - _sup sup {Pu(z, R) + Y(z, R) + Tail(z, R)}.

L=L <R<%Q z€B: (z0)

Now, we prove the lemma in five steps.

Step 1: Upper bound on A;. We estimate the upper bound of A; as follows. For

any r € B,(z9) and f5x < R < £, using the doubling property of y, we have

2p0 N+p 2p0 N+p
Y (z, R) Sc(p—r) T (z0,2p0) and ¥y (z, R) Sc(p—r) Uas(x0,2p0)-

On the other hand, using Holder’s inequality and similar tail estimates as in (3.7), we

see that
N-+tep , e , i
) ﬂfl(][ Gpad,u> +c<][ Gpo‘du)
B($0,2p0) B(wo,on)

!
Tail(z,R) < ¢ Z(
+ CT(U — (U)on,zo; z, 2p0)

=0

1

P Nt / Pa
() )
p_r B(ajo,on)

Po Ntsp
+C(pr> T(u— (U)2po,xo§$o,2po),

where in the last line, we have used the relation

—Tr
|y*l’|2|y*$0\*|$*$o|Z|y*$0\pp0 , for y € By, (2)".

Thus, we get

data, M Ntp
(3.19) A < Cldatay, )<p”° ) .

- K —r
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Step 2: Vitali covering. We start with an exit-time argument as in [28] and [37] to
cover the diagonal level set of G. We focus on handling the tail term which is different
from the previous works. Define the diagonal level set of the functional ¥, by

(3.20) Dy = {(x,x) € B(zo,7): sup Ypy(x,R)> K)\},
o<t

for some A > A; which will be specified in (3.24). Note that for each (z,z) € B(xo,r)

and R € [Zoi;’ "2—0}, we have Uy (x, R) < kA1 < kA. Therefore, for each (z,z) € Dy,

there exists a constant 0 < R(x) < f5x such that

(3.21) Wy (z,R(x)) > kA and Ypy(z,R) < kA, forany R e (R(;v)7 p40—N7“}
Using Vitali’s covering lemma, we find that there is a collection {B(z;,2R(x;))} jen
of disjoint open sets with center (z;,z;) € Dy such that

(3.22) Dy € | Bz, 10R(z;)).

J
Let us write R; = R(z;) and B; = B(z;, R(x;)) for each positive integer j. From (3.21)
and the doubling property of the measure p (see Lemma 3.2), we have

S G < 3 0 sy 10R, < 10V ()3 ()
5 J10B; r ;

J

Step 3: Off-diagonal estimate of G. For this, we follow the method described in [36,
Subsection 4.3]. Since we know that u € W*P(By,, (x0)) N L (B2, (x0)) with (3.22)
and functions G and H which are described in [36] are the same, an inspection of
Subsection 4.3 in [36] shows that it remains valid for our case, too. Therefore, we
have a desired result similar to [36, Lemma 4.10] as follows. There is a constant

1

e’

(3.23) K= with ¢, = ¢, (datay) > 1

Ck

such that

(3.24) / GP dp <10V TP RN (B e
B(zo,r)N{G>A} J

CK/ Gp,Oé du’
B(zo,p)N{G>rA}

for some constant ¢y = co(data ), whenever

c 2N—+p
)\ZHI&X /\1,}( Po ) EO =: /\2.
er” \P—T

Step 4: Estimate of pu(Bj). This step is to establish the existence of constants cs =
c4(datay) and c¢5 = cs(datay, €) such that

Cq

. - p’a
ZM(BJ) S Ep,paﬂp/a)\p/a G d/,(,
J

/l;(xo,p)ﬂ{G>knA}
(3.25)
65)\?

Px+2A
0 Gf/ ) F dp.
(RrN)0S JB(xo,p)n{F>arA}

+
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Indeed, by (3.20), it follows that at least one of the following inequalities hold:

3.26 Gp,du ’ _@ or
2
B.

J

NG e
(3.27) M[“(BJ)Q[ FP*”‘du) > ay
B

J

V

Case 1. We assume that (3.26) holds. Then, from (3.4), we observe that

~(p—1) e -1 ) o
i< (f Gp“du> -+]“’1§:x¥‘1(f7 Gpadu)
€p a_ ep’a P i—0 2i+113;

A
o7

(3.28) +coer [ep(2B)"T(u— (u)y, 525,29 Ry)

1
Pt
BB ([ pin )7
epx+A P’ 28

J

for some positive integer [; such that £ < 2L iR; < po. Note that since R; < o <

08 =
1%, we have [; > 3. Therefore by (3. 21) we see that

(3.29) ( ar'e du>m < R,
213

fori=0,1,...,l; — 1. With (3.18), we have
KA\ > Tail(acj,2lj_1Rj)

(3.30) N o \PE 1 .
=SB, O ) P B T (W, 2R
k=0 CER <F
and
1
ey
(3.31) KA > w<][ Fret2t du) ,
epxt2 'y 23],
where we have used the fact that
P I,—1 Po
< 297 R;
40N Y 2

Applying (3.29), (3.30), and (3.31) to (3.28), we then discover that there are con-
stants ¢; = c1(data;) and co = cp(datay) such that

—(p—1) e
KA < @ (7[ GP' e du) + %KJ)\ + 220,
e er’a M

By taking

(3.32) o=

and M = 4c,,
401

1

C p/a pla

EA < —— GP “du ,
er’a P 2B,

J

we see that

which yields

. 17/04 ¢ p/a
u(B;) (=A) <&mé&atm
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Since
c

¢ Q/ GV dp < —— (/ Gp’adu+/ Gp’adu>
PP Jop, PPN JaB,n{G<rrA} 2B;n{G>FrA}

<2 (MV’@M(BJ-) + / Gr'e du)
ep—pa 2B,N{G>krA}
32
(thanks to the doubling property in Lemma 3.2), by choosing & = £~~~ we obtain
(2(,’3)10,0

Cq ’
— G? * dp,
ePTPA(RA)P' /zsjm{azkm}

for some constant ¢4 = 04(data1).

(3.33) n(B;) <

Case 2. If (3.27) occurs, we follow the proof exactly as in [36, Subsection 4.2] so that

Py +2A
there is a constant c; = 2(%) =400 with L = p(B2) = ¢(N, p, €) such that

ePxTA " p’

c )\((p*+2l)+6f)9(p*+2l)/(1—(p*+2l)9)
571

. P+
niB;) = (ARA)F057) (oo +20) /(1= (p +200) /B,Q{FMM}F dp

(3.34)
2
_ 05)‘1f~/ FPet gy,
(kN7 JB;n{F>akA}

provided

1—(px+2A)0 11
epx+2  p’

(3.35) /%ﬁ(i) e DT

Since {2B;} is a collection of disjoint open sets contained in B(xz, p), the two estimates
in (3.33) and (3.34) imply (3.25).

Step 5: Conclusion. We are now ready to complete the proof. An elementary calcu-
lation gives

Gp/ d’u S )\p/—p'a/

Gr'e dp —|—/ el du .
B(zo,r)N{G>RkrA}

-/B(a:o,r)ﬁ{G>Fsﬁ)\} B(zo,r)N{G>A\}

Iy I I3
By (3.24), we have

I < 10VFPR0 NN p(By) + e e / GP'™dy,
j B(zo,p)N{G>kA}

I31 I3,2

for any A > \y. Using (3.25), we have
10N Py (kAP

S pagpara / ) GP'* dy
B(zo,p)N{G>FKA}

I3 <
10N+p65(/{)\)pl)\ff /
(/%/i)\)ef B(zo,p)N{F>RK\}

where ¢4 = c4(data;) and c¢5 = c5(datay, €). Note that

Fp*+21 d,u,

P —p'a =
(3.36) r =t

c
eP—Po ep(l—a)

— D
=ce Ptm >,



524 S.-S. Byun, K. KiM, D. KUMAR

where we have used (3.23), (3.4), and € € (0,1). Therefore, combining the above
estimate with I3 and using (3.36), we obtain

I < c(kA)?

[ S A pa
S ppagpayra / i GP *du
€ K B(zo,p)N{G>~rrA\}

10V+P¢5 (kAP AY7 /
(fm)\)éf B(zo,p){F>irA}

FP*+ﬂ d/L

After some elementary algebraic manipulations, we observe that

I < c(RrA)P P
1

S A ey v Gr'e dp
PP (Rp)P P /B’(zo,p)ﬂ{G>fim)\}

(3.37)
10V+P¢5 (kAP AY7 /
(AKN)Os B(wo,p)N{F>/kA}

Fp-t2 du,

whenever A > Ay. We reformulate estimate (3.37) as follows:

e dp < Gr' e dp

/ >~ N;//)\p P O(\/
B(zo,r)N{G>A} PP (R )P P B(zo,0)N{G>N}

Ce (dat31 s 6))\?

—— / FP2qy,
Aor—p B(zo,p)N{F>&A}

provided A > RrAz. Now we take a number & > 0 sufficiently small so that (3.35)

4p_
and Ky := £ < 1 hold. Since ik = <““— for some constant ¢ = c(data;) > 1
and Ao > EkAz by (3.19), we conclude that (3.16) holds whenever A > Ag. O

Lemma 3.6. Let u be a local weak solution to (P). Take B(zo,2po) C Qx Q with 0 <
po <1 and xg € Q and write B = B(xg, po). Then there exist positive constants e,
e (0,1), 6y € (O7 %0), and c depending on data; and &g such that

4
v

’ ﬁ ’ P
(f G(wmwdu) i g(f G,y U du) T — (W) 005 70> 200)
iB 2B

1
+ C(][ Pt A+Gf du) PxFA+of .
2B

Proof: Let & < r < p < pp. We now set the parameters 4, dy, 5, and € depending
only on data; and §p such that

(3.38) and 6 <p' —0p +5+6 <.

1
16
To this end, we consider the two cases depending on the relationship between N
and sp.
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Case 1. Assume that sp > N. Set 05 = min{%o, ﬁ} and choose

(3.39) €< min{;7 (1-— s)}
such that

1 p—-1
3.40 - ———0r <0,
(3.40) o o

which is possible because
g_s—cp-1) _ s
N +ep N
is a decreasing function with respect to ¢ and sp > N. Since
1
p—1 2
by (3.40), we see that

1 5 /
S A S (1)) <P ),

which can be rewritten as

p—1 2

P(1—(1+20)0)—(1+2A) < %f(l + (14+20)6),

where we have used the following fact:
1

E—lep’—(l—&-?l).
Dividing each side by (1 — (1 +2()6), we find that
, (1+2) dp(L+(14+2A)0) 0y (1+200)
L AN N (e 1) B I (e VA
which is equivalent to
(3.41) p -0 < %f.

Let 6 be any nonnegative number satisfying

1
7—91—6—'f(1+(1+9l)9)<7—6—f and p'o<p'(1+2A

) Spple(sp2+sp+N)/N 1
3.42 1) =6
(342) < mm{ 16¢a(N +sp) '8 7
In light of (3.39) and (3.42), we see that
Sppl6(8p2+sp+N)/N - 82]7 - 1
16ca(N +sp+p) = (p—116ca(N +sp+p) = (p—1)16¢q
and 5
c 1
20 <6 ith = < —.
<o W edu(p —p'a+4d) ~ 16
Moreover, we note by (3.40) and (3.1) that
3.43 P =040 =p —(pe+A) > — > 4.
(3.43) £+ 0f ( ) 1)

Combine (3.41) and (3.43) to find a constant ¢ € [0, 6;] such that
§<p —0p+6+6 < dy.

(@)

(S}
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Case 2. Assume that sp < N. With an elementary algebraic manipulation as in [37,
Theorem 5.1], we find that there are constants € € (0,1) and §; € (0, min{ﬁ, %"})
depending on data; and §y satisfying the following:

ep(p’)? 5. < ep(N + sp’)
N+ep = N(s—elp-1)

Let § be any nonnegative number such that

Spp/e(sp2+sp)/N 1 Gppl(N + Sp/)
16co(N +sp+p) ' p—1N2+2Nep+ espp’ |’

(3.44)

(3.45) §< min{

where ¢, = cq(data;) is determined as in (3.46). By proceeding exactly as in [37,
Theorem 5.1], we find that the conditions (3.44) and (3.45) imply (3.38) by taking § =
0.

From the choice of 4§, dy, 6, and e satisfying (3.38), we now prove the higher
integrability of G. We first apply Lemma 3.5 with €, §7, and § which satisfy (3.38).
Then we see that there are some constants ¢, = cq(data;) > 1, ¢y = cy(datay, o) > 1,
and k5 = ky(datas, dg) € (0,1) such that

1 ’ Co ’ !
(3.46) —,/ G¥ dy < 7/ Gv'e du+—~/ PPt gy,
A B, A{G>A} N Jg Arasay Ns JB,A{F>r A}

whenever X\ > Ay with

2N+p
)\0 = co(datal,50)< Po ) Eo.
p—r

Let us define a truncated function G,,(z,y) = min{G(z,y), m} for (z,y) € Bap,
with m > Ao and a measure dv = G du in Ba,,. We then observe that

/ GS.GY dp = / G dv
B, B

= 5/ N (B. N {Gy > A}) dA
0

>\0 oo
= 5/ N(B NG > AN AN+ [ N TWw(B, N {G, > A}) dA
0 Ao

< Ag/ e dﬂ+5/ N(B, NG > A} dA
B A

[d 0

:Ag/ G? du+6/ XH/ G? dud),
B, Ao B.n{G>\}

11 12

where we have used an integral formula of a distribution function of G. We next
estimate I; and I as follows.

Estimate of I;. By the definition of Ay, we find

I < ASpu(Bay,) ][ G dp < N0 u(Bay,).
B2pqg
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Estimate of I5. Using (3.46), we discover that

C ’
12<5/ A1 o / GP* dpd\
N g rasay

Io

m 0 )/
) XS—lW/ FPF2 g d) .
Ao Aaf B, {F>rsA}

Iz 2

By (3.38), we see that

Ca0

1271 < 0 / )\P’,p’aJréfl/ Gp’a d,ud/\
€ Jo B,N{Gm>\}

C 5 ’ ’ ’
_ o Gotr —ragpag
e"u(p’—p’a+6)/ m H
1

/ ’ / ]_ ’
< — | @¥fP-regrag <7/ GO GP dy.
=16 g, O u_16Bpm v

We next estimate I3 o as follows:
. m N .
Loy SAIT05 [ epar Ostotot / FP-+2 i d)
Ao B,N{F>ks\}

< Ay (Bay,) ][ Fr A 008
B

2p0

< entBan (4

75 N '_ /
< cp(Bapy )Xo’ Yoo, 2p0)P* FHHHHY 00 < c(datay, o) u(Bag,) NG T,

where we have used (3.38) with Holder’s inequality, (3.15), and (3.17). We combine
estimates I; and I> to obtain

/ 1 ’ ’
/ GmGp d,LL = E/l; anGp d:u"i_cﬂ(BQPo))‘g +6'

m+9\+5+5+p/—§f
px+AFS

PetRAtos d,LL)

200

Due to the doubling property and (3.15), we discover that

M) [ o > (L] e > (u(szo))P’l”
G2.GP d <=4 @ard 4o 2l Ao,
<u<6p> 5, g 16 /3, g uB,) )

and a few elementary manipulations with (3.17) gives

A A 2N+p
/ p’+6 1 , Py
(][ GS GP du> gQ(][ Go GP du) +c( Po ) .
B, B, p—-r

Therefore, we rewrite the above inequality as

p 2N+p
90(10) +C( 0 > EOa
p—r

p(r) <

DN | =



528 S.-S. Byun, K. KiM, D. KUMAR

where we have define T):=(f—nB / L e or7 € |22, pg|. By Lemma 2.1,
h have defined ¢ G2 GP d 3 f & By L 2.1

we obtain
1
5 / p'+6 _
][ G,,GP du < cEy,
Beg

where ¢ = ¢(datay, §p) is independent of m. Thus, by taking m — oo, we conclude
that

1
’ p’+6
( GP to du) < cEp.
Brp

Recalling the definition of Z as stated in (3.15), we complete the proof of the lemma.
O

Since we have obtained a higher integrability result for G, we now prove our first
main result.

Proof of Theorem 1.1: For any z¢ € €, there is a po € (0, 1] such that
By, (z0) C Q.
We now need to normalize the solution u. Define
(x) = u(por + o), [f(x) = pil f(pow + o), for x € By,
a(r,y,z,w) = a(poxr + o, poy + To, 2, W),
b(z,y) = p " b(pox + w0, poy + To), for z,y € RN x RV,

Then we have

L ,gﬁZf in Bg,

I

with
0<A ' <a(r,y,zw) <A and
0 < b(w,y) < py~"A.

For B := B; x By, by Lemma 3.6, there are sufficiently small positive numbers 41,
€ (0,1), 6¢ € (0,00), and ¢ depending on data; and & such that

1
ol

~ p’(11+51) ~ P
(][ G(z,y,U)? (”51)01#) SC(][ G(z,y,U)P du)
iB 2B

(3.47) + ¢T(@ — (@)2,0; 0, 2p0)

1
_ FrFATS,
—|—c<][ Fp-tA49s du) ,
2B

and

pedy
3.48 s+ — < 1,
(3.48) p(1+ 61)
where

T(’EL — (ﬂ)270;0, 2p0) = /

RN\ B,

+ [1bl| £

(Iﬂ(y) — (@a0P”"

ly| N

|u(y) — (ﬂ)2,0|q1> dy.

[y| N+t
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Since @ € L>(Bs) and tq < sp, we see that

(3.49) /2 a0 < cilfy. s,
From [33, Proposition 2.5] with (3.48), we discover that

~1p—1 p—1
[a] N < clu 5
s+ .p(146) B ey B s
we T e+ P (B1/2) we 5D (14 1)(31/2)

1
~ p/( )
Sc(/ G(z,y,U)P (1+5“du> o
18

where 6 = d(datay, dp) is a sufficiently small positive number such that
N§ pedy

p(1+0) ~ p(l+0or)

We combine the estimates (3.47), (3.49), and (3.50) to obtain

)\ 1+ 7ars
</B /B< ) d“ly)

< C[[ ]ﬁvsl,p(gz) + T(ﬂ —(1)2,0;0,2) + (/B \f(x)

(3.50)

and pd < pd;.

1
*+RA40
PatA+8; dx) i f]

By scaling back, noting u € L (B, (o)) and using Hélder’s inequality with 2A+45; <
do, we conclude the estimate (1.5). Finally, the standard covering argument gives that

s NO __ p(145)  ~
we W T P gy O

4. The Holder continuity
We first focus on a local weak solution
U € Wi (Q) N LETHRY) 0 LI (RY)
to
(PA) Lopu=f inQ,

where the coefficient function a is a VMO function and is independent of the solu-
tion u, and f € L () with v > max{1, %} Then, from [22, Theorem 4.5] and
using the Caccioppoli-type estimate of Lemma 3.1 (to control the quantity [u]ws.»,
appearing there), we can get the following continuity result.

Lemma 4.1. Suppose that 2 < p < q < ps/t and that the functions a(-,-) and b(-,-)
are locally translation invariant in ) x Q. Let u be a local weak solution to the prob-
lem (PA) with f =0. Thenu € C.(Q) for alla € (0,0y), where Oy := mln{ 221}

More precisely, for Ba,, = Bap,(x0) € Q with pg € (0,1] and for all o € (O @0),
there exists a positive constant ¢ depending only on data and o such that

c _
[U]CQ(BPOM) < p7[||u||L*(Bpo/z) +1+ Tps(u; Zg, p0/2) -+ th(u; To, pO/Q)]B(q ;D)Jrl’
0
where B € N depends only on N, p, s, and «.

Concerning the case when the coefficients need not be locally translation invariant,
we have the following approximation lemma.
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Lemma 4.2. For any € > 0, there exists a small § = §(data, €) > 0 such that for any
weak solution u to (PA) in By = B4(0) with

sup [u] <1, Tpe(u;0,4) + Ty (u;0,4) <1
B

4

and

(f G dw)w tf f (e = @il o) = Osaldndy < 5,

there exists a weak solution v to
(4.1) Fage =0 i Do
v="u in RN \ By,
such that
|u —v|z By <6
where

(42) a(e,y)—d Do F@VEBXB g [ Ohao i (y)€Bax By,
a(z,y) otherwise, b(x,y) otherwise.

Proof: The existence of a weak solution v to (4.1) is given by Theorem 5.1 below.
To prove the claim, we proceed by the method of contradiction. Suppose there exist
€g > 0 and sequences {ak}keN, {bk}k€N7 {fk}kENa and {Uk}keN such that

(43) £ak,bkuk = fk in B4

with

(4.4) sup lug| <1,  Tps(ur;0,4) + Tyi(ur; 0,4) <1
By

and

x| =

1/~
(][ | fe” dfﬁ) +][ ][ (lar(z,y) — (ar)a0l + [br(2,y) — (br)a,ol|) dz dy <
By By J By
but for any weak solution vy to

{Eak,gkvk =0 in By,

4.5
(45) Vp = Uk in RV \ By,

there holds
(46) Huk — Uk”LOC(B]) > €g.

Set wy, := ug — vk. Then, from Lemmas A.1 and A.2, we see that vy € L°°(B3) and
hence wy € L*°(B4). On account of [22, Lemma 5.1], we check that wy is a well-
defined test function to the weak formulation of problems (4.3) and (4.5). We next
claim that

(4.7) / lwi(2)|P5 dz — 0 as k — oc.
B3 /o
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Testing wy, to (4.3) and (4.5), we see that

foi= / / () ([ur (@) — ux @) = [o(@) = ve()] ) (wr (@) — wi(y)) dpn
+ /RN /RN bi (2, y) ([ur () — urp(1)]7 = [or(x) — k()] ) (wr (z) — wi(y)) dpo
- / / (@ (2, y) — arle, y)) fur(z) — ur ()]~ (wile) —wi(y)) dp
RN JRN
+ /RN o (b (2, y) — be(a, ) [ue (@) — ur ()] (wi(2) — wi(y)) dps
fkwk de =: 1) + I>.
By

Now we estimate each I; for ¢ =0, 1, 2, and 3.
Estimate of Iy. Using (2.3), we see that
Iy > X[wk]g{/s,p(RN)-

Estimate of I5. We first note that there exists a constantc = ¢(gq) such that

I = /34 -/84(51@(96, y) = bi(z,y)) [ug (2) — ur(y)]* (wi(z) — wi(y)) dps

< 6/34 /134 b3 (2, ) — bie (2, ) |Jun(2) — wp ()P~ Jwi (z) — wi(y)] dper,

where we have used the fact that t¢ < ps and (4.4). In addition, using Holder’s
inequality, (1.2), Theorem 1.1, and Young’s inequality, we find that there is a con-
stant ¢ = c¢(data) which is independent of k such that

. (p—1)/p
I2§c<][ ][ bk(x,w—bk<x,y>|uk<x>—uk<y>|Pdu1) -
By J By
o(p—1)
~ p(1+o)
g(f f bk<x,y>bk<x,y>|dxdy)
By J By

(p—1)
Jur () — i ()P 7 o
<7{a ]i ( [ — y[NFps dx dy [wrlwr(Ba)
4 4
<c 1 m + &
- \k 16’

where we have chosen a sufficiently small o > 0 so that Theorem 1.1 holds. Likewise,

we have
1\ I
I <ecl = —.
1_C(k> +16
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Estimate of Is. We use Holder’s inequality, Young’s inequality, and the Sobolev—

Poincaré inequality to discover that
Iy

I3 < | fullzr o lwkll v 5y < el fullTap,y + 6

Combining all estimates Iy, I1, and I3, we have

1\ T+
(48) (bl < c(k) ,

where ¢ is independent of k. Therefore the claim (4.7) follows by the Sobolev—Poincaré
inequality and (4.8). Moreover, uy and vy are Holder continuous in By with uniform
bound independent of k as in [22, Lemma 5.1]. By the Arzela—Ascoli theorem, there is
a function w such that wy — w in C? (Bs/2), up to a subsequence, for some 3 € (0, 1).
By the uniqueness of the limit together with (4.7), we have that

kILH;O |ur — villLoo (B, ) = 0,
which is a contradiction to (4.6). O

Lemma 4.3. Let u be a weak solution to (PA) in By = B4(0) with
(4.9) sup ul <1 and Tps(u;0,4) + Tye(u;0,4) < 1.
4

Given o € (0,0), where © is given by (1.6), there exists a small constant § =
d(data, ) > 0 such that if kernel coefficients a and b are (8,4)-vanishing in By X By

and
1/~
(f |f|wm) <5,
By

then u € C*(By) with the estimate

[u]ca(Bl) <c

for some constant ¢ = c(data, «v).

Proof: Let a € (0,0) be fixed. We now show that for any = € B; there is a con-
stant A* € R such that
sup |u(y) — A"| < er®,
YyEBr ()
for any r € (0,1] and for some constant ¢ = c(data, ). Using a translation argument
as in [31, Proposition 4.2], it suffices to prove the case for x = 0. To this end, we
show the following claim.

Claim. There exist p = p(data, ) € (0,1/4) and a sequence {Ap}7> | with A_; =0
such that for all k >0,

(4.10) |[Ap — Ap_q| < 207D sup u(pFa) — Ag| < pF°,

By

and

(4.11) Tps<<W>;o,4> +th<(W>;o,4> <1

To prove the claim, we take p > 0 sufficiently small depending only on data and o >

0 such that
P
b 1 } b

©—a 1 . O+«
R (e
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where ¢; = ¢q(data) > 1 and ¢y = co(data) > 1 are constants which are determined

later. For k = 0, we take Ag = 0; then (4.10) and (4.11) hold by (4.9). Suppose that

(4.10) and (4.11) hold for k =0,1,...,i. Set

o U(le‘) —A;
pai

ai(z,y) = a(p'z, p'y) and  bi(z,y) = b(p'x, ply)ptPtatela=ri - (z o) e R2V,

u;i(z) . filr) = plepalr=ig(pigy e RY;

Then u; is a weak solution to
['ai,bq-,u'i = fi? in B4'
By the inductive assumption, we have

sup [u;] <1 and  Tps(ui;0,4) + Tye(us;0,4) < 1.
By

Since p < 1, we notice that
A'<a; <A and 0<b; <A.
By Lemma 4.2, we find §y = dp(data, €), corresponding to the given

_ P
€ = .
1602

(03

(4.13)

Taking § = %”, we see that a; and b; are (§,4)-vanishing in By x By because a and b

are (0,4)-vanishing in By x By. Therefore, we check that

(f 4 |fﬂdx)m +f Gt = @sol + o)~ G vy < o,

By Lemma 4.2, there exists a weak solution v; to the following problem:

‘Cdi l;ivi =0 in BQ,

Vi = Uy in RN\BQ,
such that
(414) Hui—viHLoo(Bl) §€7

where @; and b; are defined as in (4.2), corresponding to a; and b;, respectively. Before
checking the assumptions (4.10) and (4.11), we specify the constants ¢; and cs.

1. Constant ¢;. We first note that there is a ¢ = ¢(data) independent of 7 such that

(415) loill o 3y <
by following the proof in Lemma 4.2 with (4.9). From (4.15) and (4.14), we see that
(416)  Tpu(00,20) < clllvillsoe i + 04l o Tye (1:0,2)) < c

where ¢ = c¢(data). In light of Lemma 4.1 and (4.16), there exists a constant ¢; =

c¢1(data) > 1 which is independent of 7 such that

(4.17) [vilca(p,) < e,

where & = (0 + o)/2 < 1.

2. Constant co. Set

(4.18) ¢ = max{1, Tps(1;20, R) + Tye(1;20, R)}, for R>0 and xRV,
Then we find that ¢z = co(data) > 1 and it is independent of R and .
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Let Ai11 = A;+p"“v;(0). We now check the inductive assumptions (4.10) and (4.11)
for i = k + 1. We first note that (4.14) also implies that

(4.19) [Air1 = Ai] < p™ui(0)] < 2p™.
In addition, by (4.12), (4.14), and (4.17), we see that

sup [u(p™ ) — Ay | = sup [u(p'x) — A; — p**v;(0)]

By P
< ' sup [ui(z) = vi(@)] + ' supvi(z) — v;(0)]
Ba, By

(i+1)e
P + e (4p) % p < plDe,

where we have used p € (0,1/4). Thus, we have shown that (4.10) holds for k = i+ 1.
Moreover, we observe that

1

1 =1
. i+1\sp lu(z) — Agy1|P™ -
Jop = ((4P ) /B_\B - plitDalp— 1)|J)|N+9p dz
i 4pt
. A N
< | (4p)°? lu(p'x) — (A; + vi(x)pw‘”p*l " p—1
= Y Bi\B., p(i+1)a(p—1)|x‘N+sp
_1
(420) + (4 )sp "U?(Z‘) — Ui(0)|p*1 " =T
! Bi\Bs, PP7|z|NFsp
1

||ui—vi||Loo(Bl) ( dx p—1
<cgg——+a (4P)Sp/ ——
pe Bi\Ba, p(x(p—l)|x|N+ép—(X(p—1)

coc1 48
2C1 p®2 <

OO\*—‘

<02%+ 1
e (sp—a(p—1))r T

where we have used (4.14), (4.17), (4.13), and (4.12). Similarly, we deduce that

1
(4.21) Jrg < 5

Consequently, using (4.20), (4.21), and (4.18), we obtain

H_l ) Ai+1 — Az+1 i4+1
(425 0.) - S (A
0 ( ) - Az+1 i
< Z 4p)9°T, (( =y 10, 0" |+ ptJig
@ ( ) — Az+1 i 1
<Z4P 0Tl<( peli+l) )707P>+4
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ot
w
(S}

for I € {ps, qt}. With the help of (4.18), (4.19), (4.10), and (4.11) for k = i, we further
estimate

;(4p)@0ﬂ<<w>;0,pi>
< 490 [ZpeoT << )(H‘;l ) 0 4p> +ZP®°Tz(pla;o,4pi>

A — A ;
+ZPQOTZ<( a(z+1)+1>;0’p>‘|
< 490 [Z p0 an( 0 4p ) + p@oaz@]
1
4

< 4% [4epp® 7] <
It gives that (4.11) holds for k = i+ 1, hence the claim follows. Thus, from the claim
with simple computations (see [8]), we see that
1— 00
In addition, for any r € (0, 1], there is a constant ¢ = ¢(data, «) such that
lu(z) = All e (s,) = lu(@) = AjllL~(s,) + A= Aj] <%+ 20"
k=j

<cp* < er®,
where j is the unique nonnegative number satisfying p/*! < r < pJ. O
Lemma 4.4. Let u be a local weak solution to (PA) and let the functions a and b be
in VMO. Then for any o € (0,0), u € C2.(Q).

Proof: Let a € (0,0¢) be fixed and let 6 = §(data, ) be as obtained in Lemma 4.3.
Suppose B, (zo) € Q. It suffices to show that u € C*(B,,(x0)). Set

(4.22) R = dist(B,,(20),09), Ry :=po+ R/2,

and

M =8¢y [||u||Lx(BRO(10)) + Tps(u; o, Ro) + Tqi(u; 20, Ro)

sp— % 1
+<R0 ||f||;7(BRO($0)))p1 +1

N+sp
2R0 p—1
X\ 75 )
R
where ¢y is given as in (4.18) of Lemma 4.3. Then we find that there is a constant

(4.23) pe (0 mm{i0 f})

depending only on data, M, v,, and v, such that

sp—tq
Mq—p<p) <1

1 <
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(this is possible because of the condition ps > ¢t) and the kernel coefficients a and b
are (0, p)-vanishing in B, (zo) X B,,(xo). We further note that

B,(z) C Br,y(z0), for every z € B, (z0).

We define, for any z € B, (z0),

win) =" o= (9) et (Gere) e

M 4 Mp—1
and
sp—tq
az(x,y):a<ix+z, Zy+z>, b,(z,y)=MI"P <Z> b(ZfE—i—z, Zy_m)? (x’y)€R2N.

Then we directly see that
Eaz,bzuz = fZ7 in B4(0)

with
1/~
sup|u,| <1 and (7[ |f|7da:> < 4.
By By

On the other hand, for I € {ps, qt}, we note that

1 2R\ 7T 1
ZI:TZ(%;OA) = MZTl(U;Z,P) < (R) ﬂ;Tl(U;ﬂ?o»Ro)

N+sp
1 R\ M
+MEI:TZ<(2RO> 8@»%/’)

2
T
<

where we have used (4.23), (4.22), and the fact that

> B

Z 3R ly — 0|, y € Bp,(z0)°.

£0
|y*2\Z\y*$0|*|$0*2|Z|y*$0|*Rf|y*$o|
0

Moreover, the kernel coefficients a, and b, are (§,4)-vanishing in By x B; and the
following holds:

AP <a, <A and 0<b, <A.
By Lemma 4.3, u, € C*(By). Scaling it back, we obtain u € C%(B,(z)) for any z €

B,,(x0). Using the standard covering argument as in [31, Theorem 4.3], we have the
desired result. O

Now we return to our original problem; that is, the coefficient function a has the
form a(z,y,u(x),u(y)), where u is a solution under consideration.

7.(Q) to (P), for some o € (0,1), the
coefficient function a(x,y, u(z),u(y)) is in VMO on B,(xo) x B,(yo) for any xo,yo €
RN and p > 0 satisfying B,(z0), B,(yo) € Q.

Lemma 4.5. For a weak solution v € C¢
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Proof: Fix zg,y0 € Q and p > 0 such that B,(zo), B,(yo) € Q. Then, for all r < p,
using the continuity and VMO properties, we have

7[][ IR ][][ oy Al ) e dyf

<2 f f la(z, y, u(z), u(y)) — alz, 9, u(zo), ulyo))| dx dy
B, (zo Yo

dx dy

+7i (mji ), (00) = @ (0), w0 ey

<of . / ) v (1AL 10) U gy, 1,

where M = 2max{||ullz~(B,(x0)), UL (B,(y0))}s Wanr is given by property (A3),
and vg ar by (2.2). The right-hand side terms converge to 0 as p — 0 due to the
assumption (A3) and the VMO condition of Definition 2.2. This proves the lemma.

0

Proof of Theorem 1.2: Let B, (zo) €  and o € (0,0y) be fixed. It suffices to show
that v € C%(B,,(x0)). Set
R :=dist(B,,(x0),0Q) and Rg:=py+ R/2.
In light of Lemma 4.5 and simple computations, we see that A(z,y):=a(z,y, u(z),u(y))
is in VMO on Bpg,(x¢) X Bgr, (%), symmetric and satisfies (1.1). Since u solves
Lapu=f in Bg,(zo),
where A™! < A < A, it gives that u € CZ_(Q2) for some o = o(data) € (0,1). By

loc

Lemmas 4.4 and 4.5, the result follows. O

5. The existence result

This section provides the solvability of the following Dirichlet problem:

{Ea(-,u),b u=f in§,

@ u=g in RV \ Q,

where Q C R¥ is a bounded open set, and f and g are suitable measurable functions.
With g € LEZH(RYN) N LI (RY) and Q € @ € RV, we define
q
90(2, Q) = {v e W ()N LES 1(RN)HLZMI(RN) v=g ae in RV \Q},
equ1pped with the norm of W, (€'). Once again, we will suppress the term b from the
above definition whenever it is clear in the context. Now we define the notion of a
weak solution to (G) as usual.

Definition 5.1. Let f € (W(®'))* and g € W() N LETH(RY) N LY, ) (RN), for Q €
Q' € RYM. A function u € X,(9, ') is said to be a weak solution of the problem (G),

if for all ¢ € Xo(92,9Q),
[ (et PRI ot MO o) o000 dr

= <f7 ¢>W,W* .
To prove our existence result, we consider the case when the kernel coeffi-
cient a(-,-,-,-) satisfies a global uniform continuity condition (stronger than (A3)),

namely
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(A3)’ the function a is uniformly continuous in R x RY x R x R; that is, there is a
nondecreasing function w,: [0,00) — [0, 00) with w,(0) = 0 and ltiﬁ)lw“(t) =0

such that

(5.1) la(e,y,w,2) — ale,y,w', )| < wa(

|lw—w'| + |z — 2|
2

for all z, 2/, w,w’ € R uniformly in (z,y) € RY x RV,

Theorem 5.1. Suppose that 2 < p < g < oo, s,t € (0,1), and that the coefficients
satisfy the assumptions (A1), (A2), and (A3)’. Let f € OW(Y))* and g € W(¥) N

LAY (RY) N Lgtbl(]RN) for Q € Q' € RY. Then, there exists a weak solution u €

Xy(Q,9) to the problem (G). In particular, if g € W(Q') N LEZHRN) N Lg;l(RN)
and q < p%, then

uweW(Q)nLE RN ) N LG (RY).
Proof: We see that, as in the proof of [4, Lemma 2.11], the space X (£, ') is continu-
ously embedded into W(Q'). Moreover, we can directly verify that Xy(Q2, Q') is a sep-
arable uniformly convex Banach space. We now define a functional A: X (2, Q) —

W())* by

‘A = ‘AP + 'Aq7
where
¢) = / / / ala,y,v(x), v(y) @) +g ff) _;Si’l;g W o) — b)) dady

[v(z) + g(x) — g(y)]**
+2/]RN\Q, /Qa(a:,y7v(a:)79(l/)) 7 — g o(z) dz dy

=: (A} (v),0) + (A2(v),¢) for all ¢ € W(QY)

and A, is defined analogously. By virtue of Holder’s inequality and recalling the
definition of W (as stated in (2.1)), we obtain

e / bty EAD ) 2SO ) ) ey

\x—yIN”t

Q/
+ g(@)|[7! + [g(y)]*t
dz d
/RN\Q’/ |z — y|N+at [¢()] de dy

< (v ]Wt ) T (915 q(m)[(ﬁ] wh(Qr)

+e | W@)v(z) + g(x)| " ()| da

Q/
9!
q—1

C([ ]Wt 4(Q) + [g]?/‘;tl‘q(g,))[qs]wf#(ﬂz)

+c( W(@)|(w+ g)(x |qu> </W e |de>
ol [ toar)’ <miapwéwb<w’y>mdy)

< e[l + 191iviar + ||9||Lq 1)) 1@l

IN
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where ¢ = c(data, dist(2,€’)). A similar result holds for the p-term, too, by simply
using the bound (1.1). Consequently, we get that A is a well-defined operator. More-
over, (5.2) together with its p-counterpart shows that the operator A is bounded; i.e.,
it maps bounded sets to bounded sets. We next prove that A is weakly continuous.
For this, let {ux} C Xo(, Q') be a sequence such that uy — wu, weakly in W(Q') for
some u € Xo(€, ). Then, we claim that

lim (A(ug), ¢) = (A(u),¢) for all ¢ € Xo(Q, ).

k—o0

Using the bound on the function a, we observe that

(5.3)
[(A(ur) — A(u), 9)|

S/ la(@, y, (), ur(y)) — alz,y, u(@), u(y)l|(u+g)(x) = (u+g) ()P~
o Jor
X [p(x) — ¢(y)| dpm

w2 [ ooy (o). ) - ae. v uta) o) o) +9(e) g 0) P oG] din
QJRN\Q
A [ [ll+0) @)= (k) P = o) @)= (ot ) )~ 19() =6 (0)

ean [ [ o 0o~ g = [ 0)) o o)

+ [(Ag (ur) — Ag(u), @) + [(AZ (ur) — AF(u), $)].

By the definition of X (£, ) together with the weak convergence and compactness
of the Sobolev embedding, we infer that, up to a subsequence, ug(z) — u(z) a.e.
in Q. Hence, using the uniform continuity condition of (5.1), we deduce that the first
two terms on the right-hand side of (5.3) converge to 0, as k — oco. To prove the
convergence of the third term, on the contrary, we assume that there exist ¢y > 0 and
a subsequence {uy} (up to relabeling) such that

(5-4) / , QII[(Uk+g)(fﬂ)*(wﬂi)(y)]”’l*[(uw)(w)*(wg)(y)]p’lH(b(fﬂ)ﬂb(y)\dm > €.

Since {uy} is bounded in W(§Y'), using the definition of the norm on W(Y'), we observe
that the sequence { [("Hg)(z)_(K,kj;f)(y)]pA } is bounded in L' (€' x ©'). Thus, by the

7

le—yl »
reflexivity of the space LP and the pointwise convergence ux — u a.e. in ', up to a
subsequence (again up to relabeling), we get that

(s +9) (@) —(ux + WP [(utg)(@)—(u+g)(y)P~"

N+ps N+ps
|z —y| |z —y|

weakly in ¥ (€ x Q),

as k — oo. Owing to the fact W;,\‘ﬂy p)‘ € LP(QY x Q) (due to ¢ € W(Q)), we
lz—y| P

find a contradiction to (5.4). Consequently, the third term on the right-hand side

of (5.3) converges to 0, as k — oo. Similarly, for the fifth term, we note that
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the sequence {b(z,y)u 7 [wto)(@)— (“"+g)(y)]q } is bounded in L9 (Q x Q). There-
lz—yl 7
fore, by the reflexivity of the space L7 and proceeding as above by noting that
1
bz, y)7 LE=2W] ¢ La(Q x ), we get that the fifth term also converges to 0. It
le—y| d
remains to prove the convergence of the fourth and the sixth terms on the right-hand

side of (5.3). Using (2.4) and Holder’s inequality, we deduce that

/ / b, )| [(ur + 9)() — 9W))7 — [(u+ 9) (&) — 9(w))7 1 6() | dpea
Q JRN\ @

b(z,y)
|z — y|NFa

<c/ () — ()| ()] dy de

RN\Q/

// b(x, )6 ()| Jur(z) — u(@)||u(z) + g(z) — g(y)|" > dp
RN\

1

< e [ W) @) o doe( [ Wit -u@ ool dr)

q—2

([, Mot + ) =gl ot na )

where W is as defined in (2.1) with €’ in place of . From (5.2), we see that the
second quantity on the right-hand side of the second term is finite. Then, recalling
the definition of the norm on W(£Y') and arguing as above (the case of the fifth term),
we get that the sixth term on the right-hand side of (5.3) converges to 0. Similarly,
we see that the fourth term on the right-hand side of (5.3) tends to 0. Hence, we
prove the claim.

Next, to prove coercivity of the operator A, for any v € Xo(Q2,Q’), using Holder’s
and Young’s inequalities, we first see that

=// a(z,y, v(x), v(y))([(v+9)(@)— (v+g) )P —[g(z)—g(y)]P~)
x (v(z) = v(y)) dim

53 s [ ate @) o) o) - gl (0 — o) di

o e = "’dm—c//lg )P (@) —o(v)] din
L e = dn—c [ 1) -swp dn.

where we have also used (1.1) and (2.3). Similarly, we discover that

6:6) U0z [ del@-ltdee [ [ sl =g de.

| \/
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Furthermore, using the inequality (2.3) once again and the definition of W, we observe
that

- / / b, 1) ([0(x) + 9(x) — gW))7" — lg(x) — 9(v))7VYo(a) dpss
Q JRN\q

i /Q /RN\Q, b, y)[g(x) — 9] v(x) dpe

b=y
/ /\Q R r— e

ql qu ( ) T
‘C//RN\Q,Q DI+ )l o) 2 o dy

> 1 [ wor@rdee( [ welst |qu) ([ W qdw)
—o [l otz o,

! Ydr — ¢ x)|g(x)|?dr — € v(x)|P dx
> [ W@l —c [ Wialg@)dz = [ o)

p'(g—1)

—1
—cer—t ||gHLZ;;(RN)7

where we have also used the fact that v =0 in Q' \ © and Young’s inequality on the
last line. On a similar note,

2 i P _/ p _ p
(58) (L) 2o [ @l de—c Q,|g<x>\ dz—clgl?, 1 -

Finally, combining (5.5), (5.6), (5.7), and (5.8) with € = -, and recalling the definition
of the norm on W()'), we obtain

|v
Q/

1 .
(), 0) = - mind [0y 101} = ellgliyen@r = gl g,

1
= cllgll sy + 07053 )

where the constant ¢ depends only on data, 2, and ’. This proves the coercivity of
the operator A.

Consequently, by [38, Example 2.A, p. 40], it follows that the operator A is of
M-type. Note that Xo(€2, Q') is a separable reflexive Banach space and W(Q'))* C
(X0(92,9))*. Hence, using [38, Corollary 2.2, p. 39], we get that the map A is sur-
jective. Moreover, the last statement is true considering u € L971(Q) by q < p%. This
completes the proof of the theorem. O

Appendix A. Boundedness results

We first give a boundedness result for the problem (P) whose proof runs along the
same lines of [23, Proposition 3.1] by using the Caccioppoli estimate of Lemma 3.1.
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Lemma A.l. Suppose that g < p% and qt < ps. Let u be a local weak solution to
the problem (P) in Q. Then, there exists a constant ¢ depending only on data and ~y
(if v < o0) such that

p q/(p9) L p-1)
i < e (,  u@l?de) 4 IALE )
BQT(IO)

+ Tps(u; xo, 2r) + Torp(u; o, 2r) + 1,

provided Ba.(xo) € Q, where 9 = max{q, ps} with ¢ = p’gz%&g,)(< %") if v < oo,
while ¢ =1 if v = oco.

Let B,, = B,,(0). We next consider the following problem:

(,Pb) Ca(~,v),bv = f %n B3p0/2,
v=g in RV \ B3, /2,

where g € Wy(Bay,) N L (Bap,) NLETHRN)NLL ) (RY) and f € L] (Bay,) with v >
max{1, N/(ps)}. Let v € Xg4(Bsp, /2, B2p,) be a weak solution to the problem (7).
Then, v enjoys the same Caccioppoli-type estimate as in Lemma 3.1 and hence
Lemma A.1 holds for v, too. We next see the boundary estimate of the solution v. Pre-
cisely, we have the following estimate using [27, Theorem 5] and [23, Proposition 3.1]
with slight modifications.

Lemma A.2. Suppose that ¢ < p; and qt < ps. Let v € Xy (B3, /2, Bap,) be a weak
solution to (Py) with f € LY(Ba,(x0) N By, 2) and g € L*(Bap,), for some r €
(0,1/16) and xg € OBs,, /2. Then there is a constant ¢ depending only on data and
(if v < 00) such that

q/(p?9)
1 1
oll 2= 5, (o)) < € (]i ( )|v<x)|ﬂdx> T ] A e SR
2r(To

+ Tps(vi 20, 21) + Ty p(vi 20, 27) + |9l Lo (Bayy) +1 ]
where U is the same number as in Lemma A.1.
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