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SUMMABILITY AND DUALITY

SOUMITRA GHARA, JAVAD MASHREGHI, AND THOMAS RANSFORD

Abstract: We formalize the observation that the same summability methods converge in a Banach
space X and its dual X*. At the same time we determine conditions under which these methods
converge in weak and weak* topologies on X and X* respectively. We also derive a general limitation
theorem, which yields a necessary condition for the convergence of a summability method in X.
These results are then illustrated by applications to a wide variety of function spaces, including
spaces of continuous functions, Lebesgue spaces, the disk algebra, Hardy and Bergman spaces, the
BMOA space, the Bloch space, and de Branges—Rovnyak spaces. Our approach shows that all these
applications flow from just two abstract theorems.
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1. Introduction

Let X be a Banach space of holomorphic functions on the open unit disk D, and
suppose that X contains the polynomials. Every function f € X has a Taylor ex-
pansion f(z) = 32,5 a;jzJ, which converges locally uniformly on D to f(z). However,
it can happen that the series fails to converge to f in the norm of X. This is the
case, for example, whenever polynomials are not dense in X, but it may occur even
when they are dense. Here is a short list of examples illustrating various possibilities,
ranging from ‘best’ to ‘worst’.

(1) If X is the Hardy space H?, then the Taylor series of f does converge to f in
the norm of X. The same is true if X is the Dirichlet space or the Bergman
space.

(2) If X is the disk algebra A(D), then the Taylor series of f may fail to converge in
the norm of X (du Bois-Reymond’s example), but its Cesaro means do converge
in norm (Fejér’s theorem).

(3) If X is a de Branges—Rovnyak space H(b), then, for certain choices of b and f,
the Cesaro means may fail to converge in norm, though polynomials are still
dense in X (see [3]).

(4) If X fails to have the bounded approximation property, then no lower-triangular
summation method can converge in norm for every function, even though poly-
nomials may still be dense in X (see [13]).

In this article we are mainly interested in cases like (2) and (3), where some summa-
bility methods work and others do not, and the problem is to determine the range of
methods that do work. Our starting point is the fact that, typically, the same methods
tend to work in X and in its dual X*. This is because the convergence of a summa-
bility method often boils down to whether a certain sequence of summation operators
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is uniformly bounded in norm, and an operator has the same norm as its adjoint. We
formalize this idea, at the same time linking it to weak and weak* convergence in X
and X* respectively. We also derive a general limitation theorem, namely a necessary
condition for the convergence of a summability method in a given Banach space. The
proofs of these results are carried out in two steps: in Section 2 we establish a gen-
eral operator-theoretic result, which is then used in Section 3 to derive the abstract
summability theorems.

The rest of the article is devoted to various examples and applications of these re-
sults. In Section 4 we consider continuous-function and Lebesgue spaces, as well as the
disk algebra. In Section 5 we deal with the Hardy and Bergman spaces and their rela-
tives, BMOA and the Bloch space. Finally, in Section 6, we consider reproducing ker-
nel Hilbert spaces of holomorphic functions, and, in particular, de Branges—Rovnyak
spaces. Some of the applications are already known, others are slight generalizations
of known results, and some are completely new. Our approach shows that they all
flow from just two abstract theorems.

2. Operator theory

In what follows, X is a real or complex Banach space. We write X* for the dual
space of X, and (-,-) for the duality pairing between X and X*. We use w and w*
to denote the weak and weak™® topologies on X and X* respectively. Lastly, given a
bounded operator T' on X, we write T for the adjoint operator on X*, defined by
the relation

(x,T*¢) = (Tx,¢) (x€X, peX).

The purpose of this section is to establish the following result.

Theorem 2.1. Let (T,)n>0 be a sequence of bounded, finite-rank operators on X
such that

T, T (X) CT(X) and T)Th(X*)CTh(X*) (m,n>0).
Let

Y = span(UmZO Tm(X)) and Z := Span<Um20 T;;(X*))

where the closures are taken in the norm topologies of X and X* respectively. Then
the following statements are equivalent:

(i) Thx — x in (X,w) for allz € X;

(il) Thx — x in (X, ]| - ||) for all x € X;

(iii) Ty — ¢ in (X*,w*) for all p € X*;
)

(iv) Tr¢ — ¢ in (X*,w*) for all ¢ € Z, and Z is w*-sequentially dense in X*

andY = X;
(v) Trp — ¢ in (X*,|| - ||) for all ¢ € Z, and Z is w*-sequentially dense in X*
andY = X.

If, further, X is reflexive, then these are equivalent to:
(vi) Tk — ¢ in (X*, || - ||) for all p € X*.

We shall prove this result via a series of lemmas, beginning with a very simple one.

Lemma 2.2. Let (T},)n>0 be a sequence of bounded operators on X. The following
statements are equivalent:

(i) Thx = x in (X,w) foralx e X;

(il) T} — ¢ in (X*,w*) for all p € X*.
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Proof: We have
Thxr %z Ve X <= (Thz,¢) — (x,¢) Yo X* VreX,
— (z,T;¢) — (x,0) Vre X, Vo e X*,

=T Vo € X*. O

We next establish a similar result relating weak convergence in X to norm conver-
gence. In order to obtain an equivalence, we need to impose some conditions on the
operators Ti,.

Lemma 2.3. Let (T},)n>0 be a sequence of bounded, finite-rank operators on X such
that

(2.1) T.T,(X) CTn(X) (m,n>0).
Then the following statements are equivalent:

(i) Thx = x in (X,w) foralz e X;

(ii) Thx — x in (X, - ||) for allz € X.

Remarks. (1) Lemma 2.3 fails without the assumption ‘finite-rank’. For example, if
X = (*(ZT) and T,, := I + S™, where S is the unilateral shift on ¢*(Z"), then
7.1, =TT, for all m, n, so (2.1) holds, and

Thx —x=8"r 50 Vocl*(Zh),

but
[Tneo — eollz = [lenll2 - 0.

(2) Lemma 2.3 also fails without the assumption (2.1). For example, if X = ¢(?(Z%)
and T,, := Z?:O(ej ®e;)+ (en ®ep), then each T;, is a bounded, finite-rank operator,
and

Tox—x=— Z(:c, ej)e; + (v, e0)e, — 0 Va € (2(Z1),
j>n
but
[Theo — eoll2 = [lenl2 —#+ 0.
Note that, in this example, if m < n, then T,,(X) = span{eg,ei,...,emn}, while
T, T, (X) =span{eg + en,€1,...,€m}.

Proof of Lemma 2.3: It is enough to prove that (i) = (ii), since the reverse implication
is obvious. Suppose then that T,z — x weakly for all z € X. We need to show that
it also converges in norm. This will be done in four steps.

The first step is to show that | T,z — x| — 0 if € span(U,, T, (X)). Fix m and
let 1) be a continuous linear functional on T,,(X). By the Hahn-Banach theorem, we
can extend ) to a continuous linear functional ¢ on the whole of X. Therefore, for
all z € T,,(X), we have

<Tnx’w> = <Tn$,¢> — <$v¢> = <$7¢>
This shows that T,x — x weakly in T, (X). As dim(7,,(X)) < oo, the weak topology
and norm topology coincide, so || T,z —x| — 0 for all z € T,,,(X). Finally, by linearity,
it follows that || T,z — x| — 0 for all z € span({J,, Tmm(X)), as claimed.
The second step is to show that span(|J,, 7o (X)) is norm-dense in X. Suppose
the contrary. Then, by the Hahn—-Banach theorem, there exists ¢ € X* \ {0} such
that ¢ = 0 on span(|J,, Tm(X)). For all m > 1, we have

(z,75,¢) = (Tmz,¢) =0 (x € X),
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so T & = 0. Also, from Lemma 2.2, we know that 75 ¢ — ¢ in (X*, w*). Hence ¢ = 0.
This contradicts the choice of ¢. We conclude that, as claimed, span(Um T (X )) is
norm-dense in X.

The third step is to show that sup,, ||T,,|| < co. For each € X, the sequence (T, )
converges weakly, so it is weakly bounded. By the Banach—Steinhaus theorem, it is
also norm-bounded, i.e., sup,, |T,z| < co. As this holds for each z € X, a second
application of Banach—Steinhaus shows that sup,, || 7| < oo, as claimed.

The fourth and final step is to show that |T,z —z|| > 0 forall z € X. Let z € X
and let € > 0. By the second and third steps, there exists zy € span(Um Tm(X))
such that ||z — zo|| < €/(1 + sup,, || Tn|). By the first step, there exists ng such that
| Tnxo — zo|| < € for all n > ng. Then, if n > ng, we have

[Tnz — || < [ Tn(x = zo)ll + [ Tzo — @ol| + [lzo — ]| < 3e.
Thus ||T,z — z|| — 0, as was to be proved. O

If X is reflexive, then we may interchange the roles of X and X* in Lemma 2.3,
and deduce the following corollary.

Corollary 2.4. Suppose that X is reflexive. Let (T},)n>0 be a sequence of bounded,
finite-rank operators on X such that
(2.2) TiT(X") € TH(X*) (m,n > 0).
Then the following statements are equivalent:

(i) T} — ¢ in (X*,w*) for all p € X*;

(il) T — ¢ in (X*, || - ||) for all p € X*.
Remark. If X is not reflexive, then Corollary 2.4 may break down. For example, let
X = (1Z") and let T,: £*(Z*) — ¢*(ZT) be the projection onto the first n co-
ordinates. Its adjoint T)f: (*°(ZT) — ¢>(Z") is also the projection onto the first
n coordinates. The sequences (T,) and (7)) satisfy (2.1) and (2.2) respectively. Also
| Tz — x|y — 0 for all x € £1(Z"), so by Lemmas 2.2 and 2.3 we have T)'¢ — ¢
weak* for all ¢ € (°(Z"). However, if ¢ := (1,1,1,...), then ||T} ¢pg — dol/cc # 0.
Note that, in this example, the norm closure of spanJ, T, (X™*) is ¢o.

Here is a version of Corollary 2.4 valid for all X, not necessarily reflexive.

Lemma 2.5. Let (T},)n>0 be a sequence of bounded, finite-rank operators on X such
that

(23) Tn(T(X)) € Tia(X)  and  TH(T7,(X7)) C T (X7)  (m,n = 0).
Let

Y = Span(Umzo Tm(X)> and Z:= span(UmZO T;L(X*)),

where the closures are taken in the norm topologies of X and X* respectively. Then
the following statements are equivalent:

(i) T — ¢ in (X*,w*) for all p € X*;
(ii) Ty — ¢ in (X*,w*) for all ¢ € Z, and Z is w*-sequentially dense in X*

andY = X;
(iii) T — ¢ in (X*, || - ||) for all ¢ € Z, and Z is w*-sequentially dense in X*
and Y = X.

For the proof, we need a further lemma.
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Lemma 2.6. Let Z be a subspace of X* that is w*-sequentially dense in X*. Then
the w*-closure of the unit ball of Z contains a positive multiple of the unit ball of X*.

Proof: Let C be the closure in (X*,w*) of the unit ball of Z. Given ¢ € X*, there
exists a sequence (¢,) in Z such that ¢, is w*-convergent to ¢. By the Banach-
Steinhaus theorem, since (¢,,) is w*-bounded, it is norm-bounded. Hence there exists
an integer m > 1 such that ¢ € mC. Thus we have |J,,~, mC = X*. Each set mC
is w*-closed in X*, so it is certainly norm-closed. We may therefore apply Baire’s
theorem to deduce that there exists mg such that moC has a non-empty norm interior.
As moC' is a convex, symmetric set, it follows that 0 belongs to the norm interior
of mgC'. In other words, C' contains a ball around 0. O

Proof of Lemma 2.5: (i) = (ii): Suppose that (i) holds. Then it is obvious that T ¢ —
¢ for all ¢ € Z, and also that Z is w*-sequentially dense in X*. Finally, by Lemmas 2.2
and 2.3, (i) implies that T, — x in norm for all € X, and this entails that ¥ = X.

(ii) = (iii): Suppose that (ii) holds. By (ii), we have T)*¢ — ¢ in (X*, w*) for each ¢ €
Z. By the Banach—Steinhaus theorem, applied to the sequence (T¥|z) on Z, we have
sup, |21 < oo.

Let m > 0. Then T'¢p — ¢ in (X*,w*) for all ¢ € T (X*). Since dim(7T}5 (X)) <
00, it follows that T,'¢ — ¢ in norm for all ¢ € T (X*). As this holds for each m >
0, we deduce that T;¢ — ¢ in norm for all ¢ € span(|J,,>q T (X*)). Lastly, as

sup,, |77 z|| < oo, it follows that T, ¢ — ¢ in norm for all ¢ € Z.

(iii) = (i): Suppose that (iii) holds. As noted above, sup,, ||T;;|z|| < co. By (iii) and
Lemma 2.6, the unit ball of Z is w*-dense in a ball of radius » > 0 in X*. It follows
that, for every operator T' on X, we have ||T*|| < ||T*|z||/r. Combining these facts,
we deduce that K := sup,, |7 < oco.

Let m > 0 and let Z,,, := {¢|r,,(x) : ¢ € Z}. Since Z is w*-sequentially dense in X*
and dim 7,,(X) < oo, it follows that Z,, is norm-dense in T,,,(X)*. Let z € T,,,(X).
Let ¢ € T,,,(X)* and let ¢ > 0. Then there exists ¢ € Z with || — @], (x)l| < e
Since || Tx¢ — ¢|| — 0, there exists N such that

n>N=|Ti¢p—¢| <e.

Then
(The —z,v) = (2, T3¢ — ¢) + (Tnz — 2,9 — @7, (x)),
so, for all n > N,

Tz =z, ) < [|l2|[[T7¢ = ol + (K + D]l = ¢z, x| < (2] + K + e

Thus T,z — = weakly for all z € T,,,(X). Asdim T}, (X) < o0, it follows that T,z — =
in norm for all € T,,(X). As this holds for all m > 0, we deduce that T,z — «
in norm for all z € span({J,, T (X)). Since sup,, ||T,|| = sup, [|T;]| = K < oo, it
follows that T,,x — x for all x € Y.

By (iii), we have Y = X. Thus T,,x — « in norm for all z € X. By Lemmas 2.2
and 2.3, this implies T ¢ — ¢ in (X*,w*) for all ¢ € X*. O

Remark. Although statements (i)—(iii) are all about the adjoint operators T, we
nonetheless need the invariance assumption that T,, (T, (X)) C T, (X) in (2.3). This
assumption is used in the proof of the implication (iii) = (i), and the result is actually
false without this assumption. Here is a counterexample.
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Let X := (}(N). For n > 1 define T,: £*(N) — ¢}(N) by
Tn = Pgn(Sn + I),

where S: (1(N) — ¢1(N) is the unilateral shift and P, : £*(N) — ¢}(N) is the pro-
jection onto the first 2n coordinates. Taking adjoints, we have T, : £*°(N) — ¢>°(N)
given by T = (S*" + I)Pay,. The following properties are easily verified:

o T,,(X) =span{ey,..., e} for all m > 1;

o T (X*)=span{es,...,eqn} for all m > 1;

° :(T%(X )CT* (X*) for all m,n > 1;

o YV =/YN) =

o co(N), Wthh is w*-sequentially dense in X* = ¢*°(N).

If ng € co( ), then we have
1756 = Blloc < 15" lloc + [[Pond = Pllc —> 0 (n — 00).
Thus T¥¢ — ¢ in norm for all ¢ € Z. Therefore (iii) holds.
However, if ¢ € £>°(N) \ ¢o(N), then
(e1, T0 — &) = (Tner — e1,¢) = (ent1,0) 7+ 0 (n — o0),
and so T¥¢ 4 ¢ weak*. Therefore (i) fails.

Finally, the main result of the section, Theorem 2.1, follows by combining Lem-
mas 2.2, 2.3, and 2.5.

3. Summability

3.1. The basic set-up. In the rest of the paper, we consider the following set-up.
As before, X denotes a Banach space with dual space X*. Let (eg)r>0 and (¥%)k>0
be sequences in X and X* respectively such that

<6j7"/)k>:03 Vj,k,]%k,
<6k,wk> 7& 0, Vk
For each k > 0, define P,: X — X by

er ® Yy,

Fii= (ers Vi)

Explicitly,

<$7 ’(/}k>
(ers Vr)
Clearly Py(er) = ey and Py(ej) = 0 if j # k. It is easy to see that Py is a rank one
projection (P2 = Py) with

Pk({L‘) =

er (v eX).

llex [l
Pl = —————.
= e, o)
Its adjoint P;: X* — X™ is given by
. _ Ve Qe
P (e tr)
Let A = (ank)n k>0 be an infinite matrix of complex scalars such that, for each n > 0,
(3.1) S JanelI Pl < oo.

k>0
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We define the associated summation operators S2': X — X (n > 0) by the absolutely

convergent series
STI? = Z ankPk.
E>0
Explicitly, we have
SA@) =Y am @00 (e x),

k>0 (ex, V)

Ay x _ a <€]€,¢> *
(S3) W—g kg Ve (@€ X,

3.2. The main equivalence. With this notation established, our goal is to prove
the following theorem.

Theorem 3.1. Let Z be the norm closure in X* of span{yy, : k > 0}. Suppose that

there exists at least one matriz A° satisfying (3.1) such that Sfox — x (either weakly
or in norm) for all x € X. Then, for every matriz A satisfying (3.1), the following
statements are equivalent:

(i) SA(x) = z in (X,w) for allz € X;
(i) SA(x) = x in (X, -|) for all z € X;
(iil) (S)*(¢) — ¢ in (X*,w*) for all p € X*;
(iv) (S (@) — ¢ in (X*,w*) for all ¢ € Z;
(v) (Si)* () = ¢ in (X*,||-|]) for all p € Z.
If, further, X is reflexive, then these are equivalent to:
(vi) (S;)*(¢) = ¢ in (X*,||-|]) for all p € X*.

Proof: By (3.1), for each n > 0, there exists K, > 0 such that

Y lansl| Pell <27

k>K,

Define T2: X — X by
KTL
Tf = ZankPk
k=0

Clearly we have ||S2 — T:2|| < 27" for all n, so each of the statements (i)—(vi) holds
iff it holds with S replaced by T4

The operators T;f‘ are bounded, finite-rank operators on X. The images of T;;‘
and (TA)* are given by

TA(X) =span{ey, : 1 <k < K, ani # 0},
(T;1)"(X*) = span{thy : 1 < k < Ko, an, # 0},

It follows that TATA(X) C T2(X) and (T2)*(T2)*(X*) C (TA)*(X*) for all m, n.
Thus Theorem 2.1 applies.

We claim that, for each k, there is at least one n such that a,; # 0. Indeed, if
ang = 0 for all n, then T2 (ex) = 0 and (T2)*(1x) = 0 for all n, and so (under the
relevant assumption (i)—(vi)), either e = 0 or v, = 0. Neither of these can be true,
since we are assuming that (eg, ) # 0.
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It follows that, in the notation of Theorem 2.1,

Y = span(UmZO(T;})(X)) = span{ey, : k > 0},

Z = span(UmZO(Tg)*(X*D = span{¢y : k > 0}.

In particular, this reconciles the definition of Z given in the statement of Theorem 3.1
with that in Theorem 2.1.

From Theorem 2.1, applied with A = A°, we deduce that Y = X and that Z is
w*-sequentially dense in X*. Reapplying Theorem 2.1 with a general A now gives the
result. O

Remarks. (1) The implications (i) < (ii) < (iii) = (iv) < (v) hold without the as-
sumption about A°. The existence of A is needed only for the implication (iv) = (iii).

(2) In the concrete examples that we shall address below, the existence of A° will
be an obvious consequence of some version of Fejér’s theorem.

(3) However, there are examples where there exists no matrix AY satisfying (ii).
For instance, this is the case whenever the Banach space X fails to have the bounded
approximation property (see [13]). The article [10] contains another such example,
in which X is actually a Hilbert space.

3.3. Limitation theorems. Let A = (ank)n,k>0 be an infinite scalar matrix satis-
fying (3.1). We say that A admits a left inverse if there exists a scalar matrix B =
(bjn)j,nzo such that

1, j=F
(3.2) D bl <00 (j=0) and > bjnank =3 ’ j="h
n20 n>0 O? J 7é k

Theorem 3.2. Suppose that S2(x) — = (weakly or in norm) for all x € X, and that
A admits a left inverse B. Then, writing B; := ), 5 |bjn|, we have

lellllesll

(€5, %)
Remark. This theorem is of interest when ||e;l|||v;]|/|{e;, ;)| grows with j, since it
then places limitations on possible matrices A for which summability holds. Hardy (|8,
p. 57]) calls such results limitation theorems.

O(B;) (j — o0).

Proof: For each j > 0, we have

> binSi = bin (Z ankPk>

n>0 n>0 k>0
= E < E bjnank> P, = E 0ixPr = Pj,
k>0 >0 k>0

the exchange of sums being justified by absolute convergence in (3.1) and (3.2). Now
as S (z) — z for all z € X, we have sup,, ||S{(z)|| < oo for each € X, and hence,
by the Banach-Steinhaus theorem, sup,, ||S7| < oo. It follows that

D binS:
n>0

in other words, ||P;|| = O(By). Finally, since ||P;|| = |le;|||%;]l/I{ej,%;)], the result
follows. -

15511 = < D binllIS < Bjsup IS,
n

n>0
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In practice, the matrix B is not known explicitly, so estimating B; may be prob-
lematic. Here is one case where we can do it.
We denote by W+ (D) the holomorphic Wiener algebra, namely

W (D) = {f(z) =S F ) < oo}.

k>0 k>0

Theorem 3.3. Let f € WT(D) with f(0) # 0, and let (yn)n>0 be an increasing
sequence in (0,00). Let A = (ank) be the lower-triangular matriz with entries given

by
ank =7, (1 f)(n—k) (0<k<n).
Then A has a left inverse B, where B = (bjy,) is a lower-triangular matriz and

D lbinl =75 (G — 00).

n>0
Proof: Let B be the lower-triangular matrix with entries (b;,,) given by

bin = mf(j —n) (0<n<j).

For each fixed j, there are only finitely many n for which b;,, # 0, so the first condition
in (3.2) is clearly satisfied. As for the second condition, we have

Z bjnank = Z 'an(] - ”)%?1@(71 — k)

n>0 n>0

Y oI/ N@) =10~ k) = b
pfézi?(lk

Thus B is indeed a left inverse of A. Further, we have

P Z%Ifj*n | < D 1F ()]

n>0 £>0
and
Z |bjn| = 27n|f j=n) > 7]|f( -
n>0
By assumption, we have ), 1F(0)] < oo and |f(0)] > 0. It follows that Y onso lbjnl =<
v;, as claimed. B B O

Remark. In this case, it is easy to see that in fact B is a two-sided inverse of A.

We illustrate these results by applying them to one particular family of summability
methods, namely the Cesaro means. Given o > —1, let A = (ank)n x>0 be the lower-
triangular matrix defined by

(3.3) i = (Z)/(“ Z a) 0<k<n).

(As usual, binomial coefficients with non-integer arguments are defined using the
Gamma function.) With this choice of A, we write

o%(z) = SMx) (z € X).

In particular, we write s,, for 0 and o, for o}.



416 S. GHARA, J. MASHREGHI, T. RANSFORD

We remark that, if —1 < a < 3, then ¢f includes o2 in the sense that, if 0% (2) — =
for some z € X, then also o2 (x) — z. (For scalars this is well known; for Banach
spaces, it follows by [11, Theorem 5.1].)

The following limitation theorem is an abstract version of [8, Theorem 46].

Theorem 3.4. Let a > 0. If 0% (x) = x (weakly or in norm) for all x € X, then

el _ om0 o
epnwy)) ~ 00" U= o)

Proof: Let A be the Cesaro matrix defined by (3.3). A computation gives

(L) - (1)

where (7,,) is the increasing sequence given by

(")
In = )
(&%

and where g(m) are the Taylor coefficients of the function

9(z) = i (mof O‘)zm —(1—z)e

m=0

Clearly g = 1/f, where f(2) := (1 — 2)**L. Since the Taylor coefficients of f satisfy
- (F) (k-1 1\ 2
St = S0 < (52 L) e < o,
E>1 k>1 E>1

we have f € WT (D), and Theorem 3.3 applies. We deduce that A has a lower-trian-
gular inverse B = (b;,) such that

3 Ibjal = O(3) = o((j ;O‘)> —0(*) (G —o0).

n>0

the last equality by Stirling’s formula. The result now follows by applying Theo-
rem 3.2. 0

4. Applications in spaces of continuous functions

4.1. Fourier series. Probably the best-known applications of summability are to
Fourier series, so, for our first example, we see what the abstract theory developed in
the previous two sections tells us about this case.

Let T denote the unit circle. We write C'(T) for the space of complex-valued con-
tinuous functions on T, with the usual sup-norm || f||c := supg |f|. The dual space
of C(T) may be identified with M (T), the space of finite complex Borel measures
on T, the duality being given by

(fo) = / F(Q)du@  (f € O(T), € M(T)).

Under this pairing, M (T) inherits the norm of C'(T)*, which is just the total variation
norm.

The absolutely continuous measures on T form a closed subspace of M(T), which
can be identified with L!(T) via g <+ g(e) dt/2n. The restriction of the total variation
norm to L'(T) is just the usual L'norm.
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We now proceed to apply the theory developed in Section 3. Let X := C(T), and
for k € Z let e, := e'** and vy, := e** dt/27. (Here the index k runs through all the
integers rather than just the positive integers, but this creates no problems.) Then
lerlloo = el = 1 and (eg, ) = 1 for all k € Z.

Let A= (ank)n>0, kez be an infinite matrix of complex scalars such that ), , |ani|<
oo for each n > 0. Then, for each n > 0, we have

Sé‘(f)=zan<f’¢k =S amf k)™ (fec(T),

kezZ Ck kezZ

(700 = Eam {20 = S a5 (e M(T).
kez keZ
By Fejér’s theorem, we have ||o, f — f|loc = 0 as n — oo for all f € C(T), so there
exists at least one matrix A for which || S2° (f)—f|leoc — 0. Thus Theorem 3.1 applies.
In the notation of Theorem 3.1, Z is the norm closure in M(T) of span{e’** dt/2r :
k € Z}, which is exactly L'(T). Thus we obtain the following theorem.

Theorem 4.1. Let (ank)n>0,kez be an infinite matriz of complex scalars such that
> kez lank| < 00 for each n > 0. Then the following statements are equivalent:

(1) Yrez ani f(k)eRt = f in (C(T),w) for all f € C(T);

(i) Shez annf(R)e™ = fin (C(T), | o) for all f € C(T);

(il)) > ez anrfi(k)e™ dt/2m — pin (M(T), w*) for all p € M(T);

) Ykez ankg(k)e*t dt/2m — g(et) dt/2m in (M(T),w*) for all g € L*(T);

(V) Chez ankg(k)e™ — g in (LY(T), || - |l1) for all g € L'(T).

We now use this theorem to deduce some classical results about Cesaro summation

of Fourier series. Since the summation index k runs over Z rather than ZT, the

definition of o needs to be modified accordingly, taking Ang = (IZ\)/(HIZI(X) for k| <mn

and a,y := 0 for |k| > n. As usual, we write s, for 60 and o, for o, (this was already
implicit when we quoted Fejér’s theorem above).

Theorem 4.2. (i) If p =61, then s,(u) A p in (M(T),w*).
(ii) There exists f € C(T) such that s,(f) # f in (C(T),w).
(iii) There exists g € L'(T) such that s,(g) # g in (M(T),w*).

(iv

Proof: (i) If p = 61, then u(k) =1 for all k € Z, so

n

o dt dt
= it — = D, (t)—
sam) = Y e n(t) 5

P 2m
where D, (t) is the Dirichlet kernel. We know that
[sn () llar(ry = [|Dnllr < logn — oo,
50 (sn(p)) is not weak*-convergent.
Parts (ii) and (iii) now follow from (i) by applying Theorem 4.1. O

Remark. Part (ii) is a weak form of a famous result of du Bois-Reymond, who showed
that the Fourier series of a continuous function may diverge at a point.
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Theorem 4.3. Let a > 0.
@) 03() — flloo = 0 for all f € C(T).
(i) lo%(9) — glls — 0 for all g € LA(T).
(i) o%(p) = p in (M(T),w*) for all p € M(T).

n

Proof: Part (i) is a classical result of M. Riesz [14]. Parts (ii) and (iii) follow, using
Theorem 4.1. O

4.2. The disk algebra. The disk algebra A(D) consists of those holomorphic func-
tions on the open unit disk D that have a continuous extension to D. It is a Banach
space (indeed a Banach algebra) with respect to the sup-norm.

By the maximum principle, the map f — f|r is an isometry of A(D) into C(T),
so A(D) can be identified with a closed subspace A of C(T). In fact A = {f €
c(T) - f(k) = 0Vk < 0}. Therefore the dual of A(D) may be identified with the
quotient M (T)/A*, where

At = {u € M(T): /fdu:OVf € A}.
T

By the F. and M. Riesz theorem, if i € A, then u is absolutely continuous with
respect to Lebesgue measure on T, say i = hdt/2n. The condition that hdt/2m € A+

is equivalent to h € F&, where
HY := {h € L)(T) : h(k) = 0Vk > 0}.

Thus we can identify the dual space A(D)* with M(T)/H_L.
There is another way to express this duality, using Cauchy transforms. Given u €
M(T), we define its Cauchy transform Ku: D — C by

Ku(z) ;:/Tldfi(?z (z € D).

Notice that Kp =0 < p € F&. Hence the map [u] — Ku is a linear isomorphism
of M(T)/H} onto K, where

K:={Kp:pne M}
We endow K with the norm that makes this isomorphism an isometry, namely
1K pll o= 1l = st H) (€ M(T)).
Thus, finally, the dual of A(D) may be identified with &, the duality pairing being
given by

(. Kp) = / F(Qdu@) = tim 3" FRak* (f € AD), Kp e K).

—1-
" k=0

We now apply the theory developed in Section 3. Let X := A(D) and X* = K.
For k > 0, we define e; € A(D) by ex(z) := z*, and ¢, € K by

i (2) = K<ei’“§;> (2) = 2.

It is easily checked that ||ex||c = ||¢k||x = 1 and that {(eg, ) = 1 for all k.
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Let A = (@nk)n,k>0 be an infinite matrix of complex scalars such that >, - |ank| <
oo for each n > 0. Then, for each n > 0, we have

SA _ N <f7¢k _ N A(D ’

() kz;oa Elem ) " kgoa wf (K (f € A(D))

(SN (Kp) = Za"k fkk’KM Zank,u & (Kpe k).
k>0 k>0

Just as in the case of C(T), Fejér’s theorem implies that ||oy, f — f|loc — 0 asn — o0
for all f € A(D), so there exists at least one matrix A° for which [[SA°(f) = flee — O.
Thus Theorem 3.1 applies. In the notation of Theorem 3.1, Z is the norm closure in K
of span{K (e** dt/2r) : k > 0}, which is LI(T)/Fé. Thus we obtain the following
theorem.

Theorem 4.4. Let (ank)n k>0 be an infinite matriz of complex scalars such that
> k>0 [ank| < oo for eachn > 0. Then the following statements are equivalent:

(1) Spso anif(B)2" = f in (A(D),w) for all f € A(D);
(i) oo ankf(k)ZF = f in (AD), ]| - |loc) for all f € A(D);
(iil) Y gz @nrfi(k)zF — Ky in (K, w*) for all € M(T);
(iv) Yo ankg(k)2* = Kg in (K,w*) for all g € L*(T);
) g(

)z"
(v Zk>0 ankg(k)z* — g in (Ll/H07 I| - ”Ll/Hié) for all g € L*(T).

5. Application to Hardy spaces and Bergman spaces

5.1. Hardy spaces, BMOA, and VMOA. We begin by reviewing the definitions
and some basic facts about these spaces. All the details can be found in [20, Chap-
ter 9].

For 1 < p < 0o, the Hardy space H? is defined as the set of f € Hol(ID) such that

1 27 » 1/p
e =sup( 5= [ lsepan) <.
T 0

Also H* is the set of bounded holomorphic functions on I, with

[fl| e == sup | f].
D

The space BMOA of holomorphic functions of bounded mean oscillation can be
characterized as the space of f € H? such that

[fllBrpoa == |£(0)] +S%1D(P|f|2 f1)12 <

where P|f|? denotes the Poisson integral of |f|?>. The space VMOA of holomorphic
functions of vanishing mean oscillation is the closed subspace of BMOA consisting of
those f € BMOA such that (P|f|> — |f|?)(z) = 0 as |z| — 1.

All the spaces HP, VMOA, BMOA are Banach spaces and contain the polynomials.
Polynomials are dense in HP (1 < p < 00) and in VMOA, but not in H*> or BMOA,
since neither of the latter is separable.
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Up to isomorphism, we have the following identifications of dual spaces: (VMOA)*=
H! and (H')* 2 BMOA. The pairings are given by

1 21 ) )
(f,g) == lim — f(rew)g(re_“g) dd (f € VMOA, g € H'),
rﬁl—2ﬂ 0
1 2 ) )
{(g,h) :== lim —/ g(re')h(re=®)d9 (g € H', h € BMOA).
r—1- 27 0

We now proceed to apply the theory developed in Section 3. Let X := H', let
er := 2% € H', and let ¢y, := 2% € BMOA. Then |lex| = 1, ||¢x| =< 1, and {(eg, 1) = 1
for all k > 0.

Let (ank)n,k>0 be a matrix of complex scalars such that ), |a,,| < oo for each n.
Then

Zank Zmek = awg(k)z" (g€ HY),

k>0 k>0

(SH*(h) =" ank e’“ w =S auh(k)z*  (h e BMOA).

k>0 < k>0

By an appropriate version of Fejér’s theorem, |0, (g) — g|lgn — 0 for all g € H'.
Theorem 3.1 therefore applies. In the notation of Theorem 3.1, Z is the norm closure
in BMOA of span{z* : k > 0}, which is exactly VMOA. We thus obtain the following
result.

Theorem 5.1. Let (ank)n k>0 be an infinite matriz of complex scalars such that
Y ok lank| < oo for each n. Then the following statements are equivalent:

() Yopso ankg(k)z" — g in (H1 w) for all g € HY;
(i) > k>0 ankg(k)2* — g in (HY, || - ||g1) for all g € H;
(i) > g0 anph(k)z¥ = h in (BMOA,w*) for all h € BMOA;
2 k>0 a”kf(k)z — f in (VMOA, w) for all f € VMOA;
(V) Xkso ank f(k)2* = f in (VMOA, | - |smoa) for all f € VMOA.

(iv

)
)
)
)
Remark. Explicitly, statement (iii) means that, for all h € BMOA and all g € H',

~ 1 27 . .
nhHH;O Tlir{li Zankr g(k)h(k) = TILI{L %/0 g(re®)h(re=) d6.
k>0

We now specialize to the case of Cesaro means.

Theorem 5.2. (i) There exists g € H' such that s,(g) /4 g in (H,w).
(ii) There exists f € VMOA such that s,(f) # f in (VMOA, w).

Proof: Tt is well known that there exists g € H' such that ||s,(g) — g|lz1 # 0. This
follows easily from the fact that the Riesz projection P, : L'(T) — H! is unbounded
(see e.g. [6, Chapter III, §1]). Parts (i) and (ii) both follow by applying the equiva-
lences in Theorem 5.1. O

Remark. Using much the same idea, Zhu has previously shown that there exists
f € VMOA such that ||s,(f) — fllBmoa 7 0 (see [19, Corollary 5]).
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Theorem 5.3. Let o > 0.
(1) llog(9) = gllzr — 0 for all g € H'.
(ii) o&(h) — h in (BMOA,w*) for all h € BMOA.

n

(iii) |log(f) — fllBMOA — O for all f € VMOA.

Proof: Part (i) is a classical result of Hardy [7]. Parts (ii) and (iii) follow, using
Theorem 5.1. O

5.2. Bergman and Bloch spaces. Our development parallels that in Subsection 5.1.
Once again, we begin by reviewing the definitions and some basic facts about these
spaces. The details are in [20, Chapters 4 and 5].

For 1 < p < oo, the Bergman space AP is defined as the space of f € Hol(D) such
that

Il i= (2 [ If(Z)pdA(z))l/p <o,

where dA denotes the area measure on D.
The Bloch space B consists of those f € Hol(D) such that

I flls == 1F(0)] + S%p(l —2)If' ()] < oo.

The little Bloch space By is the closed subspace of BB consisting of those functions f € B
such that (1 — |2]?)|f'(2)| — 0 as |z| — 1.

All the spaces AP, B, By are Banach spaces and contain the polynomials. Polyno-
mials are dense in AP (1 < p < o0) and in By, but not in B, since the latter is not
separable.

We have the following identifications of dual spaces (up to isomorphism): (Bg)* =
Al and (A')* = B. The pairings are given by

(f,g) = lim = / f(2)9(2) dA(z) (f € Bo, g € AY),

(g,h) == lim — / - lg(z)h(?) dA(z) (g€ A', h e B).

Once again, we apply the theory developed in Section 3. Let X := A, let e
2F € A, and let ¢ := 2% € B. Then |leg||a < 1/(k+1), ||[¥lz < 1, and |{ex, ¥r)]
1/(k + 1), where the implied constants are independent of k.

Let (ank)n,k>0 be a matrix of complex scalars such that ), |ani| < oo for each n.
Then

)i

5406 = a2 U o = S gk (g€ A,

k>0 k) k>0

(S;?)*(h) = Zank <ek7 h> wk = Z ankﬁ(k)zk (h (S B)

(ex, ¥r) =

It is known that ||oy,(g) — gl|ar — 0 for all g € A! (see Theorem 5.8(i) below).
Theorem 3.1 therefore applies. In the notation of Theorem 3.1, Z is the norm closure
in B of span{z* : k > 0}, which is exactly By. We thus obtain the following result.
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Theorem 5.4. Let (ank)n k>0 be an infinite matriz of complex scalars such that
> ok lank| < oo for each n. Then the following statements are equivalent:

(i) Zk-zo ankg(k)zF — g in (AY,w) for all g € A';
(i) Ypsoankg(k)z® = g in (AL, || - [lar) for all g € AY;
(il)) > k>0 anph(k)zF — b in (B,w*) for all h € B;
(iv) Ykso anef(k)2F = f in (Bo,w) for all f € By;
(V) Liso anrf (k)2 = fin (Bo, | - |) for all f € By.

Remark. Explicitly, statement (iii) means that, for all h € B and all g € A*,
~ 1

lim lim Zankrkg k)h(k) = lim —/ g(2)h(Z) dA(2).

|z|<r

n—oo r—1— r—1— 7
k>0

5.3. Relationship between Hardy and Bergman spaces. The following result
describes the relationship between summability in H? and summability in AP.

Theorem 5.5. Let 1 < p < 0o. Let A := (ank)n,k>0 be an infinite matriz of complex
scalars such that 3", |ank| < oo for each n. If |S2A(f) — fllur — O for all f € HP,
then ||S2(g) — glla» — 0 for all g € AP.

For the proof, we need a lemma.

Lemma 5.6. Let 1 < p < oo.
(i) We have HP C AP, and || f|lar < ||f||ze for all f € HP.
(ii) Let S: Hol(D) — Hol(D) be a linear map such that (Sf), = S(f-) for all f €
Hol(D) and all r € (0,1). If ||Sfllar < C||fllur for all f € HP, then ||Sg||ar <
Cllgllar for all g € AP.

Proof: (i) By Fubini’s theorem, we have the identity

1
1% = / 1, 1200 20 dr.

. 1
As || follae < |1 fllm, V7 € (0,1), we obtain || (%, < fo [1f e 2r dr = [ £1%
(ii) Again by the above identity, if f € AP, then

1 1
15[, = / 1510ty 2 dr = / 1S ()1 2 dr
1
<cv / 120 20 dr = CPII 17, 0

Remark. In fact a result of Hardy and Littlewood shows that we even have HP C A?P.
For a simple proof of this, and an example showing that 2p is sharp, see the article
of Vukotié [18]. However, we do not need this here.

Proof of Theorem 5.5: Assume that ||S2(f) — f|lze — 0 for all f € HP. By part (i)
of the lemma, [|SA(f) — flla» — O for all f € HP. By part (i) of the lemma,
|S4: AP — AP|| < ||S2A: HP — HP|| for all n, and by the Banach-Steinhaus the-
orem, sup,, ||S2: H? — HP|| < oo. The standard density argument now gives that
1S24(g) — gllar — 0 for all g € AP. O

Once again, we finish the section by applying the above work to classical Cesaro
means.
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Theorem 5.7. (i) If1 < p < oo, then ||s,(g) — g|la» — 0.
(i) There exists g € At such that s,(g) / g in (A, w).
(iii) There exists f € By such that s, (f) 4 f in (Bo,w).
Proof: Part (i) is a consequence of the (well-known) corresponding result in H? and
Theorem 5.5. By a result of Zhu [19, Theorem 9], there exists g € A! such that

llsn(g) — gllar # 0. Parts (ii) and (iii) both follow by applying the equivalences in
Theorem 5.4. O

Remark. Zhu has previously shown that there exists f € By such that ||s,,(f)— fllz #
0 (see [19, Corollary 11]). The same result had also been obtained earlier by Anderson,
Clunie, and Pommerenke [2], but with a slightly different identification of the dual
of By and the predual of B.
Theorem 5.8. Let o > 0.

() llowi(g) — gllar — 0 for all g € A

(ii) o%(h) — h in (B,w*) for all h € B.

(iii) lloy (f) = flls = 0 for all f € By.

Proof: Part (i) follows from the corresponding result for H!, together with Theo-
rem 5.5. Parts (ii) and (iii) are consequences of (i), using the equivalences in Theo-
rem 5.4. O

6. Applications in Hilbert spaces

6.1. Abstract set-up. In the case of a Hilbert space, we can repeat the analysis
of Section 3 using the inner product in place of the duality pairing. The fact that
an inner product is sesquilinear rather than bilinear leads to some slight differences
between the two theories.

Throughout this section, H denotes a complex Hilbert space with inner prod-
uct (-,-). Also, if T is a bounded linear operator on H, then T* denotes the Hilbert-
space adjoint of T', namely the unique operator on H such that

(Tg,h) = (9, T"h) (g,h € H).

The following theorem is the analogue of Theorem 2.1. It is proved in just the same
way, so we omit the details. Of course, since a Hilbert space is reflexive, there is no
distinction between weak and weak* convergence.

Theorem 6.1. Let (T,,),>1 be a sequence of bounded, finite-rank operators on H
such that

T.T.(H) CTyn(H) and T)Tr(H)CTr(H) (m,n>0).
Then the following statements are equivalent:
(i) Thoh — h weakly for all h € H;
(ii) T,h — h in norm for all h € H;
(i) T;*h — h weakly for all h € H;
(iv) Txxh — h in norm for all h € H.

Now suppose that (ex)r>0 and (fi)k>0 are two sequences in H such that

(ej, fr) =0, Vi k, j#k,
<€k7fk> 7& 07 vk.
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For each k > 0, define P,: H — H by
er ® fr

Fre= (e, fr)

Explicitly,

<h’ fk)
(ex, fr)
Clearly Py(ex) = e and Py(e;) = 0 if j # k. It is easy to see that Py is a rank one
projection with

Pk(h) =

€k (h S H)

llex Il fxl
Pl = ————.
[P | Cers £l
Its adjoint P}: H — H is given by
* fk ®ek
P = .
P (froen)

Let A = (ank)n k>0 be an infinite matrix of complex scalars such that, for each n > 0,
Z |ank|[| Pkl < oo.
k>0

We define the associated summation operators S2: H — H (n > 0) by the absolutely

convergent series
= E ankPk.

E>0
Explicitly, we have

Zan hfk €L (hEH),

k>0 ekvfk
Za fr (hEH)
=0 fk>€k

With this notation established, we have the following equivalence theorem. It fol-
lows from Theorem 6.1 in just the same way that Theorem 3.1 follows from Theo-
rem 2.1. We omit the details.

Theorem 6.2. The following statements are equivalent:
(1) SA(h) — h weakly for all h € H;
(ii) SA(h) — h in norm for all h € H;
(iil) (S)*(h) — h weakly for all h € H;
(iv) (SA)*(h) — h in norm for all h € H.

There are also Hilbert-space versions of the limitation theorems, Theorem 3.2 and
Theorem 3.4. The proofs are the same as before.

Theorem 6.3. Suppose that SZ}(x) — = (weakly or in norm) for all v € H, and that
A admits a left inverse B. Then, writing B; := ), 5 |bjn|, we have

lles 1| ,
== =0(B;) (j — ).
[{ej, i)l !
Theorem 6.4. Let a > 0. If 0% (x) = x (weakly or in norm) for all x € H, then
lles 1|

e, 0]~ CU™) =00



SUMMABILITY AND DUALITY 425

6.2. Reproducing kernel spaces of holomorphic functions. We shall now ap-
ply these ideas to reproducing kernel spaces of holomorphic functions on the unit
disk.

Let H be a Hilbert space of holomorphic functions on D such that:

e convergence in the norm of H implies pointwise convergence on D

e H contains the polynomials.
The first assumption implies that, for each w € D, the functional h — h(w) is
continuous on H, so, by the Riesz representation theorem, there exists a unique k,, €
H such that

h(w) = (h,ky) (h € H).
We define K: H x H — C by
K(z,w) :=ky(2) = (ku, k) (2, w €D).

The function K is the reproducing kernel of H. Clearly it satisfies K (w, z) = K(z, w),
and K(z,w) is holomorphic in z for each fixed w. Therefore it is anti-holomorphic
in w for each fixed z. We shall need the following simple lemma about derivatives
of K.

Lemma 6.5. For each w € D and each n > 0, let

1 0"
kwn(z) = e K(z,w) (ze€D).
Then kyn € H and
A1)
(6.1) (hy kop.m) = nf“’) (h € H).

Proof: As norm convergence in H implies local uniform convergence on D, the map h+—>
h(™ (w)/n! is a continuous linear functional on H, so, by the Riesz theorem again,
there exists k., € H such that (6.1) holds. It remains to identify k,, ,, which we do
as follows. For each z € D, we have

kw,n(z) = <kw,n7kz> = <kza kw,n>

@ — .
k) 10 = L k), 0

nl nlown ol ow”

Now we define sequences (e;) ;>0 and (f;)j>0 in H by e; := 27 and f; := ko j. Note
that, if h € H, then
()
(h, f3) = T = h(j).
In particular, (e;, f;) = d;5, so the theory outlined in Subsection 6.1 applies. Note also
that |e;|| = ||27|| g and
1 0K

G (o) = -
%050 = 78 gzigw

1
5117 = llkolI* = (Koj» ko) = il

Theorem 6.2 leads to the following result.

(0,0).

Theorem 6.6. Let (anj)n j>0 be an infinite matriz of complex scalars such that
> js0 lanjll|Z7 [ ko ;|| < oo for each n > 0. Then the following statements are equiva-
lent:

(1) 2250 anjﬁ(j)zj — h weakly as n — oo for all h € H;

(i) > ;>0 anjﬁ(j)zj — h in norm as n — oo for all h € H;
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(itl) >=;50@njlh, 27 )ko,j — h weakly as n — oo for all h € H;

(iv) 2550 @njlh, 29 ko,; — h in norm as n — oo for all h € H.

The following result is a limitation theorem for reproducing kernel spaces. It is an
immediate consequence of Theorem 6.4.

Theorem 6.7. Let H be a reproducing kernel space of holomorphic functions on D
that contains the polynomials. If « > 0 and c%(h) — h (weakly or in norm) for
all h € H, then

127 |1k, = OG*)  ( — o).

6.3. De Branges—Rovnyak spaces. We now specialize to the case where H =
H(b), the de Branges—Rovnyak space with symbol b. Here b is an element of the unit
ball of H*°. By definition, H(b) is the reproducing kernel space on D with kernel

1 — b(2)b(w)

Kz w) = 1— 2w

(z,w € D).
The space H(b) contains the polynomials iff b is a non-extreme point of the unit
ball of H*, and in this case the polynomials are dense in #H(b). It is known that
b is non-extreme iff its boundary values satisfy log(1 — |b|?) € L!(T). Henceforth, we
assume that this is the case. For further information on #(b)-spaces, we refer to [16]
and [4, 5].

The following result will be useful in what follows.

Proposition 6.8. Let b be a non-extreme point of the unit ball of H*. Then
inf;>o [|ko,jll3¢) > 0.

Proof: We compute an expression for ko ; in H(b). Using Leibniz’s theorem, we have

Thus, viewed as functions on T,

= 27(1 - bs;(0)).
Also, expanding K (z,w) = (1 fb(z) (w))/(1—2zw) as a double power series in z, W,
and computing the coefficient of 27w, we find that

1 0%K i
2 _ _ N2 . 2
ko Buoy = 75 go7geg @0 =1 - ?:0: ()2 =1 — [|s;(5) |32
In particular, we have
1> |lkojll5) = 1= [IBlIF2 (5 > 0).

As b is non-extreme, ||b|| g2 < ||b]| e <1 or ||b|| 2 = |b]| s < 1. Either way, 1—||b[|3,2 >
0. Hence inf;j>¢ [[ko,jl[#(s) > 0, as claimed. O
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Remark. A similar result holds in the more general finite-rank H[B]-spaces studied
by Aleman and Malman in [1]. However, not all reproducing kernel function spaces
have this property. For example, in the classical Dirichlet space on the unit disk, we
have ||k0,jH = 1/]

Feeding this information into the results of Subsection 6.2, we deduce the following
results. (We write (-, -}, for the inner product in H(b).)

Theorem 6.9. Let b be a non-extreme point of the unit ball of H*®. Let (anj)n,;>0 be
a matriz of complex scalars such that .~ lan; |27 |2y < 00 for each n > 0. Then
the following statements are equivalent:

(1) 2250 anj}z\(j)zj — h weakly in H(b) for all h € H(b);
(i) > ;50 anj}z\(j)zj — h in norm in H(b) for all h € H(b);

)
(ii)) =50 @ny(1 = bs; (b)) (h, 27)p27 — h weakly in H(b) for all h € H(b);
)

(iv) 22,50 anj(1 — bs;(b))(h, 2927 — hin norm in H(b) for all h € H(b).

Theorem 6.10. Let b be a non-extreme point of the unit ball of H>®. If « > 0 and
o%(h) — h (weakly or in norm) for all h € H(b), then

127l = OG*) (5 — o0).
The following consequence is worth pointing out explicitly.

Corollary 6.11. Let b be a non-extreme point of the unit ball of H*®. If s, (h) — h
(weakly or in norm) for all h € H(b), then sup,>q |27 ||l m) < oo.

The de Branges—Rovnyak spaces in which the powers of z are bounded in norm form
an interesting class in their own right. For example, they are precisely the H(b)-spaces
that contain H°°. Also, they are characterized by the condition that 1/(1 — [b|?) €
LY(T). For more on this, see [15, §4].

For o > 0, the convergence of a%(h) to h for every h € H(b) also has implications
for b. To derive these, we need an explicit formula for |27 ll24(»), which requires that
we delve a little further into the theory of de Branges—Rovnyak spaces. The details
can be found in [16] and [5].

As mentioned earlier, if b is a non-extreme point of the unit ball of H*, then
log(1 — |b|?) € LY(T). This implies that there exists a unique outer function a on I
with a(0) > 0 such that [b|>+|a|? = 1 a.e. on T. This function a is sometimes called the
Pythagorean complement of b. Writing ¢ := b/a, we obtain a function in the Smirnov
class N1, namely the space of quotients of H>-functions with outer denominators.
Conversely, all Smirnov functions are obtained in this way. There is thus a one-to-one
correspondence b <+ ¢, between non-extreme points b of the unit ball of H> and
functions ¢ € N*. Expanding ¢(z) as a Taylor series, say ¢(z) = ijo ¢;z?, we have

J
(6.2) 127 5y = 1+ D lesl.
=0

A simple proof of (6.2) can be found for example in [15, p. 81].

Theorem 6.12. Let b be a non-extreme point of the unit ball of H*> and let ¢ be the
corresponding function in the Smirnov class. If &« > 0 and 0% (h) — h (weakly or in
norm,) for all h € H(b), then

(6.3) $(2) = O((L =[N3 (lo] —17).
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Proof: As above, let us write ¢(2) = >_,5 ¢jz?. Summing by parts, we have

61 < X lesllel! = 1= 2D (el )l (11 <

J=0 Jj=0

By Cauchy—Schwarz and formula (6.2),

J J 1/2 .
S el < (G 4+ 1) (Z |cz-|2) <G4 DYy G2 0),
1=0 1=0

From Theorem 6.10, it follows that

J
3 Jel = 02 (j — o).
1=0

Feeding this information back into the inequality for ¢, we find that there is a con-
stant C' such that

|6(=)| < C(L—[2) Y 4o TV21=1 (2] < 1).
J=0
The conclusion (6.3) follows. O

We conclude with two concrete examples.

Corollary 6.13. Let ¢(z) := z/(1 — z) and let b be the corresponding non-extreme
point of the unit ball of H*®. If c%(h) — h for all h € H(b), then o > 1/2.

Remark. In this case b can be determined explicitly, namely as

(1 —wp)z
b(z) = ——

(2) 1—woz’
where wq := (3 — v/5)/2. This example is taken from [17], where it is shown that,
with this particular choice of b, the de Branges—Rovnyak space H(b) is equal to the
local Dirichlet space D(d1) (with the same norm). It was shown in [9] that, if a > 1/2,
then & (h) — h in norm for all h € D(d;), but that there exists hg € D(d1) such that

U}Z/Q(ho) # hg. Thus the constant 1/2 in Corollary 6.13 is sharp.
Corollary 6.14. Let

6(2) = eXp( ! “) (z € D).

Then ¢ € NT. If b is the corresponding non-extreme point of the unit ball of H,
then there exists no o > 0 such that c%(h) — h for all h € H(b).

Proof: The function /(1 + z)/(1 — z) belongs to H'. Its exponential is therefore an
outer function, so ¢ € NT. Now apply Theorem 6.12. O

Remark. Thus, in this case, even though polynomials are dense in #(b), there is no
Cesaro summability method that always converges. Such examples were previously
obtained in [3] and [12] using inductive constructions. Our method has the virtue
that it yields a (fairly simple) explicit function ¢ that does the trick.
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