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A THEOREM ON SCHAUDER DECOMPOSITIONS IN BANACH SPACES

Miguel A. Arifio

Abstract. In this paper we prove that in a Banach space all Schauder
decompositions are shrinking iff all Schauder decompositions are

boundedly complete.

1. Definitions and preliminary results

A sequence (xn) in a Banach space X is called a Schauder

-3
n=1

basis if for every x€X there exists a unique sequence (an):_l in R

Q0

such that x = Z o X and this series converges with respect the
n=1

norm of X. A sequence (yn):_1 is called a basic sequence if it is a

basis of his closed linear span.

A Schauder decomposition of X is a sequence (Xi):~l of closed

subspaces of X such that for every x in X there exists a unique se-
-]
k== . 3
quence (xi)i=1 with xie Xi for all i and x = izl X - Every Schauder

decomposition of X is related with a sequence of continuous projec-

tions Pn: X — X defined by
Pn(x)zP(Zx): Xy

it i1

In all this paper, the linear span of an element x€ X is denoted
by [x] and the closed linear span of the subspaces (Xi);n_n

) m
(1<n<m< =) is denoted by [Xi]i=n'

The following theorem characterizes the Schauder daecompositions

and it can be found in [5].




a sequence of closed

1. Theorem: Let X be a Banach space and (Xn):—l

subspaces of X. The following are equivalent:

i) (Xn)n—l is a Schauder decomposition of X.

ii) There exists a sequence (Pn):_1 of continuous projections Pn:

n
X — [X.]. such that P P =P . and lim P_(x)=x for
ifi=1 — n m min(m,n) — p[pl, n ——

every x in X.

iii) There exists a sequence (Pn):—l of continuous projections Pn:
n ©®
1 P = i i
X ——»[xl]1=l such that n Pm Pmin(m,n) and (Pn)r1=1 is uniformly

bounded.
To sup I Pn|| is called norm of the decomposition.

A Schauder decomposition (Xn)m

n=1 in a Banach space X is called

boundedly complete if for every sequence (xn):_l with x‘ne Xn such

. n B In ©
that sup || Z xi|| <o , the sequence Z xi) converges
n i=1 . i=1 n=1

towards an element x in X. And it is called shrinking if for every
* 1 -
x*€X , lim ||)d‘]|n = 0, where

@

* —- # 3
|| x ||n = sup {|x*(x}| with xe[Xi] i=nel

and [ x]]< 1}

Boundedly complete and shrinking basis and basic sequences are defi-

ned in a similar way.

Singer (cf. [6]) has proved that in a Banach space all basic
sequences are boungledly complete if and only if all basic sequences
are shrinking. Afterwards Zippin (cf. [7] and [3]) proved a similar
theorem for Schauder basis of X. Our purpose in this paper is to
pr‘c;ve that in a Banach space al-l Schauder decompositions are boun-

dedly complete iff all Schauder decompositions are shrinking.
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If X is a locally bounded F-space, then there exists p (O<p<1)
such that the topology of X is originated by a p-norm. In this case X
is called p-Banach space (cf. [1] and [4]). Let X be a p-Banach space
such that X separates points of X and let J: X—* X** be the
canonical imbedding of X into its bidual. We define in X the norm

-
e

3 3
=l = 13 if xe€X.

The Mackey topology of X is criginated by this norm (cf. {2]) and it

is called the Mackey norm of X. The Mackey completion of X is denoted

by J(X).

All the above definitions for Banach spaces can be extended to

p-Banach spaces.

2. Shrinking and boundedly complete Schauder decomposition.

2. Lemma. Let (Xn)°°

n=l be a Schauder decomposition of a Banach space X

be its sequence of projections. We suppose that each

and let (Pn)n=1

Xn admits a topological decomposition Xn = Yne Zn' The following are

equivalent:
i) (Yl,Zl,...,Yn,Zn,...) is a Schauder decomposition of X.
ii) If An is the continuous projection from Xn into Yn, then

< =,
sup [[A Il < =

Proof: i = ii. If (Qn): is the sequence of projections of (Yl’zl"'

=1

.,Yn,Z ye..), as An =Q

n the statement ii is proved.

2n-1(x '’
n
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ii = i. If sup ”An" <eo, we define
n

Q2n = Pn
Q2n+1 - pn + An(Pn_ l:’n—l) n>1
Q, = AP '

and thus (Qn):__l is a uniformly bounded sequence of projections which

defir;es the decomposition (Yn'zn):—l because of theorem 1. /7

Remark that if any of the previous subspaces is 0, it must be taken

away in the decomposition.

3. Corollary. Let (Xn):_l be a Schauder decomposition of a Banach

space X and (Xn):_1 a normalized seqguence in X with xne Xn' For every

n there exists an hyperplane wn of Xn such that ([xl] ’Wl’ s Xn] ,Wn,

.) is a Schauder decomposition of X.

Proof: As | x || =1, we can define A (x) = u*(x)x_, where
n n n n

uex® and u*(x ) =) = 1.
n_ n n'n n

//

4. Lemma. Let X be a Banach space and a Schauder decomposition of the

)cn

satisfies
n’'n=1 —_—

form ([yl]’wl’ ...,[yn],wn, ...) "  where (y

: n
igf” yn|| =C>0 and s:p I Z ¥ill =M< = . We define the sequence
i=1

n
(vn)n=1 by v, = izl Y- Then ([vl] ,wl,...,[vn],wn,...) is a Schauder
decomposition of X.

o« . . «©
Proof: Let (Pn)n___l be the sequence of projections of (Xn)n=1 and

let K be its norm. Each P P (the projection over [yn]) is

2n-1~ " 2n-2

originated by a y;ex* according to
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- * 1
(P2n_1— P2n_2)(x) = yn(x)yn if  xeX.

and thus

N #*
l) yn(ym) = 6n m

ii) | yplilly, Il < 2K for every n, and

#

iii) ynlwm = 0 for every n and m.

As  inf || yn” =C >0, from ii) we obtain that sup ||y: || < 2K/C.
n n i bl

*)® : * o Gh_# .
Let (vn)n=1 be defined be AL G MIPE It is easy to check that
vi(v ) = § .
n o m n,m

We define the sequence of projections by

n n
A, (x) = (p_, -P J(x) + v¥(x)v
2n kz=1 2k " 2k-1 kz=:1 k k
A2n+l(x) = A2n(x) + vrT+1(x)vn+l'

Because of the theorem 1 we only need to prove that (An):—l is uni-
formly bounded, and, because of the last considerations, it shall be

proved if we prove that sup I A2n” < o

n n k
||A2n(x)|| =i P2n(x) - Z= y]:;(x)yk + kz=1 (y;(x)-yg+l(X))(i§l yi) N <
n n N
< Kxll+ |l - kél yr(xy, + kgl (yr(x) -y Gy, <
a 2K
SK Nl + oy, 1=l vl (e =M g x .
k:l

//
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5. Lemma. Let X be a Banach space and ([yl]’wl""'[yn] 'Wn"") a
Schauder decomposition of X, where (yn):—l satisfies sup || ynll = M< =,
=l ———— n

We define the sequence (vn)n:1 by vi=y; and V=Y, ¥,_,- Then the

following are equivalent:

i) ([vl],wl,...,[vn],wn,...) is a Schauder decomposition of X.

ii) There exists x*€X"such that
a) x*(yn) = 1 for every n

b) x*lw = 0 for every m
m

Proof: If, for every n, there is a continuous projection from X
into [vn] parallel to the other subspaces, the existence of
x* € X* satisfying a) and b) is necessary. We suppose that there.existsa
such x*. We define (y;)::las in the preceding lemma, and if we consider

the sequence

n-1
vE = x*® and v*=x*—Z yE
1 n k
k=1
the orthogonal relations v*(v ) = § . hold.
n' m n,m
Let (An):=1 be a sequence of projections as in the preceding lemma.

We must prove that sHp I An“ <w. For every m, x*iw = 0, and hence
m

®

x*(x) = Z y;(x) for every x in X and so (v;):_l converges weakly to
n=1 -
=M <w, < i
0 and sup It kzl ykll M1 1so sup il vn||_ 2M, again we must only

< @
prove that sup ] AZnH

we have
> > 3 [5

v *(x)v. = x#*(x) + x*(x)(y -y, .) -. [( y’j’)(x)](y -y, ) =
kL KK K=2 R 1 A= T k k-1



n-1 n-1
= xM(x)y v x*x}ys -y - kz_l yl:(XJ Yo+ kfjl y;(X)yk =

n n
i kz—l Y‘:(x)yk * x*(x)yn - Z y:((x)yn,

and thus
n
= * - »
Ay (x) = Py (x) + x*(x)y k};l AN

And finally:

n
< * *
A, GOH<e, N+ (D Al by I+ I gl ye b =ty I

and
< *
A, Il < K+ milx*l + mm
/!
Now we can prove the main result:
6. Theorem. Let X be a Banach space. The following statements are
equivalent:

i) All Schauder decompositions of X are shrinking

ii) All Schauder decompositions of X are boundedly complete

Proof. i=ii. Let (X )7

ney Pe @ non boundedly complete Schauder

decomposition of X. There exists then a sequence (xi)f with xie Xi

i=1
n n @

such that sup| EE Xi” = 1 and (ZE xi) is not a Cauchy sequen-

n i=1 i=1 7 n=1
ce, and thus, there exist e and a strictly increasing sequence
(mk) _p Ssuch that ec< Ii ' zz < <2 for every k. We define

i=m +1 1
k-1
m, Mk -

Y, = [Xi]i=m b and oy = }E Xy if  k>1. (Yk)k=1 is a

k-1 1=mk_1+l

Schauder decomposition of X with yke Yk. Because of the corollary 3,

for each k there exists a hyperplane Wk of Yk such that ([yl].wl,...
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.,[y , W ,...) is a Schauder decomposition. Because of the lemma
n n

4, the sequence (vk)

n
k=1 defined by v, = izl ¥ originates the Schau-

der decomposition( [Vl] ,W1 yee o[ Vn] ,Wn, ...) which is not shrinking

because of y{(vk) = 1 for every k> 1.

ii = i. Let (Xn);D be a non shrinking Schauder decomposition of X.

=1
There exist. then x* € X with ||x*}§j = 1, e > 0, a strictly
increasing sequence of index (mk)k=l and a sequence (yk)k=1 with
my
y, €Y = [x.], such that:
k k i 1=mk_l+1

&) 1y ll < /e

We can choose the hyperplane Wk=YkﬂKer x* and using the lemma

5, if V=Y, and v, =

1 then ([vl],wl,...,[v 1,W ,...) is a

Y ¥n-1? n n

Schauder decomposition of X which is not boundedly complete because of

n n
> v = =Yy =1y =y Il < 2/
I Z, k=1 kZ=2 kK Yk-1 n Y1l z

while

1
” Vk ” - “ yk—yk—l” z i ”Yk_lu

where K is the norm of (X )m .
n n=1

//

With certain modifications, this theorem has an extension to
p-Banach spaces (if its dual separates points). The Mackey topology

of this spaces plays an important role in this extension. We need

before a definition: we shall say that a Schauder decomposition

(Xn)n—l in a p-Banach space is an almost boundedly complete decomposi-

tion if for every sequence (x_) with x €X such that
n’'n=1 n n

n ——
slqup“ Z X, jl<e , the sequence ( converges in (J(X), . ““3 .
k=1

™M=
x
=

1 n=1
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We must point out that if (Xn):—l is boundedly complete then it
is also almost boundedly complete. Almost boundedly complete basis of

X are defined in a similar way.

7. Theorem. Let X be a p-Banach space. The following are equivalent:

i) All Schauder decompositions of X are shrinking.

ii) All Schauder decompositions of X are almost boundedly complete.

Proof: Similar to the proof of Theorem 6, and it can be found in IZ]

I would like to express my acknowledgment to my research supervi-
sor Professor M. A. Canela for his help and encouragement during my
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