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A CHARACTERIZATION OF THE - RADON-NIKODYM PROPERTY

Oscar Blasco de la Cruz

§1. INTRODUCTION.

The aim of this paper is to give a new characterization
of the Radon-Nikodym property in terms of martingales in

X-valued Orlicz spaces.

Let X be a Banach space and put b , the Lebesgue

measurable sets in [0,1] . It is well known (see [1]):

(1.1). X has the Radon-Nikodym property with respect
to [0,1] if and only if every bounded uniformly integrable
martingale in L&[0,1] , (fn,Bn) where o(ijn) =2 , 1is

convergent in L1[0,1].
We are interested in a generalization of this fact.

In this paper we shall prove the following

Theorem (1.2).

Let ¢ be a Young function with the éxz-condition. X
has the Radon-Nikodym property if and only if every bounded

. . s - ; -
martingale in Lx , (fn,Bn) where 0(()Bn) = ZZ, is con
vergent in Li

The definitions and the main results relating to X-
valued martingales and Orlicz spaces may be found in [1]

and [2] respectively.
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We are going to denote by ¢ a Young function, and

'ri = {£:[0,1] —»*X‘strongly measiyrable with respect Lebesgue

measure s.t. p(f,¢) = I (I £(x)]])dx < =}
0

Let ¢ be the complementary Young function of ¢ . We
1
shall write ||f||¢ = sup { } [[£(x) || lg(x)]dx with
~ o _
g e HE, p(g,¥) £ 1} and Li = {f:[O,ll —> X strongly

measurable with ||f||¢ < o}

It is well known that Li is a vector space and ||f||¢ is

a norm on it.

Besides, ’ii = Li if and only if ¢ verifies the
132—condition. It 1s easy to prove that the convergence and
the boundedness in Li and Li are equivalent using the

following fact:

(1.3) Suppo;e ¢ verifies Z}Z—condition, i.e. there
exists K >0 and T ® 0 such that ¢(2t) 4 K¢(t) for
all t 27T

If there exists m helongs to(N with p(f,¢) € 1/k™

T)+2

then ||f||¢ < o

See [ZJ,page 158 for a proof.

§2. PREVIOUS LEMMAS

Lemna 1.

If (fn » 1 € N) 1is a bounded sequence in ’I¢ tlien

X H

(fn, n e N) 1is a bounded uniformly integrable sequence in
1 .

LX .
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Proof.

For a Young function we have

z.1) $8 5 o as £ e, and by (2.1) we ob-

tain Ilfn|| ;€ e(f,6) + A, where A is a constant.

x .
We have only to show that 'J ||fn(x)|ldx —3 0 as
E

m(E) —> 0 . Given € > 0 , by (2.1) , there exists

T > 0 such that

(2.2) _Q%El > %E for t > 1 where sup p(fn,¢) < c.
n

Let &8 = e/2t . If m(E) < 8§ and denoting

A, = Ix :Ilfn(x)ll < t}NE and
B o= {x: [|fn(x)]| > 1t}N E we obtain
g0 - SA 12,01 |ax +
n 1
* fl £,(0]]dx < m(B) + 7o ;tb(llf (x) | 1) dx<e
B l n I (2.2) 2c A n
Lemma 2.

If ¢ verifies the A -condition then the simple func=

2

. .
tions are dense in LX .

Proof:

Given f € Li, simce f is strongly measurable, there
exists a sequence (fn , n € N) of countably valued func-

tions such that
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(2.3) Ilfn(x)—f(x)ll < % for almost all x e [0,1]

o]

and for all n e N . Suppose fn = Z; Xn,m Xg where
m=o n,m
Xpn € X and Xﬁ . are the characteristic functions of
? n,m
disjoint measurables sets.
Since lefn(x)ll < 2] f(x) | ]+ % a.e. and ¢ 1is a

~
convex function,we have an € Li . Therefore, there is a

number P, © N such that

1
(2.4) ‘j . $C2]1£, 00 [Dax < L
U B n
m=p ’
. Pn
We consider the simple function g, ~ 2. X)X
mn=o ’ En,m

By (2.3) and (2.4)

1 1
fo o 1£(x)-g, () ) ax € & J S2IT£0)-£, ()| |dx

[¢]

! 1 2 1
| ealie (o-g 0lhax € 2oy + 1
(o]

o=

n n

Since ¢(t) » 0 as t » 0° the proof is finished.

Lemma 3

Let (BT, T € I) be a family of sub-o-fields of 2.

Suppose ¢ .with Az-condition.

. ¢ :
If fn convergs to f in LX then E(fn/BT) con
vergs to B(f/BT) uniformly in BT » where E(./B;) denotes
the conditional expectation relative to Be o

Proof

It may be proved with .a slight, modification in the
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argument in (1]).pag= 322 that if B 1is a sub-o-field of

J_, then p(E(G/B),9) < p(g,9) for all g e Ly -
Now, given & > 0 , let m, be a number such that
max (EL%lil , —%—) < g where K,T are the constants in
, O K © .
the Az—condition.
Since ||fn-f|]¢ +0 (n + =) then

p(fn—f,¢) + 0 (n > ») so there is a number ng such that
1

if n > n,6 we have p(fn-f,¢) <= This iﬁplies,by
o
K
(1.3) and the first result in the proof,that
l|E(fn-f/BT)||¢ <e for n=2n  anditis true for all

T el

§3. PROOF OF THE THEOREM (1.2).

Suppose X has the Radon-Nikodym property and let
(fn,Bn) be a bounded martingale in Li with O(LJBn) =7
By lemma 1 and (1.1), there is a function f in L; such
that fn —s> f in L% and fn = E(f/Bn) as it may be
seen in [1] . Since the convergence of martingales in L;
implies the convergence almost everywhere, we obtain, using

the continuity of ¢ that ¢(||£ (X)) —> sCI1EC0 1)

a.e. and by Fatou's Lemma.

§¢(||f(x)||)dx € 1im inf qu(llfn(x)lldx ¢€M

¢

Therefore f belongs to (I¢ which coincides with Ly .

X 2
We shall prove that fn —> f in Li . From Lemma 2,

we see that givem € > 0 , there exists a number m, and a
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sequence of simple functions such that

- >
(3.1) ||sm f||¢ <e/2 for m 3 m

and using Lemma 3 with Bn , there is m, in IN such that
- ) >
(3.2) ||EC(f sm/Bn)llcb <e/2 for m * m; and for
all n

Since G(UBn) = , we can take the functions S

on measurable sets from (J Bn

Let m be a fixed number such that m > max (mo,m1).

If s = ZP-_ XX , let n_ be a number such that
i=1 M, 1 m,i °
>

Em = Bn for i =1,...,p and in this case
’
)

- >
E(sm/Bn) = s. for n n,

"3

Therefore if n n_, by (3.1) and (3.2)

|| £- £ |- s - 1], -

alle nlle * Thsp-folly

= lemsylly + 1B, 6781 < /2 + e/2 = ¢

To prove the converse we are going to use the characte-
rization of the Radon-Nikodym property in terms of operators:
For every T:L1[0,1] —> X there exists a function £ in

1
L; such that T(P) = S P (x)f(x)dx for
0

Pe Lt [0,1] (see {3_], page 63).
Let T:L' [0,1] »X be a bounded operator. We consider

Bn the o-field generated by the dyadic intervals of length

1 . _ Los n_
o i.e. Bn = O(In’i ;y 1 =0,...,2-1) where



Let f = J_ 2" T(xI ) Xg . It is easy to prove that
= n.i n,i

o
E(an/B ) = fn and obviously o(UBn) =2_ . Since

221
e || = 2= 2n||T(XI ) 1%g , it is clear that
n i=o n,i n,i
Hf (x)|| ¢ |IT|| for all xe [0,1] . Then p (£ ,9) <

¢ ¢(]|T|l) for all n, and we can find a function £ in
Li such that fn —> f in Li . This is equivalent to
o(IIE 1D — oC||£]]) in L' and therefore there is a
subsequence ¢(||fnk(x)||) —> ¢(||f(x)}]) aze. Hence
oCl1E) 1) ¢ o(l1E|]) a.e. and £ belongs to LS .
To conclude thg_ proof, we must only prove that
(3.3) T(s) =J1s(x)f(x)dx for all simple function on
UBn-measurable seis. First,. we, shall prove that
(3.4) fn= E(f/Bn) .
If E is a Bn-measurable set,SEfn(x)dx =gEfn+k(x)dx for k%1
and then it is sufficent to prove that
S f (x)dx -—)J f(x)dx as n—e»ee.It is clear from the Holder
1nequalltyj £, (x) - £(x)l dx< llf - ﬂ“xEU
From (3. 4)}J . f(x)dx =JI f (x)dx = T(XIn i)

n,i"
and by linearity we obtaln (3. 3) and finish the proof.
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