GROWTH ESTIMATES FOR CAUCHY INTEGRALS OF MEASURES AND RECTIFIABILITY

XAVIER TOLSA

Abstract. We show that if μ is a finite Radon measure on the complex plane such that

C∗μ(z) = sup_{ε>0} |Cεμ(z)| = sup_{ε>0} ˛ ˛ ˛ ˛ Z |ξ−z|>ε 1 ξ − z dμ(ξ) ˛ ˛ ˛ ˛ < ∞

for μ-a.e. z ∈ C, then μ must be the addition of some point masses, plus some measure absolutely continuous with respect to arc length on countably many rectifiable curves, plus another measure with zero linear density. We also prove that the same conclusion holds if instead of the condition C∗μ(z) < ∞ μ-a.e. one assumes Cεμ(z) = o ` μ(B(z, ε))/ε ´ as ε → 0+ μ-a.e.

1. Introduction

The Cauchy transform of a finite positive Borel measure μ on the complex plane is defined by

Cμ(z) = � 1 ξ − z dμ(ξ).

This definition does not make sense, in general, for z ∈ supp(μ), although one can easily see that the integral above is convergent for a.e. z ∈ C with respect to Lebesgue measure. This is the reason why one introduces the ε-truncated Cauchy transform of μ, for ε > 0, z ∈ C:

(1.1) C_εμ(z) = � |ξ−z|>ε 1 ξ − z dμ(ξ),

and one considers the principal value p.v.Cμ(z) = lim_{ε→0} C_εμ(z), whenever the limit exists.

Many problems in complex analysis involve the study of the relationship between the geometric properties of μ and the function Cμ, which is analytic in C \ supp(μ) (see [Da2] and [To4] for two recent examples). In this paper we show that if μ is a positive finite Radon measure on the complex plane such that

C_∗μ(z) = sup_{ε>0} � � � � |ξ−z|>ε 1 ξ − z dμ(ξ) � � � < ∞

Partially supported by grants MTM2004-00519 and Acción Integrada HF2004-0208 (Spain), and 2001-SGR-00431 (Generalitat de Catalunya). 1

for μ-a.e. z ∈ C, then μ must be the addition of some point masses, plus some measure absolutely continuous with respect to arc length on countably many rectifiable curves, plus another measure with zero linear density. This solves a question raised by Pertti Mattila about ten years ago (see for example [Ma2, Section 1]). We also prove that the same conclusion holds if one replaces the assumption C_∗μ(z) < ∞ μ-a.e. by C_εμ(z) = o � μ(B(z, ε))/ε � as ε → 0+ μ-a.e.

To state our results in detail we need to introduce some notation and terminology. The one dimensional Hausdorff measure (i.e. arc length measure) is denoted by H^1, and a Dirac delta at z ∈ C by δ_z . The upper and lower linear densities of μ at z are defined, respectively, by

Θ^∗_μ(z) = lim sup_{r→0} μ(B(z, r)) 2r , Θ_{∗,μ}(z) = lim inf_{r→0} μ(B(z, r)) 2r . When both densities coincide, we set Θ_μ(z) := Θ^∗_μ(z) = Θ_{∗,μ}(z), and we call it linear density.

Given three pairwise different points x, y, z ∈ C, their Menger curvature is c(x, y, z) = 1 R(x, y, z) , where R(x, y, z) is the radius of the circumference passing through x, y, z (with c(x, y, z) = 0 if x, y, z lie on a same line). If two among these points coincide, we set c(x, y, z) = 0. Given a positive Radon measure μ, its curvature, introduced by Melnikov [Me], is given by

(1.2) c^2(μ) =

� � �

c(x, y, z)^2 dμ(x)dμ(y)dμ(z).

Melnikov and Verdera [MeV] found that there is a close relationship between the curvature of a measure and its Cauchy transform. Namely they showed that if μ has linear growth, i.e. there exists some constant C_0 such that μ(B(x, r)) ≤ C_0r for all x ∈ C, r > 0, then

(1.3) ‖C_εμ‖^2_L2_{(μ)} = 1 6 c^2_ε(μ) + E_ε,

where c^2_ε(μ) is an ε-truncated version of c^2(μ) (defined as in the right hand side of (1.2), but with the triple integral over {(x, y, z) ∈ C^3 : |x − y|, |y − z|, |x − z| > ε}), and E_ε is an “error term” such that |E_ε| ≲ μ(C).

Our first result is the following.

Theorem 1.1. Let μ be a finite Radon measure on the complex plane and set E = {z ∈ supp(μ) : C_∗μ(z) < ∞}. Then μ_{|E} can be decomposed as μ_{|E} = μ_d + μ_r + μ_0, where

μ_d = � i a_iδ_{zi} for some a_i > 0 and z_i ∈ C,

μ_r = � i g_iH^1_{|Γi}

for some rectifiable curves Γ_i and non negative functions g_i ∈ L^1(H^1_{|Γi} ), and

μ_0 = � i σ_i,

where σ_i are measures with finite curvature such that Θ_{σi} (z) = 0 for σ_i-a.e. z ∈ C.

An interesting case of this result is stated in next corollary. Corollary 1.2. Let μ be a finite Radon measure on the complex plane such that Θ^∗_μ(z) > 0 for μ-a.e. z ∈ C. If C_∗μ(z) < ∞ at μ-a.e. z ∈ C, then μ can be decomposed as μ = μ_d + μ_r, where μ_d = � i a_iδ_{zi} for some a_i > 0 and z_i ∈ C, and μ_r = � i g_iH^1_{|Γi} for some rectifiable curves Γ_i and non negative functions g_i ∈ L^1(H^1_{|Γi} ).

In particular, under the assumptions of the corollary, μ is concentrated on (i.e. vanishes out of) a countable union of rectifiable curves.

Several related results have been obtained previously by other authors. In [Ma2] Mattila showed that if Θ_{∗,μ}(z) > 0 and p.v.Cμ(z) exists μ a.e. on C, then μ is concentrated on a countable union of rectifiable curves. Notice that our assumptions Θ^∗_μ(z) > 0 and C_∗μ(z) < ∞ in Corollary 1.2 are both weaker than the ones in Mattila’s result.

In [To2], using some deep results from [NTV1], Theorem 1.1 and its corollary were proved under the additional assumption Θ^∗_μ(z) < ∞ μ-a.e. (obviously, this assumption implies that then μ_d vanishes). That is to say, in Theorem 1.1 one asks Θ^∗_μ(z) + C_∗μ(z) < ∞ μ-a.e., and in the corollary C_∗μ(z) < ∞ and 0 < Θ^∗_μ(z) < ∞.

Jones and Poltoratski [JP] proved recently, among other things, that if μ is supported on a line (and more generally on a C^1 curve) and C_∗μ(z) < ∞ μa.e., then μ equals a countable collection of point masses plus some measure absolutely continuous with respect to arc length. Observe that this result is implied by Corollary 1.2, because any measure μ supported on a line satisfies Θ^∗_μ(z) > 0 μ-a.e. In [JP] it is also shown that if one does not assume μ to be supported on a line and instead one asks the same conditions as Mattila in [Ma2] (i.e. Θ_{∗,μ}(z) > 0 and p.v.Cμ(z) exists μ a.e. on C), then the conclusion of our corollary holds: μ equals a countable collection of point masses plus some measure absolutely continuous with respect to arc length on a rectifiable set.

In higher dimensions, Mattila and Preiss obtained results analogous to the ones in [Ma2] (although with some extra assumption that we will not detail). For this result one has to replace the Cauchy transform by n-dimensional Riesz transforms in R^d, and rectifiable sets by n-dimensional rectifiable sets, linear densities by n-dimensional densities, etc.

See [MaM], [Ve], [To1] and [TVe] for other connected results. The main difficulty to prove Theorem 1.1 consists in proving that if C_∗μ(z) < ∞ μ-a.e. on C, then on the set {z : Θ^∗_μ(z) = ∞} μ must be discrete (i.e. the addition of countably many point masses). Once this is proved, one can argue as in [To2].

The same techniques used for Theorem 1.1 also yield the following result, proved by Jones and Poltoratski [JP] when μ is supported on a C^1 curve.

Theorem 1.3. Let μ be a finite Radon measure on the complex plane and set E = � x ∈ supp(μ) : C_εμ(x) = o � μ(B(x, ε)/ε � as ε → 0+ � . Then μ_{|E} can be decomposed as μ_{|E} = μ_d + μ_r + μ_0, with μ_d, μ_r, and μ_0 as in Theorem 1.1.

Let us remark that if one assumes μ to be supported on a C^1 curve, like in [JP], then Theorem 1.1 follows easily from the preceding result and the fact that μ is absolutely continuous with respect to arc length on the set {x : Θ_{∗,μ}(x) < ∞}. In the general case supp(μ) ⊂ C, the latter assertion fails, and then Theorem 1.1 is not a direct consequence of Theorem 1.3.

The arguments in this paper rely on the relationship between the Cauchy transform and curvature of measures mentioned above (in particular, Léger’s theorem [Lé] is used here) and so they do not extend to higher dimensions. We also use the so called “suppressed kernels” introduced by Nazarov, Treil and Volberg ([NTV1], [Vo]), as well as some ideas and techniques from [Ma2] and [MaP].

The plan of the paper is the following. Next section deals with some preliminary questions. In Section 3 we state the Main Lemma of this paper, which contains the main technical difficulties for the proofs of Theorems 1.1 and 1.3. Section 4, 5 and 6 are devoted to the proof of the Main Lemma. From this result, we deduce Theorem 1.1 in Section 7, and Theorem 1.3 in Section 8.

2. Preliminaries

As usual, in the paper the letter C stands for an absolute constant which may change its value at different occurrences. On the other hand, constants with subscripts, such as C_1, retain their value at different occurrences. The notation A ≲ B means that there is a positive absolute constant C such that A ≤ CB. So A ≈ B is equivalent to A ≲ B ≲ A.

Recall that we say that a positive Radon measure μ has linear growth if there exists some constant C_0 such that μ(B(x, r)) ≤ C_0r for all x ∈ C, r > 0. The average (linear) density of μ on a set A ⊂ C is

(2.1) Θ_μ(A) = μ(A) diam(A) . Abusing notation, we will also write Θ(A) instead of Θ_μ(A), when μ is a fixed measure. We also set

P (x, r) = � r r^2 + |x − y|^2 μ(y) and P_2(x, r) = � r^3 (r^2 + |x − y|^2)^2 μ(y).

Observe that P (x, r) is a “Poisson type” integral. P (x, r) and P_2(x, r) can be considered as smooth versions of Θ(B(x, r)).

We consider the following ε-regularized version of the Cauchy transform of μ:

(2.2) ~C_εμ(x) = � x − y |x − y|^2 + ε^2 dμ(y).

We also set

~C^ℓ_εμ(x) = � |x−y|≤ℓ

x − y |x − y|^2 + ε^2 dμ(y).

We denote by μ_{at} the atomic part of μ. That is, μ_{at} = μ_{|A}, where A = {x : μ({x}) > 0}.

In the paper, by a square we mean a closed square with sides parallel to the axes. The side length of a square Q is denoted by ℓ(Q). For a > 0, aQ denotes the square concentric with Q and side length aℓ(Q). Also, the notation Q(x, ℓ) stands for a square centered at x and side length 2ℓ.

Given a, b > 1, we say that Q is (a, b)-doubling if μ(aQ) ≤ bμ(Q). When we don’t specify the constants a, b and we say that Q is doubling, we mean that Q is (2, b)-doubling, where b is some absolute constant.

Now we need to introduce the notion of squares with thin boundaries, as David in [Da1]:

Definition 2.1. Given a fixed Radon measure μ, a square Q has thin boundaries if

(2.3) μ � x ∈ C : dist(x, ∂Q) ≤ tℓ(Q) � ≤ C_1tμ(2Q)

for all t with 0 ≤ t ≤ 1/4.

The constant C_1 in (2.3) is fixed, and it is not difficult to prove that if C_1 is chosen big enough, then there exist a lot of squares with thin boundaries. The precise result is the following.

Lemma 2.2. Let μ be a Radon measure on C. Suppose that the constant C_1 in (2.3) is big enough. Given any square Q, there exists a square ~Q with thin boundaries, concentric with Q, such that Q ⊂ ~Q ⊂^{11}_{10} Q.

For the proof we refer the reader to [NTV2, Lemma 2.8]. Actually, in this reference the result is proved for balls instead of squares, but the same arguments can be applied to squares. The required constant C_1 does not depend on the precise measure μ. It is an absolute constant.

Of course, we will assume that C_1 is big enough so that the lemma holds.

3. The main lemma

Roughly speaking, in order to prove Theorem 1.1, the main difficulty that we have to solve consists in showing that if C_∗μ is small at many points, then the linear density of μ cannot grow too much in a big part of μ (i.e. μ must have linear growth in a big piece of μ), except when one finds point masses. Then, in the places where μ has linear growth, one can argue as in [To2].

The main difficulties of the proof are concentrated in the next technical result. Sections 4-6 are devoted to its proof. In Section 7 it is shown how Theorem 1.1 follows from it, and in Section 8 we prove Theorem 1.3 using a slight variant of this result.

Main Lemma 3.1. Let μ be a finite Radon measure on C. Let R_0 be a square with thin boundaries such that Θ_μ(λR_0) ≤ 100Θ_μ(^1_2 R_0) for all λ > 1. Let ε_0 and τ be two (small) positive constants. Suppose that μ � x ∈ 10R_0 : C_∗μ(x) > ε_0Θ(R_0) � ≤ τμ(R_0).

If ε_0 and τ are small enough, then there exists some positive constant η such that one of the following holds:

(a) either μ_{at}(9R_0) ≥ η μ(R_0), or (b) there exists E ⊂ R_0 with μ(E) ≥ η μ(R_0) such that μ_{|E} has linear growth and c^2(μ_{|E} ) < ∞.

Let us remark that in case (b) one deduces that μ_{|E} has linear growth with constant C(ε_0, τ)Θ(R_0) and that c^2(μ_{|E} ) ≤ C(ε_0, τ)Θ(R_0)^2μ(E).

Notice that the squares R_0 and^1_2 R_0 in the Main Lemma are (a, b)- doubling for all a > 0, with b depending on a, because of the assumption Θ_μ(λR_0) ≤ 100Θ_μ(^1_2 R_0) for all λ > 1.

The relationship between the Cauchy transform and curvature of measures (see (1.3)) plays a key role in the proof of the Main Lemma. Recall also that there is a strong connection between the notion of curvature and the β’s from Jones’ traveling salesman theorem [Jo]. The relationship with Favard length is an open problem (see Section 6 of [Ma3], for example).

4. Curvature in terms of suppressed Cauchy transforms

In this section we will obtain formulae analogous to (1.3) in terms of the so called suppressed Cauchy transform of μ. Given a positive 1-Lipschitz function Φ, consider the suppressed kernel introduced in [NTV1] (see also [Vo]):

k_Φ(x, y) = x − y |x − y|^2 + Φ(x)Φ(y) , and let

C^ℓ_Φμ(x) = � |x−y|≤ℓ

k_Φ(x, y) dμ(y).

We will also set ~k_Φ(x, y) = x − y |x − y|^2 + Φ(x)^2 , and ~C^ℓ_Φμ(x) = � |x−y|≤ℓ

~k_Φ(x, y) dμ(y).

For ℓ = ∞, we write C^ℓ_Φμ(x) =: C_Φμ(x) and ~C^ℓ_Φμ(x) =: ~C_Φμ(x). Observe that when Φ ≡ ε both ~C_Φμ and C_Φμ coincide with ~C_εμ (see (2.2)).

It is easy to check that k_Φ(x, y) and ~k_Φ(x, y) are Calderón-Zygmund kernels. Notice that k_Φ(x, y) is antisymmetric, but not ~k_Φ(x, y). Because of this fact the formula relating curvature and Cauchy transform works better for C_Φμ than for ~C_Φμ. However, the kernel ~k_Φ(x, y) has a nice feature which k_Φ(x, y) lacks: it can be put as a convex combination of the truncated kernels χ_{|x−y|>ε}/(x − y), and so it easily follows that

| ~C^ℓ_Φμ(x)| ≲ C_∗μ(x).

The following easy estimate will be used often without further comment:

|x − y|^2 + Φ(x)Φ(y) ≈ |x − y|^2 + Φ(x)^2 + Φ(y)^2.

As a consequence, we have

|k_Φ(x, y)| ≲ 1 |x − y| + Φ(x) + Φ(y) . Also, it is not difficult to check that

(4.1) |∇_xk_Φ(x, y)| + |∇_yk_Φ(x, y)| ≲ 1 |x − y|^2 + Φ(x)^2 + Φ(y)^2 . We denote (4.2) D_Φ(x, y, z) = � |x−y|^2 +Φ(x)Φ(y) � |x−z|^2 +Φ(x)Φ(z) � |y−z|^2 +Φ(y)Φ(z) � . Given Radon measures μ_1, μ_2, μ_3, we set

c^{2,ℓ}_Φ (μ_1, μ_2, μ_3) = � |x−y|≤ℓ |x−z|≤ℓ |y−z|≤ℓ

16S(x, y, z)^2 D_Φ(x, y, z) dμ_1(x)dμ_2(y)dμ_3(z),

where S(x, y, z) stands for the area of the triangle with vertices x, y, z. When Φ ≡ 0, c^{2,ℓ}_Φ (μ) coincides with the curvature of μ ℓ-truncated from above. We have

Lemma 4.1. Suppose that Φ(x) ≥ ε for all x ∈ C and some ε > 0. We have

(4.3) � σ � C � C^ℓ_Φμ_{σ1} � C^ℓ_Φμ_{σ2} � dμ_{σ3} = c^{2,ℓ}_Φ (μ_1, μ_2, μ_3) + E_1 + E_2, where σ runs over all the permutations of {1, 2, 3}, and (4.4)

E_1 = � σ � |x_{σ1}−x_{σ2} |≤ℓ |x_{σ1}−x_{σ2} |≤ℓ |x_{σ2}−x_{σ3} |>ℓ

k_Φ(x_{σ1} , x_{σ2} ) k_Φ(x_{σ1} , x_{σ3} ) dμ_1(x_1)dμ_2(x_2)dμ_3(x_3),

and (4.5)

E_2 =

� �_σ (x_{σ1} − x_{σ2} )(x_{σ1} − x_{σ3} )Φ(x_{σ2} )Φ(x_{σ3} ) D_Φ(x_1, x_2, x_3) dμ_1(x_1)dμ_2(x_2)dμ_3(x_3).

Proof. We have � σ k_Φ(x_{σ1} − x_{σ2} )k_Φ(x_{σ1} − x_{σ3} )

= � σ(x_{σ1} − x_{σ2} )(x_{σ1} − x_{σ3} ) � |x_{σ2} − x_{σ3} |^2 + Φ(x_{σ2} )Φ(x_{σ3} ) � D_Φ(x_1, x_2, x_3) = 16 S(x_1, x_2, x_3)^2 D_Φ(x_1, x_2, x_3) + � σ(x_{σ1} − x_{σ2} )(x_{σ1} − x_{σ3} )Φ(x_{σ2} )Φ(x_{σ3} ) D_Φ(x_1, x_2, x_3) , since � σ(x_{σ1} − x_{σ2} )(x_{σ1} − x_{σ3} )|x_{σ2} − x_{σ3} |^2 = 16S(x, y, z)^2. Then, arguing as in [MeV], the lemma follows. The details are left for the reader. □

Next lemma deals with the error term E_1:

Lemma 4.2. Let R be a doubling square in C. Suppose that any square P centered at some point x_P in 5R ∩ supp(μ) with Φ(x_P ) ≤ ℓ(P ) ≤ ℓ(R) satisfies Θ(P ) ≤ BΘ(R). If we choose μ_1 = μ_2 = μ and μ_3 = μ_{|R} in the preceding lemma, then there exists ℓ ∈ [ℓ(R)/2, ℓ(R)] such that (4.6) |E_1| = |E_1(ℓ)| ≲ B Θ(R)^2μ(R).

The fact that in the preceding estimate the constant B appears without a power 2 (unlike Θ(R)) will be important in the subsequent arguments.

Proof. It is easy to check that for any ℓ ∈ [ℓ(R)/2, ℓ(R)] the integrand in the definition of E_1 vanishes if any of the points x_1, x_2, x_3 is in C \ 5Q. So we have

|E_1| ≲ � |x−y|≤ℓ |z−x|≤ℓ |y−z|>ℓ x,y,z∈5R

1 (|y − x| + Φ(y))(|z − x| + Φ(z)) dμ(x)dμ(y)dμ(z).

By symmetry, |E_1| ≲ � |x−y|≤|x−z|≤ℓ |y−z|>ℓ x,y,z∈5R

. . .

Since |x − z| ≈ ℓ ≈ ℓ(R) in the domain of integration, we get

|E_1| ≲ 1 ℓ(R) � |x−y|≤|x−z|≤ℓ |y−z|>ℓ x,y,z∈5R 1 |y − x| + Φ(y) dμ(x)dμ(y)dμ(z).

Since for x, y, z as above we have |y − z| ≤ |x − y| + ℓ, we infer

|E_1| ≲ 1 ℓ(R) � |y−z|>ℓ y,z∈5R � |y−z|−ℓ≤|y−x|≤ℓ 1 |y − x| + Φ(y) dμ(x) � dμ(y)dμ(z).

Splitting the annulus {x ∈ C : |y − z| − ℓ ≤ |y − x| ≤ ℓ} into smaller annuli, taking into account that μ(B(x, r)) ≲ BΘ(R)r for Φ(y) ≲ r ≲ ℓ, we get � |y−z|−ℓ≤|y−x|≤ℓ 1 |y − x| + Φ(y) dμ(x) ≲ BΘ(R) log 2ℓ |y − z| − ℓ . Thus

|E_1(ℓ)| = |E_1| ≲

BΘ(R) ℓ(R) � |y−z|>ℓ y,z∈5R log 2ℓ |y − z| − ℓ dμ(y)dμ(z).

To find an appropriate ℓ satisfying (4.6), we integrate the preceding estimate with to respect to ℓ in [ℓ(R)/2, ℓ(R)]. We obtain �_{ℓ(R)}

ℓ(R)/2

|E_1(ℓ)|dℓ ≲

BΘ(R) ℓ(R)

�_{ℓ(R)}

ℓ(R)/2 � |y−z|>ℓ y,z∈5R log 2ℓ |y − z| − ℓ dμ(y)dμ(z) dℓ

≤ BΘ(R) ℓ(R) � |y−z|>ℓ(R)/2 y,z∈5R

�_{|y−z|}

ℓ(R)/2 log 2ℓ |y − z| − ℓ dℓ dμ(y)dμ(z).

Since

�_b a log^x_{b−x} dx = b log^b_a + (b − a) log^a_{b−a} , we get �_{|y−z|}

ℓ(R)/2 log 2ℓ |y − z| − ℓ dℓ ≲ ℓ(R).

Therefore,

�_{ℓ(R)}

ℓ(R)/2

|E_1(ℓ)|dℓ ≲ BΘ(R) � |y−z|>ℓ(R)/2 y,z∈5R

dμ(y)dμ(z) ≲ BΘ(R)μ(R)^2.

As a consequence, there exists some ℓ ∈ [ℓ(R)/2, ℓ(R)] such that |E_1(ℓ)| ≲ BΘ(R)^2μ(R). □ Lemma 4.3. Let us denote S_ℓ = {(x, y, z) ∈ C^3 : |x − y| ≤ ℓ, |x − z| ≤ ℓ, |y − z| ≤ ℓ}. The term E_2 in (4.5) can be written in the following way:

E_2 = � S_ℓ

|y−z|^2Φ(x)Φ(y)+|x−z|^2Φ(y)Φ(z)+|x−y|^2Φ(x)Φ(z) D_Φ(x, y, z) dμ_1(x)dμ_2(y)dμ_3(z) + � � S_ℓ

|y − z|^2Φ(z) � Φ(x) − Φ(y) � D_Φ(x, y, z) dμ_1(x)dμ_2(y)dμ_3(z) + � � S_ℓ

|x − z|^2Φ(x) � Φ(y) − Φ(z) � D_Φ(x, y, z) dμ_1(x)dμ_2(y)dμ_3(z) + � � S_ℓ

|x − y|^2Φ(y) � Φ(z) − Φ(x) � D_Φ(x, y, z) dμ_1(x)dμ_2(y)dμ_3(z)

=: E^+_2 + F_1 + F_2 + F_3.

Observe that the term E^+_2 is positive, while F_1, F_2, F_3 may be negative. On the other hand, if Φ is constant (i.e. Φ(x) = ε for all x), then F_1, F_2, F_3 vanish, and so E_2 = E^+_2 ≥ 0. We will see that if Φ is Lipschitz with small enough Lipschitz constant, under appropriate conditions E_2 ≥ 0 too. This will be one the basic ingredients of the proof of Main Lemma 3.1.

Proof. By the cosinus theorem, for x, y, z ∈ C we have Re � (x − y)(x − z) � = |x − y||x − z| cos �yxz = 1 2 � |x − y|^2 + |x − z|^2 − |y − z|^2 � . So the numerator inside the integral in the definition of E_2 in (4.5) equals � σ (x_{σ1} − x_{σ2} )(x_{σ1} − x_{σ3} )Φ(x_{σ2} )Φ(x_{σ3} ) = 1 2 � σ � |x_{σ1} − x_{σ2} |^2 + |x_{σ1} − x_{σ3} |^2 − |x_{σ2} − x_{σ3} |^2 � Φ(x_{σ2} )Φ(x_{σ3} )

= |y − z|^2 � Φ(x)Φ(y) + Φ(x)Φ(z) − Φ(y)Φ(z) � + |x − z|^2 � Φ(x)Φ(y) + Φ(y)Φ(z) − Φ(x)Φ(z) � + |x − y|^2 � Φ(x)Φ(z) + Φ(y)Φ(z) − Φ(x)Φ(y) � , where we set x = x_1, y = x_2, and z = x_3. If we plug this identity into (4.5), the lemma follows. □

5. Flatness of μ when ~C_εμ is small

The main result of this section is the following.

Lemma 5.1. Let x_0 ∈ C and ε > r > 0. There exists a line L through x_0 such that if x ∈ B(x_0, r) satisfies

(5.1) | ~C_εμ(x) − ~C_εμ(x_0)| ≤ δ P (x_0, ε) ε |x − x_0|,

then

(5.2) dist(x, L) ≲ � δ + r ε � P (x_0, ε)

P_2(x_0, ε)

|x − x_0|.

This lemma will be used below to show if C_∗μ(z) is small at some points z with respect to density, then these points must be close to some common line. This fact will be crucial for some future estimates. The proof is inspired by ideas from [MaP] and [Ma1, Theorem 20.9]. It requires the following auxiliary result:

Lemma 5.2. For all ε > 0 and x ∈ C, we have

(5.3) ~C_εμ(x) = ~C_εμ(0) + P (0, ε) x ε − 2 � y � |y|^2 + ε^2

�_2 ⟨y, x⟩ dμ(y) + E, with (5.4)

E = − � 2⟨y, x⟩x + |x|^2(x − y) � |y|^2 + ε^2

�_2 dμ(y) + � � |x|^2 − 2⟨y, x⟩

�_2 (x − y) � ξ_{x,y} + ε^2

�_3 dμ(y),

where ξ_{x,y} ∈ [|y|^2, |y − x|^2].

Proof. The Taylor expansion of the function 1/(s + ε^2) at s_0 is 1 s + ε^2 = 1 s_0 + ε^2 − 1 (s_0 + ε^2)^2

(s − s_0) + 1 (ξ + ε^2)^3

(s − s_0)^2,

where ξ ∈ [s_0, s]. If we set s_0 = |y|^2, s = |y − x|^2, and we multiply by x − y, we get

x − y |y − x|^2 + ε^2 = x − y |y|^2 + ε^2 − x − y (|y|^2 + ε^2)^2

(|x|^2 − 2⟨x, y⟩) + x − y (ξ_{x,y} + ε^2)^3

(|x|^2 − 2⟨x, y⟩)^2,

where ξ_{x,y} ∈ [|y|^2, |y − x|^2]. The lemma follows if we integrate with respect to μ. □

Proof of Lemma 5.1. Without loss of generality, we assume that x_0 = 0. The lemma follows from a careful study of the following R-linear map:

(5.5) T (x) = � � x |y|^2 + ε^2 − 2⟨y, x⟩y � |y|^2 + ε^2

�_2 � dμ(y).

By the identity (5.3) we have

T (x) = ~C_εμ(x) − ~C_εμ(0) − E,

with E given by (5.4). If x, x_0 satisfy the assumptions of the lemma we deduce

|T (x)| ≤ δ P (0, ε) ε |x| + |E|.

To estimate E we set

|E| ≤ � |x|^2(3|y| + |x|) (|y|^2 + ε^2)^2 dμ(y)+ � (|x|^2 + 2|y| |x|)^2(|x| + |y|) � ξ_{x,y} + ε^2

�_3 dμ(y) = E1+E2.

To deal with E_1 we use ε(3|y| + |x|) ≲ |y|^2 + ε^2 (recall that |x| ≤ r < ε), and then we get

E_1 ≲

|x|^2 ε � 1 |y|^2 + ε^2 dμ(y) ≤

P (0, ε)r ε^2

|x|.

For E_2 we take into account that ξ_{x,y} +ε^2 ≈ |y|^2 +ε^2 and |x| ≤ ε. We obtain

E_2 ≲ |x|^2 � (|x| + |y|)^3 ( � �y|2 + ε2�^3 dμ(y) ≲ |x|^2 � |x| + |y| (|y|^2 + ε^2)^2 dμ(y) ≲ |x|^2 ε � 1 |y|^2 + ε^2 dμ(y) ≤

P (0, ε)r

ε^2

|x|.

We infer that

(5.6) |T (x)| ≲ � δ + r ε �P (0, ε) ε |x|.

Let x_1, x_2 ∈ B(0, r) be two points different from x_0 = 0 satisfying (5.1). Suppose that s := | sin ^x_10 x_2| ≠ 0. By linearity, inequality (5.6) also holds for λ_ix_i, with λ_i ∈ R. On the other hand, since |λ_1x_1|^2 + |λ_2x_2|^2 ≤ s^{−2} |λ_1x_1 + λ_2x_2|^2, we have

|T (λ_1x_1 + λ_2x_2)|^2 ≤ 2|T (λ_1x_1))|^2 + 2|T (λ_2x_2)|^2 ≲ � δ + r ε �_2 P (0, ε)2 s^2ε^2

|λ_1x_1 + λ_2x_2|^2.

As a consequence, the trace of T fulfills

(5.7) |tr(T )| = |⟨T e_1, e_1⟩ + ⟨T e_2, e_2⟩| ≲ � δ + r ε �P (0, ε) sε , where e_1, e_2 is the standard orthonormal basis of R^2.

On the other hand, by the definition of T in (5.5), the precise value of tr(T ) is the following:

tr(T ) = � � 2 |y|^2 + ε^2 − 2|y|^2 (|y|^2 + ε^2)^2 � dμ(y) = 2 � ε^2 (|y|^2 + ε^2)^2 dμ(y) = 2 ε P_2(0, ε).

From (5.7) and the preceding calculation we infer that

| sin ^ x_10 x_2| = s ≲ � δ + r ε � P (0, ε) P_2(0, ε) , which implies the existence of the line L in (5.2) because this holds for all points x_1, x_2 ∈ B(0, r) satisfying (5.1). □

6. Proof of Main Lemma 3.1 6.1. The strategy. The main tool for the proof is the identity (4.3) applied to μ_1 = μ_2 = μ and μ_3 = μ_{|R0} . In this case we have

(6.1) 2 � R_0

|C^ℓ_Φμ|^2dμ + 4Re � (C^ℓ_Φμ) C^ℓ_Φμ_{|R0} dμ = c^{2,ℓ}_Φ (μ, μ, μ_{|R0} ) + E_1 + E_2,

where E_1 and E_2 are given by (4.4) and (4.5). Roughly speaking, we will see that the integrals on the left side are small compared to Θ(R_0)^2 because C_∗μ(z) ≪ Θ(R_0) for many z ∈ R_0. On the other hand, we will also show that if the density Θ(Q) is too big for many squares Q ⊂ R_0 and μ_{at}(9R_0) ≤ ημ(R_0), then the term E_2 on the right side is positive and much bigger than E_1 and than the left side of (6.1), and then we will get a contradiction.

Recall that E_2 = E^+_2 + F_1 + F_2 + F_3, with E^+_2 ≥ 0, while F_1, F_2, F_3 may be positive or negative. For i = 1, 2, 3 we split F_i = F^+_i − F^−_i , according to the sign of the integrand in F_i. That is,

F_1 = � S_ℓ

|y − z|^2Φ(z) � Φ(x) − Φ(y) � D_Φ(x, y, z) dμ(x)dμ(y)dμ_{|R0} (z) = � (x,y,z)∈S_ℓ Φ(x)>Φ(y)

· · · + � (x,y,z)∈S_ℓ Φ(x)<Φ(y)

· · · =: F^+_1 − F^−_1 ,

(6.2)

where S_ℓ = {(x, y, z) ∈ C^3 : |x − y| ≤ ℓ, |x − z| ≤ ℓ, |y − z| ≤ ℓ}. Also,

F_2 = � S_ℓ

|x − z|^2Φ(x) � Φ(y) − Φ(z) � D_Φ(x, y, z) dμ(x)dμ(y)dμ_{|R0} (z) = � (x,y,z)∈S_ℓ Φ(y)>Φ(z)

· · · + � (x,y,z)∈S_ℓ Φ(y)<Φ(z)

· · · =: F^+_2 − F^−_2 ,

(6.3) and F_3 = � S_ℓ

|x − y|^2Φ(y) � Φ(z) − Φ(x) � D_Φ(x, y, z) μ(x)dμ(y)dμ_{|R0} (z) = � (x,y,z)∈S_ℓ Φ(z)>Φ(x)

· · · + � (x,y,z)∈S_ℓ Φ(z)<Φ(x)

· · · =: F^+_3 − F^−_3 .

(6.4)

Then we have c^2_Φ(μ_{|R0} ) + E^+_2 ≤ 2 � R_0

|C^ℓ_Φμ|^2dμ + 4 � |(C^ℓ_Φμ) C^ℓ_Φμ_{|R0} | dμ + |E_1| + F^−_1 + F^−_2 + F^−_3 .

6.2. Construction of Φ. Let R_0 be a square satisfying the assumptions of Main Lemma 3.1. We denote G_0 := {x ∈ supp(μ) ∩ 10R_0 : C_∗μ(x) ≤ ε_0Θ(R_0)}.

Roughly speaking, a square Q with center in 7R_0 ∩ supp(μ) and ℓ(Q) ≤ ℓ(R_0)/4 is not good if Q\G_0 is too big. The precise definition is the following. If Q is a square centered at some point x ∈ 7R_0 ∩ supp(μ), and μ(Q \ G_0) > τ^{1/2} μ(Q), we set Q ∈ BC. If x ∈ 7R_0 is the center of some square from BC, we write x ∈ B_0. Moreover, for x ∈ B_0 we set ℓ(x) := sup{ℓ(Q) : Q ∈ BC centered at x}.

Given x ∈ B_0, take a square Q_x ∈ BC centered at x such that ℓ(Q_x) ≥ ℓ(x)/2. By Besicovitch covering theorem, there exists a subfamily BC_0 ⊂ {Q_x}_{x∈B0} with finite overlap which covers B_0.

Abusing language, sometimes we will write BC_0 instead of � Q∈BC_0 Q.

Let 0 < κ < 1/10 be some constant to be fixed below. We denote

(6.5) Φ_{BC} (x) = inf_{Q∈BC0} � κ dist(x, Q) + ℓ(Q), κ dist � x, C \ � Q∈BC_0 Q � . Notice that Φ_{BC} is κ-Lipschitz.

Let A ≥ 100 be another constant which will be fixed below. Following [NTV1], given x ∈ 7R_0, 0 < r ≤ ℓ(R_0)/4, we say that B(x, r) is a non Ahlfors disk if μ(B(x, r)) > AΘ(R_0)r and moreover B(x, r) ∩ supp(μ) ⊄ BC_0 ∩ supp(μ). We say that x ∈ 7R_0 is a non Ahlfors point if there exists some r > 0 such that B(x, r) is a non Ahlfors disk. For any x ∈ F , we denote R(x) = sup{r > 0 : B(x, r) is a non Ahlfors disk}.

If x ∈ 7R_0 is an Ahlfors point, we set R(x) = 0.

We denote H = � x∈F, R(x)>0

B(x, R(x)).

By Vitali’s 5r-Covering Theorem there is a disjoint family {B(x_h, 2R(x_h))}_h such that H ⊂ � h B(x_h, 10R(x_h)). We set

(6.6) H_0 = � h B(x_h, 10R(x_h)).

Since H ⊂ H_0, all non Ahlfors disks are contained in H_0 and then,

(6.7) dist(x, F \ H_0) ≥ R(x)

for all x ∈ 7R_0.

We set

(6.8) Φ(x) = max � Φ_{BC} (x), κ dist(x, C \ H_0 � , and given ε > 0, Φ_ε(x) = max(Φ(x), ε).

It is clear that Φ and Φ_ε are κ-Lipschitz.

Notice that the balls B(x, R(x)), R(x) > 0, are (a, b)-doubling for all a > 0 and b = b(a).

Remark 6.1. The constants that we denote by C (with or without subindex) do not depend on A, κ, τ or ε_0, unless stated otherwise.

Below we will take A, κ, τ and ε_0 so that ε_0, τ ≪ κ ≤ 1/10 < 100 ≤ A. First we choose A and κ in Subsection 6.4, and then ε_0, τ are chosen in the rest of the proof of the Main Lemma.

Remark 6.2. It is easy to check that μ(BC_0) is small:

μ(BC_0) ≤ � Q∈BC_0

μ(Q) ≤ � Q∈BC_0

τ^{−1/2}μ(Q \ G_0)

≲ τ^{−1/2}μ(10R_0 \ G_0) ≲ Cτ^{1/2}μ(R_0).

Observe that μ_{|R0\H0} has linear growth. Estimating μ(H_0) from above is the main objective of the rest of the proof of the Main Lemma.

In next lemma we collect a couple of basic properties dealing with Φ.

Lemma 6.3. Let x ∈ 7R_0 ∩ supp(μ). We have:

(a) For all δ > 0 there exists some square P ∈ BC_0 or point P ∈ C \ � Q∈BC_0 Q such that dist(x, P ) ≤ κ

−1Φ_{BC} (x) + δ and ℓ(P ) ≤ Φ_{BC} (x) + δ.

(b) If Q is centered at x and 4κ^{−1}Φ(x) ≤ ℓ(Q) ≤ ℓ(R_0)/10, then Θ(Q) ≤ 2AΘ(R_0) and μ(Q \ G_0) ≤ τ^{1/2} μ(2Q).

Proof. The statement (a) is a direct consequence of the definition of Φ.

Let us turn our attention to (b). First we show Θ(Q) ≤ 2AΘ(R_0). We only have to consider the case R(x) > 0. Then we have B(x, R(x)) ⊂ H_0 by construction. Therefore, Φ(x) ≥ κdist(x, C\H_0) ≥ κR(x). So ℓ(Q) ≥ 4R(x) and then Θ(Q) ≤ 2Θ(B(x, ℓ(Q)) ≤ 2AΘ(R_0).

Let us see that μ(Q \ G_0) ≤ τ^{1/2} μ(2Q) now. Let δ > 0 be a fixed small constant (δ ≪ ℓ(Q)). Let P ∈ BC_0 be such that dist(x, P ) ≤ κ^{−1}Φ_{BC} (x)+δ and ℓ(P ) ≤ Φ_{BC} (x) + δ. Let ~P be the smallest square concentric with P which contains Q. It is easy to check that ℓ( ~P ) ≤ 2|x − x_P | + ℓ(Q), where x_P is the center of P . Moreover, ℓ( ~P ) ≤ ℓ(R_0)/4 because ℓ(Q) ≤ ℓ(R_0)/10. Thus, ℓ( ~P ) ≤ 2κ^{−1}Φ_{BC} (x) + 2δ + ℓ(Q) ≤ 2ℓ(Q), assuming δ small enough and taking into account that Φ_{BC} (x) ≤ Φ(x). We derive μ(Q \ G_0) ≤ μ( ~P \ G_0) ≤ τ^{1/2}μ( ~P ) ≤ τ^{1/2}μ(2Q), since ~P ⊂ 2Q (because Q ⊂ ~P and ℓ(Q) ≥ ℓ( ~P )/2). □

From (b) in the preceding lemma one infers that if Q is centered at x ∈ supp(μ) ∩ 7R_0 and ℓ(Q) ≥ Φ(x), then Θ(Q) ≲ κ^{−1}AΘ(R_0). For technical reasons, we would like to obtain an analogous estimate not involving the constant κ. Below, in Lemma 6.10, we will get a result of this type, under the appropriate assumptions.

By Lemma 4.2 and the preceding comments, we deduce that there exists some ℓ ∈ [ℓ(R_0)/2, ℓ(R_0)] such that the term E_1 in (6.1) verifies |E_1| ≲ κ^{−1}AΘ(R_0)^2μ(R_0). We choose one of these precise values of ℓ.

6.3. Estimates for the terms in (6.1). In this subsection we will state some estimates involving the terms in (6.1). They will be proved below.

Lemma 6.4. For all ε > 0 we have

(6.9) � 3R_0

|C^ℓ_{Φε} μ|^2dμ ≲ A^2Θ(R_0)^2 � ε^2_0+κ^2+τ^{1/2}κ^{−4} � μ(R_0)+κ^{−1}μ_{at}(9R_0) � . and (6.10) � |C^ℓ_{Φε} μ_{|R0} |^2 dμ ≲ A^2Θ(R_0)^2 � μ(R_0) + C(κ)μ_{at}(9R_0) � .

Lemma 6.5. For all ε > 0 we have

F^−_1 + F^−_2 + F^−_3 ≲ A^2Θ(R_0)^2 � κ^{1/2} + C(κ)τ^{1/4})μ(R_0) + C(κ)μ_{at}(9R_0) � . Lemma 6.6. If τ, ε_0, ε > 0 are small enough (in particular ε_0, τ ≪ κ), then

E^+_2 ≳ A^2Θ(R_0)^2 � μ(^1_2 R_0 ∩ H_0 \ BC_0) − Cκ^{−1}μ_{at}(R_0) � . 6.4. Proof of Main Lemma 3.1 using Lemmas 6.4, 6.5 and 6.6. Recall that (6.11)

c^2_{Φε} (μ_{|R0} )+E^+_2 ≲ � R_0

|C^ℓ_{Φε} μ|^2dμ+ � |(C^ℓ_{Φε} μ) C^ℓ_{Φε} μ_{|R0} |dμ+|E_1|+F^−_1 +F^−_2 +F^−_3 .

Lemmas 6.4 and 6.5 give estimates for the first integral on the right side and for the terms F^−_i respectively. By Lemma 4.2 and our choice of ℓ we have |E_1| ≲ κ^{−1}AΘ(R_0)^2μ(R_0).

To deal with the integral � |(C^ℓ_{Φε} μ) C^ℓ_{Φε} μ_{|R0} | dμ, notice that C^ℓ_{Φε} μ_{|R0} vanishes on C \ 3R_0. Thus by Lemma 6.4 we have � |(C^ℓ_{Φε} μ) C^ℓ_{Φε} μ_{|R0} | dμ ≤ � 3R_0

|C^ℓ_{Φε} μ|^2 dμ

�_{1/2}�

3R_0

|C^ℓ_{Φε} μ_{|R0} |^2 dμ

�_{1/2}

≲ A^2Θ(R_0)^2 � ε^2_0 + κ^2 + τ^{1/2}κ^{−4} � μ(R_0) + κ^{−1}μ_{at}(9R_0)

�_{1/2}

× � μ(R_0) + C(κ)μ_{at}(9R_0)

�_{1/2}

≲ A^2Θ(R_0)^2 � ε^2_0 + κ^2 + τ^{1/2}κ^{−4}

�_{1/2}

μ(R_0) + C(κ)μ_{at}(9R_0) � ≲ A^2Θ(R_0)^2 � (ε_0 + κ + τ^{1/4}κ^{−2})μ(R_0) + C(κ)μ_{at}(9R_0) � . If we gather all the estimates obtained for all the terms on the right side of (6.11) we obtain

c^2_{Φε} (μ_{|R0} ) + E^+_2 ≲ A^2Θ(R_0)^2 � (ε_0 + κ^{1/2} + C(κ)τ^{1/4})μ(R_0) + C(κ)μ_{at}(9R_0) � + κ^{−1}AΘ(R_0)^2μ(R_0),

(6.12)

where we took into account that ε^2_0 ≤ ε_0, and analogously for τ and κ. From Lemma 6.6 and the preceding estimate we infer that if ε > 0 is small enough, then

μ(^1_2 R_0 ∩H_0 \BC_0) ≲ � ε_0 +κ^{1/2} +C(κ)τ^{1/4} +A^{−1}κ^{−1} � μ(R_0)+C(κ)μ_{at}(9R_0).

If ε_0, τ, κ are small enough and A big enough (in particular, A > κ^{−1}), taking into account that μ(R_0) ≈ μ(^1_2 R_0), we get

μ(^1_2 R_0 ∩ H_0 \ BC_0) ≤ 1 4 μ(^1_2 R_0) + C(κ)μ_{at}(9R_0).

Therefore, recalling Remark 6.2, we have

μ(^1_2 R_0 \(H_0 ∪BC_0))+C(κ)μ_{at}(9R_0) ≥ � 1− 1 4 −Cτ^{1/2} � μ(^1_2 R_0) ≥ 1 2 μ(^1_2 R_0).

Thus either μ(^1_2 R_0 \ (H_0 ∪ BC_0)) ≥ μ(^1_2 R_0)/4 or μ_{at}(9R_0) ≥ C(κ)μ(R_0).

On the other hand, since (6.12) holds for ε > 0 we have

c^2(μ_| 1_{2 R0\(H0∪BC0 )}) ≤ c^2_Φ(μ_{|R0} ) ≤ C(ε_0, A, τ, κ)μ(R_0) < ∞. □ 6.5. Auxiliary lemmas. In order to prove Lemmas 6.4, 6.5 and 6.6 we will need some auxiliary results. The first one is the following.

Lemma 6.7. Let Q be a square centered at some point in G_0 ∩ 7R_0, with ℓ(Q) ≤ ℓ(R_0)/4, such that μ(Q \ G_0) ≲ τ^{1/2}μ(2Q), Θ(Q) ≳ Θ(R_0), and Θ(2Q) ≲ AΘ(R_0). If ε_0 and τ are small enough, one of the following happens:

(a) either there exists some atom z_0 such that Q ∩ G_0 = {z_0}, or (b) diam(G_0∩Q) ≥ ℓ(Q)/6, and moreover there are two squares Q_1, Q_2 ⊂ 5Q with dist(Q_1, Q_2) ≳ ℓ(Q) such that μ(Q_i) ≳ μ(Q), for i = 1, 2.

Proof. Suppose that (a) does not hold. Then diam(Q ∩ G_0) > 0.

First we will prove that diam(G_0 ∩ Q) ≥ ℓ(Q)/6. Suppose that this fails and let us argue by contradiction. Let x_1, x_2 ∈ Q ∩ G_0 be such that |x_1 − x_2| = diam(Q ∩ G_0). Consider the half planes

Π_1 := {z : |z − x_1| ≤ |z − x_2|}, Π_2 := {z : |z − x_1| ≥ |z − x_2|}.

Suppose that μ(Π_2 ∩ G_0 ∩ Q) ≥ μ(Π_1 ∩ G_0 ∩ Q). See Figure 1. We set

I := � |x_2−x_1|/2≤|z−x_1|≤|x_2−x_1| 1 z − x_1 dμ(z).

Since x_1 ∈ G_0, we have

(6.13) |I| ≤ 2C_∗μ(x_1) ≤ 2ε_0Θ(R_0).

Now we will estimate I from below. First we check that the annulus A_0 := {z : |x_2 − x_1|/2 ≤ |z − x_1| ≤ |x_2 − x_1|} is contained Q: if x_Q stands for the center of Q, we have |x_1 − x_Q| ≤ diam(Q ∩ G_0) since x_Q ∈ G_0. Thus for z ∈ A_0, we get

|z − x_Q| ≤ |z − x_1| + |x_1 − x_Q| ≤ ℓ(Q) 6 + ℓ(Q) 6 = ℓ(Q) 3 , and so z ∈ Q. We have

(6.14) |I| ≥ � � � � z∈A_0∩G_0 1 z − x_1 dμ(z) � � � − � z∈Q\G_0 1 |z − x_1| dμ(z).

Consider now the half plane

Π_3 := {z : ⟨z − x_1, x_1 − x_2⟩ > 0}.

From the definition of x_1, x_2 and the fact that A_0 ⊂ Q we infer that μ(A_0 ∩ G_0 \ Π_3) = 0. Observe also that Π_2 ∩ G_0 ∩ Q ⊂ A_0 ∩ Π_2 ⊂ A_0 \ Π_3 (see Figure 1). From this fact and some elementary geometry we deduce � � � z∈A_0∩G_0 1 z − x_1 dμ(z) � � ≳ μ(Π^2 ∩ G^0 ∩ Q) |x_1 − x_2| ≳ μ(Q) |x_1 − x_2| . For the last integral in (6.14) we use the following rough estimate � z∈Q\G_0 1 |z − x_1| dμ(z) ≲ μ(Q \ G_0) |x_1 − x_2|

≤ τ^{1/2} μ(2Q) |x_1 − x_2| . Since μ(2Q) ≲ Aμ(Q) and τ ≪ A^{−2}, we get

|I| ≥

(C^{−1} − Aτ^{1/2}) μ(Q) |x_1 − x_2| ≳ μ(Q) |x_1 − x_2| ≳ ℓ(Q) |x_1 − x_2|

Θ(R_0).

From this estimate and (6.13) we deduce that |x_1 − x_2| ≳ ℓ(Q)/ε_0 > ℓ(Q)/6, which is a contradiction.

x_1 x_2

Π_3

Π_2

Π_1

A_0

Figure 1. The dashed vertical lines are the borders of the half planes Π_1, Π_2, Π_3. The annulus A_0 is the region between both circles, G_0 ∩A_0 is contained in Π_3 ∩A_0, and Π_2 ∩G_0 ∩A_0 is contained in the region marked with horizontal lines.

It remains to prove the existence of the squares Q_1, Q_2 ⊂ 5Q described in (b). Divide Q into 900 squares of side length ℓ(Q)/30 with disjoint interiors. Let Q_1 be the square with maximal measure. Since diam(G_0 ∩ Q) ≥ ℓ(Q)/6, there exists some point x_0 ∈ G_0 ∩ Q such that dist(x_0, Q_1) > ℓ(Q)/10. Consider the annulus A_1 := {z : dist(x_0, Q_1) − ℓ(Q_1)/100 < |z − x_0| ≤ dist(x_0, Q_1) + diam(Q_1)}, which contains Q_1. From the fact that C_∗μ(x_0) ≲ ε_0Θ(Q), one easily infers the existence of another square Q_2 intersecting A_1, with ℓ(Q_2) = ℓ(Q_1), Q_2 ⊂ 5Q, dist(Q_1, Q_2) ≳ ℓ(Q) and μ(Q_2) ≳ μ(Q). The details are left for the reader. □

Remark 6.8. The conclusion of the preceding lemma also holds if one asks μ(Q \ G_0) ≲ C(A, κ)τ^{1/2}μ(2Q), Θ(Q) ≳ C(A, κ)^{−1}Θ(R_0) and Θ(2Q) ≲

C(A, κ)Θ(R_0) instead of μ(Q \ G_0) ≲ τ^{1/2}μ(2Q), Θ(Q) ≳ Θ(R_0) and Θ(2Q) ≲ AΘ(R_0). The same proof works because ε_0, τ ≪ A^{−1}, κ.

Next lemma is a direct consequence of Lemmas 5.1 and 6.7. The main difficulty consists in the choice of the appropriate parameter ε in Lemma 5.1.

Lemma 6.9. Let Q be a square centered at some point in G_0 ∩ 7R_0, with ℓ(Q) ≤ ℓ(R_0)/4, such that μ(Q \ G_0) ≲ τ^{1/2}μ(2Q), Θ(Q) ≳ Θ(R_0), and Θ(λQ) ≲ AΘ(R_0) for all λ > 1 with λQ ⊂ 2R_0. If ε_0 and τ are small enough, then one of the following happens:

(a) either there exists some atom z_0 such that Q ∩ G_0 = {z_0}, or (b) there exists a line L_Q such that any z ∈ G_0 ∩ Q fulfills

(6.15) dist(z, L_Q) ≤ ε^{1/12}_0 ℓ(Q).

Proof. Suppose that (a) does not hold. By the preceding lemma there are two points x_1, x_2 ∈ Q ∩ G_0 such that |x_1 − x_2| ≥ ℓ(Q)/6. Let L_Q be the line through x_1 and x_2. Consider z ∈ Q ∩ G_0. One of the points x_i, say x_1, satisfies |z − x_i| ≥ ℓ(Q)/12. We wish to apply Lemma 5.1 with r = 2ℓ(Q) and x_1 instead of x_0. To choose the appropriate value of ε in Lemma 5.1 we argue as follows. Set ~ε = ε^{−1/5}_0 ℓ(Q). We distinguish two cases:

(i) If for all r ∈ [~ε, ~ε^2/ℓ(Q)] we have

Θ(B(x_1, r)) ≤

~ε^{1/2} ℓ(Q)^{1/2}

Θ(B(x_1, ~ε)),

then we set ε = ~ε.

(ii) Otherwise we choose ε ∈ [~ε, ~ε^2/ℓ(Q)] such that

Θ(B(x_1, ε)) ≥

~ε^{1/2} ℓ(Q)^{1/2}

Θ(B(x_1, ~ε)).

Observe that in both cases we have

(6.16) Θ(B(x_1, ε)) ≥ Θ(B(x_1, ~ε)) ≳ ℓ(Q) ~ε Θ(Q).

Let L_{x1} be the line through x_1 given by Lemma 5.1. Indeed, notice that x_1 satisfies the assumptions of the lemma, since every point z ∈ Q ∩ G_0 (in particular x_1) satisfies C_∗μ(z) ≤ ε_0Θ(R_0), and so

| ~C_εμ(z) − ~C_εμ(x_1)| ≤ C_∗μ(z) + C_∗μ(x_1) ≤ 2ε_0Θ(R_0)

=: δ P (x_1, ε) ℓ(Q) 12ε ≤ δ P (x_1, ε)

|z − x_1| ε , where we set δ = 24ε_0εΘ(R_0)/[P (x_1, ε)ℓ(Q)]. By (6.16) in any case we have

δ ≲ ε_0 ε~ε ℓ(Q)^2

≤ ε_0

~ε^3 ℓ(Q)^3 .

Then Lemma 5.1 tells us that

dist(z, L_{x1} ) ≲ � δ + ℓ(Q) ε � P (x_1, ε) P_2(x_1, ε)

|z − x_1|

(6.17) ≲ � ε_0

~ε^3 ℓ(Q)^3 + ℓ(Q) ε � P (x_1, ε) Θ(B(x_1, ε)) ℓ(Q).

In case (i), from the fact that ε = ~ε, the definition of P (x_1, ε), and (6.16), we deduce

P (x_1, ε) = P (x_1, ~ε) ≲

~ε^{1/2} ℓ(Q)^{1/2}

Θ(B(x_1, ~ε)) + ℓ(Q) ~ε AΘ(R_0) ≲ ~ε^{1/2} ℓ(Q)^{1/2}

Θ(B(x_1, ~ε)) + AΘ(B(x_1, ~ε)) ≲

~ε^{1/2} ℓ(Q)^{1/2}

Θ(B(x_1, ~ε)),

where we took into account that ε_0 ≪ A^{−1}. Thus P (x_1, ε) Θ(B(x_1, ε)) ≲ ~ε^{1/2} ℓ(Q)^{1/2} . On the other hand, in case (ii) we have

Θ(B(x_1, ε)) ≥

~ε^{1/2} ℓ(Q)^{1/2}

Θ(B(x_1, ~ε)) ≳ ℓ(Q)^{1/2} ~ε^{1/2}

Θ(Q),

and P (x_1, ε) ≲ AΘ(R_0) ≲ AΘ(Q). So, P (x_1, ε) Θ(B(x_1, ε)) ≲ A~ε^{1/2} ℓ(Q)^{1/2} . Therefore, from (6.17) in both cases we obtain

dist(z, L_{x1} ) ≲

� ε_0 ~ε3

ℓ(Q)^3 + ℓ(Q) ~ε � A~ε1/2

ℓ(Q)^{1/2} ℓ(Q) = A

� ε_0 ~ε7/2 ℓ(Q)^{7/2} + ℓ(Q)^{1/2} ~ε^{1/2} � ℓ(Q).

Recalling that ~ε = ε^{−1/5}_0 and that ε_0 ≪ A^{−1}, we get

dist(z, L_{x1} ) ≲ ε^{1/11}_0 ℓ(Q).

This estimate also applies to the case z = x_2. Since |x_1 − x_2| ≳ ℓ(Q), we infer that the Hausdorff distance between L_Q ∩ 2Q and L_{x1} ∩ 2Q is ≲ ε^{1/11}_0 ℓ(Q). Then it easily follows that dist(z, L_Q) ≤ ε^{1/12}_0 ℓ(Q). □ Lemma 6.10. Let Q be a square centered at some point in G_0 ∩ 7R_0, with ℓ(Q) ≤ ℓ(R_0)/4, such that μ(Q \ G_0) ≲ τ^{1/2}μ(2Q), Θ(Q) ≳ Θ(R_0), and Θ(λQ) ≲ AΘ(R_0) for all λ > 1 with λQ ⊂ 2R_0. If ε_0 and τ are small enough, then one of the following happens:

(a) either there exists some atom z_0 ∈ Q such that μ(z_0) ≥ C^{−1}κμ(Q), or (b) any square P ⊂^1_2 Q with ℓ(P ) ≥ κℓ(Q) satisfies Θ(P ) ≤ C_2Θ(Q).

The important fact about this lemma is that the constant C_2 does not depend on κ. That is, for a fixed κ > 0 one can choose ε_0, τ ≪ κ so that in case (b), Θ(P ) ≤ C_2Θ(Q), where C_2 is some absolute constant. An analogous result would hold with any constant different from κ. We have stated the lemma in terms of κ because this is the precise result that will be needed below.

Proof. Suppose that there is not any atom z_0 ∈ Q with μ(z_0) ≥ C^{−1}_3 κμ(Q), where C_3 will be fixed below. By Lemma 6.9 there exists a line L_Q such that any z ∈ G_0 ∩ Q satisfies dist(z, L_Q) ≲ ε^{1/12}_0 ℓ(Q).

We will prove the following:

Claim. Let B be a closed ball centered at some point in L_Q ∩^3_4 Q with Θ(B) ≥ Θ(Q) and^κ_2 ℓ(Q) ≤ diam(B) ≤ ℓ(Q)/100. Then there are two closed balls B_a, B_b with centers on L_Q such that for i = a, b

C^{−1}_4 diam(B) ≤ dist(B_i, B) ≤ C_4diam(B),

diam(B) ≤ diam(B_i) ≤ diam(B)(1 + ε_1), and μ(B_i) ≥ μ(B)(1 − ε_1), where ε_1 is some constant such that ε_1 → 0 as ε_0 → 0 and τ → 0 (for a fixed κ). Moreover, the center of B is located between the centers of B_a and B_b (that is to say, B_a and B_b are “at opposite sides of B”).

Let us see how the statement (b) of the lemma follows from our claim. Let P be a square such that κℓ(Q) ≤ ℓ(P ) and P ⊂^1_2 Q. To prove (b) we may assume ℓ(P ) ≤ ℓ(Q)/200. Suppose also that Θ(P ) ≥ 10Θ(Q). Since τ ≪ κ, we have G_0 ∩ P ≠ ∅ and so dist(L_Q, P ) ≪ ℓ(P ). Let B be a ball with center in L_Q and radius 1.1 diam(P ) such that P ⊂ B. It is easy to check that B satisfies the assumptions of the claim. As a consequence, we derive the existence of two other balls B_1, B_2 as above. Further, if ε_1 is small enough, B_a and B_b also satisfy the assumptions, and the claim can be applied again.

Proceeding inductively one proves the existence of a sequence of pairwise disjoint balls B_1, B_2, . . . , B_N ⊂ Q with N ≈ ℓ(Q)/diam(B) ≲ κ^{−1}. Indeed, recall that the starting ball B intersects^1_2 Q and at each step j one will get diam(B) ≤ diam(B_j ) ≤ diam(B)(1 + ε_1)^j , and μ(B_i) ≥ μ(B)(1 − ε_1)^j , with j ≲ κ^{−1}, and so each ball B_j will satisfy the assumptions in the claim for ε_1 small enough, etc.

Then we deduce

μ(Q) ≥ N� j=1 μ(B_j) ≥ Nμ(B)(1 − ε_1)^N ≳ ℓ(Q) diam(B) μ(B) ≳ ℓ(Q) diam(P ) μ(P ),

where used the fact that if ε_1 is small enough, then (1 − ε_1)^N ≈ 1. So we get Θ(Q) ≥ C^{−1}_5 Θ(P ), and the lemma follows.

It remains to prove the claim above. If τ is small enough it follows easily that G_0 ∩ B ≠ ∅. Let z ∈ G_0 ∩ B and take a square S centered at z with ℓ(S) = 12diam(B). Since S ⊂ Q we have μ(S \ G_0) ≤ μ(Q \ G_0) ≤ τ^{1/2}μ(2Q) ≤ τ^{1/2}C(A, κ)μ(S). Then, by Lemma 6.7 and Remark 6.8,

diam(S ∩ G_0) ≥ 1 6 ℓ(S) = 2diam(B).

So there exists some point z_0 ∈ G_0 ∩ S with dist(z_0, B) ≥ diam(B).

Now we will use the fact that C_∗μ(z_0) ≤ ε_0Θ(R_0) to prove the existence of a ball B_1 like the one described in the claim. To this end, consider the annulus

R := {x ∈ C : dist(z_0, B) ≤ |x − z_0| ≤ dist(z_0, B) + diam(B)},

which contains B. Suppose for simplicity that L_Q is parallel to the horizontal axis. For ε_0 ≤ κ, the strip T := {x ∈ C : dist(x, L_Q) ≤ ε^{1/12}_0 ℓ(Q)} which contains G_0 ∩ Q is much thinner than R (i.e. ε^{1/12}_0 ℓ(Q) ≪ diam(B)). Thus R∩T is the union of two disjoint connected regions U_1, U_2. One of them, say U_2, contains B ∩G_0. Let B_a be the ball with center in U_1 ∩L_Q with minimal radius such that U_1 ⊂ B_a. It is clear that when the width of T tends to zero, diam(B_a) → diam(B). One can check easily that C_∗μ(z_0) ≤ ε_0Θ(R_0) implies that μ(U_1) ≈ μ(U_2). However we need a better estimate (recall that we need μ(B_a) ≥ μ(B)(1 − ε_1)). To this end, we split R into n disjoint concentric annuli R^j of width diam(B)/n. Then we have � � � � y∈R^j 1 y − z_0 dμ(y) � � � ≤ 2C^∗μ(z^0) ≤ 2ε^0Θ(R^0).

Thus, � � � y∈R^j ∩G_0 Re 1 y − z_0 dμ(y) � � ≤ 2ε_0Θ(R_0) + C μ(R^j \ G^0) diam(R^j )

≤ 2ε_0Θ(R_0) + Cτ^{1/2}Aκ^{−1}Θ(R_0).

On the other hand, if we denote by r_j the inner radius of R^j, we have � � � � y∈R^j ∩G_0 Re 1 y − z_0 dμ(y) � � � ≥ μ(R^j ∩ U_1 ∩ G_0)

r_j +^{2diam(B)}_n − μ(R^j ∩ U_2 ∩ G_0) r_j −^{2diam(B)}_n . We derive

μ(R^j ∩ U_2 ∩ G_0) ≥ r_j −^{2diam(B)}_n

r_j +^{2diam(B)}_n μ(R^j ∩ U_1 ∩ G_0)

(6.18)

− C(ε_0 + τ^{1/2}Aκ^{−1})diam(B)Θ(R_0).

If we take n = [ℓ(Q) min(ε^{−1/12}_0 , τ^{−1/4}] (where [·] stands for the integer part), we will have (r_j −^{2diam(B)}_n )/(r_j +^{2diam(B)}_n ) ≥ 1 −^1_2 ε_1, with ε_1 → 0 as ε_0, τ → 0. Summing (6.18) on j, we get

μ(U_2 ∩ G_0) ≥ (1 −^1_2 ε_1)μ(U_1 ∩ G_0) − Cn(ε_0 + τ^{1/2}aκ^{−1})μ(B) ≥ (1 −^1_2 ε_1)μ(U_1 ∩ G_0) − C(ε^{11/12}_0 + τ^{1/4}Aκ^{−1})μ(B).

Since μ(U_1 ∩ G_0) ≥ μ(B ∩ G_0) ≥ μ(B) − μ(Q \ G_0) ≥ μ(B) − Cτ^{1/2}Aκ^{−1}μ(B), for τ small enough we get μ(B_a) ≥ μ(U_2 ∩ G_0) ≥ (1 − ε_1)μ(B). So B_a is as needed.

To show the existence of the ball B_b, let z^′_0 be the point in B ∩G_0 which is at maximal distance from B_a. Arguing as above, with z^′_0 instead of z_0, and with B_a instead of B, one can show that the fact that C_∗μ(z^′_0) ≤ ε_0Θ(R_0) and the existence of the ball B_a which is far from z^′_0 implies the existence of another ball B_b satisfying the requirements of the claim, whose center is very close to the point symmetric to the center of B_a with respect to z_0 (with a slightly bigger radius). □ Given a positive measure σ and x ∈ 7R_0, we denote M_μσ(x) = sup_{r>0} σ(B(x, r)) μ(B(x, r)) , and M_Φσ(x) = sup

r:Φ(x)≤r≤ℓ(R_0)

σ(B(x, r)) r . Using Lemmas 6.3 and 6.10 we obtain the following result. Lemma 6.11. For all x ∈ 7R_0 we have M_Φμ(x) ≲ κ^{−1}A Θ(R_0).

Also, there exists some absolute constant C_6 such that if M_μ(χ_{9R0 \G0} μ)(x) ≤ τ^{1/2} and M_μ(μ_{at|9R0} )(x) ≤ C_6κ, we have M_Φμ(x) ≲ A Θ(R_0).

Remark 6.12. Let

G_1 = � x ∈ 7R_0 : M_μ(χ_{9R0\G0} μ)(x) ≤ τ^{1/2} and M_μ(μ_{at|9R0} )(x) ≤ C_6κ}.

The preceding lemma asserts that if x ∈ G_1 we have M_Φμ(x) ≲ A Θ(R_0), while for x ∉ G_1 the estimate is worse: M_Φμ(x) ≲ κ^{−1}A Θ(R_0). However, one should keep in mind that 7R_0 \ G_1 is a small set, because μ(7R_0 \ G_1) ≤ μ � x ∈ 7R_0 : M_μ(χ_{9R0\G0} μ)(x) > τ^{1/2} �

+ μ � x ∈ 7R_0 : M_μ(μ_{at|9R0} )(x) > C_6κ � ≲ τ^{−1/2}μ(9R_0 \G_0) + κ^{−1}μ_{at}(9R_0) ≲ τ^{1/2}μ(R_0) + κ^{−1}μ_{at}(9R_0),

(6.19) since M_μ is bounded from M(C) (the space of finite Radon measures) into L^{1,∞}(μ).

The following well known estimate will be used often in next subsection. It can be proved by splitting the domain of integration into annuli, for example.

Lemma 6.13. For all s > 0, f ∈ L^1_{loc}(μ) and x ∈ 7R_0 we have � |x−y|≤ℓ(R_0)

Φ_ε(x)^s |y − x|^{1+s} + Φ_ε(x)^{1+s} f(y) dμ(y) ≤ C M_Φ(f dμ)(x),

where C depends only on s; and if 0 ≤ r_1 < r_2 ≤ ℓ(R_0), � r_1≤|x−y|≤r_2 1 |y − x| + Φ_ε(x) dμ(y) ≲ log � 2 + r_2 r_1 + Φ(x) � M_Φμ(x).

6.6. Proof of Lemma 6.4.

6.6.1. Proof of (6.9). We have to estimate the integral � 3R_0 |C ℓ Φ_ε μ|

2dμ.

Since Φ_ε is κ-Lipschitz and by Lemma 6.13, for all x ∈ 3R_0 we have |C^ℓ_{Φε} μ(x) − ~C^ℓ_{Φε} μ(x)| ≤ � |x−y|≤ℓ � � � x − y |x − y|^2 + Φ_ε(x)Φ_ε(y) − x − y |x − y|^2 + Φ_ε(x)^2 � � � dμ(y) ≲ � |x−y|≤ℓ

|x − y| |Φ_ε(x)^2 − Φ_ε(x)Φ_ε(y)| � |x − y|^2 + Φ_ε(x)^2

�_2 dμ(y) ≲ κ � |x−y|≤ℓ

Φ_ε(x) |x − y|^2 + Φ_ε(x)^2 dμ(y) ≲ κ M_Φμ(x).

Therefore, for x ∈ G_0, since | ~C^ℓ_{Φε} μ(x)| ≲ C_∗μ(x) ≤ ε_0Θ(R_0), we get

(6.20) |C^ℓ_{Φε} μ(x)| ≲ ε_0Θ(R_0) + κ M_Φμ(x).

Suppose that x ∉ G_0. Then, by (b) in Lemma 6.3, there exists some x^′ ∈ G_0 such that |x − x^′| ≲ κ^{−1}Φ(x). So we have |C^ℓ_{Φε} μ(x)| ≤ |C^ℓ_{Φε} μ(x) − C^ℓ_{Φε} μ(x^′)| + |C^ℓ_{Φε} μ(x^′)|.

Since k_{Φε} (x, y) is a Calderón-Zygmund kernel satisfying (4.1), it is easy to check that

|C^ℓ_{Φε} μ(x) − C^ℓ_{Φε} μ(x^′)| ≤ |C_{Φε} μ_{|5R0} (x) − C_{Φε} μ_{|5R0} (x^′)| + C μ(5R_0) ℓ(R_0) ≲ � |x−y|≤10ℓ(R_0)

|x − x^′| |x − y|^2 + Φ_ε(x)^2 dμ(y) + Θ(R_0)

≲ κ^{−1}M_Φ(x) + Θ(R_0) ≲ κ^{−2}AΘ(R_0). Also, since x^′ satisfies (6.20),

|C^ℓ_{Φε} μ(x^′)| ≲ ε_0Θ(R_0) + AΘ(R_0) ≲ AΘ(R_0).

So we get |C^ℓ_{Φε} μ(x)| ≲ κ^{−2}AΘ(R_0). Therefore, � 3R_0

|C^ℓ_{Φε} μ|^2dμ ≲ ε^2_0 Θ(R_0)^2μ(R_0)^2 + � 3R_0

κ^2M_Φμ(x)^2 dμ(x)

+ κ^{−4}A^2Θ(R_0)^2μ(3R_0 \ G_0)

≲ (ε^2_0 + κ^{−4}A^2τ)Θ(R_0)^2μ(R_0)^2 + � 3R_0

κ^2M_Φμ(x)^2 dμ(x).

(6.21)

To estimate the integral on the right side we will use Lemma 6.11 and the subsequent remark (recall the definition of G_1 in the remark): � 3R_0

κ^2|M_Φμ|^2dμ = � 3R_0∩G_1 + � 3R_0\G_1

≲ A^2Θ(R_0)^2 � κ^2μ(R_0) + τ^{1/2}μ(R_0) + κ^{−1}μ_{at}(9R_0) � . (6.22) Inequality (6.9) follows from (6.21) and (6.22). □

6.6.2. Proof of (6.10). Now we have to deal with the integral � |C^ℓ_{Φε} μ_{|R0} |^2 dμ.

We set � |C^ℓ_{Φε} μ_{|R0} |^2 dμ ≤ � C\R_0

|C^ℓ_{Φε} μ_{|R0} |^2 dμ + � R_0

|C^ℓ_{Φε} μ_{|R0} |^2 dμ ≤ � C\R_0

|C^ℓ_{Φε} μ_{|R0} |^2dμ + 2 � R_0

|C^ℓ_{Φε} μ|^2dμ + 2 � R_0

|C^ℓ_{Φε} μ_{|C\R0} |^2dμ

= I_1 + 2I_2 + 2I_3.

Inequality (6.9) yields a good estimate for I_2. Since ε_0 ≤ 1 and τ ≪ κ, clearly we get I_2 ≤ A^2Θ(R_0)^2μ(R_0) + C(κ)A^2Θ(R_0)^2μ_{at}(9R_0).

This rough estimate is enough for our purposes.

So we only have to consider I_1 and I_3. To deal with them we will use the assumption of thin boundaries for R_0. First we will estimate I_1. Since C^ℓ_{Φε} μ_{|R0} vanishes in C \ 3R_0, we have

I_1 ≲ � x∈3R_0\R_0 � � � y∈R_0 1 |y − x| + Φ_ε(x) dμ(x) � �^2dμ(y).

By Lemma 6.13, for x ∈ 3R_0 \ R_0 we obtain � y∈R_0 1 |y − x| + Φ_ε(x) dμ(y) ≲ log � 2 + ℓ(6R_0) dist(x, ∂R_0) + Φ(x) � M_Φμ(x)

≲ log � ℓ(6R_0) dist(x, ∂R_0) � M_Φμ(x).

Thus,

I_1 ≲ � x∈3R_0\R_0

log^2 � ℓ(6R_0) dist(x, ∂R_0) � M_Φμ(x)^2 dμ(x).

We split the last integral as follows:

I_1 ≲ � x∈3R_0∩G_1\R_0

· · · + � x∈3R_0\(G_1∪R_0)

· · · = I_{1,1} + I_{1,2}.

According to Lemma 6.11,

I_{1,1} ≲ A^2Θ(R_0)^2 � x∈3R_0\R_0

log^2 � ℓ(6R_0) dist(x, ∂R_0) � dμ(x).

From the fact that R_0 has thin boundaries and standard estimates, it follows easily that I_{1,1} ≲ A^2Θ(R_0)^2μ(3R_0) ≲ A^2Θ(R_0)^2μ(R_0).

To deal with I_{1,2} we will use Lemma 6.11 and Cauchy-Schwarz:

I_{1,2} ≲ κ^{−2}A^2Θ(R_0)^2 � x∈3R_0\(G_1∪R_0)

log^2 � ℓ(6R_0) dist(x, ∂R_0) � dμ(x)

≤ κ^{−2}A^2Θ(R_0)^2μ(3R_0 \ G_1)^{1/2} � x∈3R_0\R_0

log^4 � ℓ(6R_0) dist(x, ∂R_0) � dμ(x)

�_{1/2} . From the fact that R_0 has thin boundaries again, it is easy to check that the last integral is ≲ μ(3R_0) ≲ μ(R_0). Using also the estimate for μ(3R_0 \ G_1) in Remark 6.12 we get

I_{1,2} ≲ κ^{−2}A^2Θ(R_0)^2μ(R_0)^{1/2} � τ^{1/2}μ(R_0) + κ^{−1}μ_{at}(9R_0)

�_{1/2}

≤ C(κ)A^2Θ(R_0)^2 � τ^{1/4}μ(R_0) + μ(R_0)^{1/2}μ_{at}(9R_0)^{1/2} � . So if τ ≪ κ we obtain (6.23) I_1 ≲ A^2Θ(R_0)^2 � μ(R_0) + C(κ)μ(R_0)^{1/2}μ_{at}(9R_0)^{1/2} � . Almost the same arguments used for I_1 work for I_3. The estimate obtained for I_1 in (6.23) is also valid for I_3. We leave the details for the reader. So we have � |C^ℓ_{Φε} μ_{|R0} |^2 dμ ≤ I_1 + 2I_2 + 2I_3

≲ A^2Θ(R_0)^2 � μ(R_0) + C(κ)μ_{at}(9R_0) + C(κ)μ(R_0)^{1/2}μ_{at}(9R_0)^{1/2} � ≤ A^2Θ(R_0)^2 � μ(R_0) + C(κ)μ_{at}(9R_0) � . □ 6.7. Proof of Lemma 6.5. Now we have to deal with the terms F^−_1 , F^−_2 , F^−_3 defined in (6.2), (6.3) and (6.4), with Φ_ε instead of Φ. We will estimate F^−_1 and, by symmetry, the same arguments used for F^−_1 will also work for F^−_2 and F^−_3 .

Claim. We have

(6.24) F^−_1 ≲ κ^{1/2} � 5R_0

M_Φ � (M_Φμ)dμ � dμ.

Proof. Since ℓ ≤ ℓ(R_0), F^−_1 is bounded above by � (5R_0 )^3∩S_ℓ∩{Φ_ε(y)>Φ_ε(x)}

|y − z|^2Φ_ε(z) � Φ_ε(y) − Φ_ε(x) � D_{Φε} (x, y, z) dμ(x)dμ(y)dμ(z).

Recall that S_ℓ = {(x, y, z) ∈ C^3 : |x − y| ≤ ℓ, |x − z| ≤ ℓ, |y − z| ≤ ℓ}. From |y − z| ≤ |x − y| + |x − z|, one gets

|y − z|^2 ≲ |y − z|^{1/2}|x − y|^{3/2} + |x − z|^2.

Since Φ_ε is κ-Lipschitz we have

Φ_ε(y) − Φ_ε(x) ≤ κ^{1/2} � Φ_ε(y) − Φ_ε(x)

�_{1/2}

|y − x|^{1/2} ≤ κ^{1/2}Φ_ε(y)^{1/2}|y − x|^{1/2}.

Recall that we are assuming Φ_ε(y) > Φ_ε(x). So we obtain

|y − z|^2Φ_ε(z) � Φ_ε(y) − Φ_ε(x) � D_{Φε} (x, y, z) ≲ κ^{1/2}|x − y|^2|y − z|^{1/2}Φ_ε(y)^{1/2}Φ_ε(z) D_{Φε} (x, y, z) + κ^{1/2}|x − y|^{1/2}|x − z|^2Φ_ε(y)^{1/2}Φ_ε(z) D_{Φε} (x, y, z) . By the definition of D_{Φε} in (4.2) it is clear that

D_{Φε} (x, y, z) ≈ � |x − y|^2 + Φ_ε(x)^2 + Φ_ε(y)^2 � |x − z|^2 + Φ_ε(x)^2 + Φ_ε(z)^2 � × � |y − z|^2 + Φ_ε(y)^2 + Φ_ε(z)^2 � . Thus |y − z|^2Φ_ε(z) � Φ_ε(y) − Φ_ε(x) � D_{Φε} (x, y, z) ≲ κ^{1/2}|y − z|^{1/2}Φ_ε(y)^{1/2}Φ_ε(z) � |x − z|^2 + Φ_ε(z)^2 � |y − z|^2 + Φ_ε(y)^2 � + κ^{1/2}|x − y|^{1/2}Φ_ε(y)^{1/2}Φ_ε(z) � |x − y|^2 + Φ_ε(y)^2 � |y − z|^2 + Φ_ε(z)^2 �. Therefore,

F^−_1 ≲ � (5R_0)^3∩S_ℓ

κ^{1/2}Φ_ε(y)^{1/2}Φ_ε(z) � |x − z|^2 + Φ_ε(z)^2 � |y − z|^{3/2} + Φ_ε(y)^{3/2}

�dμ(x)dμ(y)dμ(z) + � (5R_0)^3∩S_ℓ

κ^{1/2}Φ_ε(y)^{1/2}Φ_ε(z) � |x − y|^{3/2} + Φ_ε(y)^{3/2} � |y − z|^2 + Φ_ε(z)^2

�dμ(x)dμ(y)dμ(z)

=: J_1 + J_2.

First we deal with J_1. Applying Lemma 6.13 twice, we obtain

J_1 = � y,z∈5R_0 |y−z|≤ℓ

κ^{1/2}Φ_ε(y)^{1/2} |y − z|^{3/2} + Φ_ε(y)^{3/2} � x∈5R_0 |x−z|≤ℓ

Φ_ε(z) |x − z|^2 + Φ_ε(z)^2 dμ(x)dμ(y)dμ(z)

≲ � y,z∈5R_0 |y−z|≤ℓ

κ^{1/2}Φ_ε(y)^{1/2} |y − z|^{3/2} + Φ_ε(y)^{3/2}

M_Φμ(z) dμ(z)dμ(y)

≲ κ^{1/2} � 5R_0

M_Φ � (M_Φμ)dμ � (y) dμ(y).

The arguments for J_2 are analogous:

J_2 = � y,z∈5R_0 |y−z|≤ℓ

κ^{1/2}Φ_ε(z) |y − z|^2 + Φ_ε(z)^2 � x∈5R_0 |x−y|≤ℓ

Φ_ε(y)^{1/2} |x − y|^{3/2} + Φ_ε(y)^{3/2} dμ(x)dμ(y)dμ(z)

≲ � y,z∈5R_0 |y−z|≤ℓ

κ^{1/2}Φ_ε(z) |y − z|^2 + Φ_ε(z)^2

M_Φμ(y) dμ(y)dμ(z)

≲ κ^{1/2} � 5R_0

M_Φ � (M_Φμ)dμ � (z) dμ(z).

The claim is proved. □

Analogous estimates hold for F^−_2 and F^−_3 , and then we get

F^−_1 + F^−_2 + F^−_3 ≲ κ^{1/2} � 5R_0

M_Φ � (M_Φμ)dμ � dμ. To deal with the last integral, for x ∈ 5R_0 we set M_Φ � (M_Φμ)dμ � (x) ≤ M_Φ � χ_{7R0∩G1} (M_Φμ)dμ � (x) + M_Φ � χ_{7R0\G1} (M_Φμ)dμ � (x) ≲ AΘ(R_0)M_Φμ(x) + κ^{−1}AΘ(R_0) M_Φ(χ_{C\G1} dμ)(x).

Thus,

F^−_1 + F^−_2 + F^−_3 ≲ κ^{1/2}AΘ(R_0) � 5R_0 � M_Φμ + κ^{−1}M_Φ(χ_{C\G1} dμ) � dμ. We have � 5R_0

M_Φμ dμ = � 5R_0∩G_1

· · · + � 5R_0\G_1

· · ·

≲ AΘ(R_0)μ(5R_0) + Aκ^{−1}Θ(R_0)μ(5R_0 \ G_1). To estimate � 5R_0 MΦ(χC\G1 dμ) dμ, notice that for x ∈ 5R0 we have

M_Φ(χ_{C\G1} dμ)(x) ≤ M_Φμ(x) sup_{r:Φ(x)≤r≤ℓ(R} 0) μ(B(x, r) \ G_1)

μ(B(x, r)) ≤ κ^{−1}AΘ(R_0) M_μ(χ_{7R0 \G1} dμ)(x).

Therefore, since M_μ is bounded in L^2(μ), � 5R_0

M_Φ(χ_{C\G1} dμ) dμ ≲ κ^{−1}AΘ(R_0) � 5R_0

M_μ(χ_{7R0\G1} dμ) dμ

≤ κ^{−1}AΘ(R_0)μ(5R_0)^{1/2} � 5R_0

M_μ(χ_{7R0\G1} dμ)^2dμ

�_{1/2}

≲ κ^{−1}AΘ(R_0)μ(R_0)^{1/2}μ(7R_0 \ G_1)^{1/2}. So we obtain

F^−_1 + F^−_2 + F^−_3 ≲ A^2Θ(R_0)^2 � κ^{1/2}μ(R_0) + C(κ)μ(7R_0 \ G_1) � ≲ A^2Θ(R_0)^2 � κ^{1/2} + C(κ)τ^{1/2} � μ(R_0) + C(κ)μ_{at}(9R_0) � . □

6.8. Proof of Lemma 6.6. Recall that

E^+_2 = � S_ℓ

|y − z|^2Φ_ε(x)Φ_ε(y) D_{Φε} (x, y, z) dμ(x)dμ(y)dμ_{|R0} (z) + � S_ℓ

|x − z|^2Φ_ε(y)Φ_ε(z) D_{Φε} (x, y, z) dμ(x)dμ(y)dμ_{|R0} (z) + � S_ℓ

|x − y|^2Φ_ε(x)Φ_ε(y) D_{Φε} (x, y, z) dμ(x)dμ(y)dμ_{|R0} (z),

with S_ℓ = {(x, y, z) ∈ C^3 : |x − y| ≤ ℓ, |x − z| ≤ ℓ, |y − z| ≤ ℓ} and

D_{Φε} (x, y, z) = � |x−y|^2 +Φ_ε(x)Φ_ε(y) � |x−z|^2 +Φ_ε(x)Φ(z) � |y −z|^2 +Φ_ε(y)Φ_ε(z) � . So, E^+_2 ≥ � S_ℓ∩R^3_0

|y − z|^2Φ_ε(x)Φ_ε(y) D_{Φε} (x, y, z) dμ(x)dμ(y)dμ(z).

Recall also that H_0 = � h∈I_{H0} B(xh, 10R(xh)), where the balls B(xh, 2R(xh))

are pairwise disjoint. To simplify notation we will write R_h := R(x_h). Among the balls B(x_h, 10R_h) which intersect^1_2 R_0, take a maximal subfamily {B(x_h, 10R_h)}_{h∈IM} ⊂ {B(x_h, 10R_h)}_{h∈IH0} with the property that, for h ∈ I_M , B(x_h, 20R_h) is not contained in any ball B(x_k, 20R_k), k ∈ I_M , k ≠ h. It follows easily that

H_0 ∩ 1 2 R_0 ⊂ � h∈I_M

B(x_h, 20R_h).

If A is chosen big enough, R_h ≤ ℓ(R_0)/10, and so B(x_h, 2R_h) ⊂ R_0 for h ∈ I_M . Therefore,

E^+_2 ≥ � h∈I_M � B(x_h,2R_h)^3

|y − z|^2Φ_ε(x)Φ_ε(y)

D_{Φε} (x, y, z) dμ(x)dμ(y)dμ(z),

For each h ∈ I_M we will show below that if B(x_h, 2R_h) does not contain any atom z_h such that μ(z_h) ≳ κμ(B(x_h, R_h)) (in this case we set h ∈ ~I_M ), and ε ≤ κR_h, then

(6.25) � B(x_h,2R_h)^3

|y − z|^2Φ_ε(x)Φ_ε(y) D_{Φε} (x, y, z) dμ(x)dμ(y)dμ(z)

≳ A^2Θ(R_0)^2μ � B(x_h, 20R_h) \ BC_0 � . This implies

(6.26) E^+_2 ≳ A^2Θ(R_0)^2 � μ(H_0 ∩^1_2 R_0 \ BC_0) − Cκ^{−1}μ_{at}(R_0) � , for ε small enough. Indeed, from (6.25) we deduce

E^+_2 ≳ A^2Θ(R_0)^2 � h∈eI_M μ � B(x_h, 20R_h) \ BC_0 �

≥ A^2Θ(R_0)^2 � μ(H_0 ∩^1_2 R_0 \ BC_0) − C � h∈I_M \eI_M μ � B(x_h, R_h)) �

≳ A^2Θ(R_0)^2 � μ(H_0 ∩^1_2 R_0 \ BC_0) − Cκ^{−1} � h∈I_M \eI_M

μ_{at} � B(x_h, 2R_h)) � .

which gives (6.26), taking into account that the balls B(x_h, 2R_h) are pairwise disjoint.

To prove (6.25) we will need the following auxiliary result.

Lemma 6.14. For h ∈ ~I_M , suppose that B(x_h, 20R_h) ∩ supp(μ) ⊄ BC_0. If z ∈ B(x_h, R_h), then Φ(z) ≈ κR_h.

Notice that h ∈ ~I_M implies that B(x_h, 2R_h) does not contain any atom z_h such that μ(z_h) ≳ κμ(B(x_h, R_h)). Recall also that the constants involved in the relationship ≈ are absolute constants, independent of A, ε_0, etc.

Proof of Lemma 6.14. Recall that Φ(z) = max � Φ_{BC} (z), κdist(z, C \ H_0) � . Thus, if z ∈ B(x_h, R_h), we have

Φ(z) ≥ κdist(z, C \ H_0) ≥ κ dist � z, C \ B(x_h, 10R_h) � ≥ κR_h.

Let us see that Φ(z) ≲ κR_h now. Take z_1 ∈ B(x_h, 20R_h)∩supp(μ)\BC_0. For z ∈ B(x_h, R_h), from the definition of Φ_{BC} in (6.5), we deduce that Φ_{BC} (z) ≤ κ|z − z_1| ≤ 40κR_h.

So we only have to check that

(6.27) dist(z, C \ H_0) ≲ R_h.

Denote B_h := B(x_h, R_h), and consider the square Q_1 := Q(x_h, 200R_h). From Lemma 6.9 we deduce that there exists a line L_{Q1} such that any z ∈ G_0 ∩ Q_1 fulfills

dist(z, L_{Q1} ) ≲ ε^{1/12}_0 ℓ(Q_1).

That is, G_0 ∩Q_1 is very close to L_{Q1} . Notice that the assumptions in Lemma 6.9 hold because of the existence of z_1 ∈ B(x_h, 10R_h) ∩ supp(μ) \ BC_0, Θ(Q) ≳ Θ(R_0), and h ∈ ~I_M . Let B ⊂^1_2 Q_1 be a ball with radius R_h such that dist(B, L_{Q1} ) ≥ 50R_h and dist(B, B_h) ≥ 50R_h. We will show that B ⊄ H_0. Clearly this implies (6.27).

Let B_j := B(x_j , R_j ), j ∈ I_{H0} , be such that 10B_j ∩ B ≠ ∅. Let us check that R_j ≤ 17R_h. Suppose that this fails. This implies 20B_h ⊂ 20B_j (which is a contradiction because of the definition of I_M ) since if z ∈ 20B_h and we denote by x_B the center of B, we have

|z − x_j| ≤ |x − x_h| + |x_h − x_B | + |x_B − x_j | ≤ 20R_h + 100 · 2^{1/2}R_h + R_h + 10R_j ≤ 170R_h + 10R_j ≤ 20R_j .

Since R_j ≤ 17R_h, B_j ∩ B ≠ ∅, and dist(B, L_{Q1} ) ≥ 50R_h, we infer

dist(B_j , L_{Q1} ) ≥ dist(B, L_{Q1} ) − 2R_j ≥ 50R_h − 34R_h = 16R_h.

That is, B_j is far from L_{Q1} . Moreover, it is straightforward to check that B_j ⊂ Q_1 (recall that B ⊂^1_2 Q_1). Thus,

B_j ⊂ Q_1 \ G_0 ⊂ Q(z_1, 300R_h) \ G_0,

where z_1 ∈ B(x_h, 10R_h) \ BC_0 was introduced above. Therefore,

(6.28) μ(B_j ) ≤ μ � Q(z_1, 300R_h) \ G_0 � ≲ τ^{1/2}μ(B_h).

Since Θ(B_j ) ≈ Θ(B_h) ≈ AΘ(R_0), we derive R_j ≲ τ^{1/2}R_h.

We have proved that any ball B_j, j ∈ I_{H0} , such that 10B_j ∩ B ≠ ∅ must be very small. We will deduce now that if B ⊂ H_0 = � j∈I_{H0} 10Bj ,

then μ(B) must be large, and then we will obtain a contradiction. The detailed arguments are the following. Since the balls 2B_j are disjoint and μ(B_j) ≈ μ(10B_j ), we get

μ(B) ≳ � j∈I_{H0} :B_j ∩^1_2 B≠∅

μ(B_j) ≳ AΘ(R_0) � j∈I_{H0} :B_j ∩^1_2 B≠∅

R_j

≳ AΘ(R_0) � j∈I_{H0} :B_j ∩^1_2 B≠∅

R^2_j τ^{1/2}R_h

≳ AΘ(R_0)

R^2_h τ^{1/2}R_h ,

because L^2(^1_2 B_h) ≤ L^2 � j∈I_{H0} :B_j ∩^1_2 B≠∅ Bj � , where L^2 stands for the Lebesgue measure on R^2. Thus,

μ(B) ≳ AΘ(R_0)τ^{−1/2}R_h ≈ τ^{−1/2}μ(B_h).

That is, μ(B) is very large, as claimed above. However, in (6.28) we saw that μ � Q(z_1, 300R_h) \ G_0 � ≲ τ^{1/2}μ(B_h) ≪ μ(B_h). This is a contradiction because B ⊂ Q(z_1, 300R_h) \ G_0. □

6.8.1. Proof of (6.25). Given ε ≤ κR_h, we only have to prove (6.25) for the indices h ∈ I_M such that B(x_h, 20R_h) ∩ supp(μ) \ BC_0 ≠ ∅. Consider such an h. We denote B_h := B(x_h, R_h). By the preceding lemma, Φ(z) ≈ κR_h for all z ∈ B_h. By the Besicovitch covering theorem, G_0 ∩ B_h can be covered by a family of squares Q^h_j centered at points in G_0 ∩B_h with side length κR_h so that this family can be split into N_1 (where N_1 is an absolute constant) subfamilies of pairwise disjoint squares. We infer that there exists a pairwise disjoint subfamily of squares {Q^h_j }_{j∈Ih} such that

μ(B_h) ≤ N_1μ � � j∈I_h

Q^h_j ∩ B_h � .

By Lemma 6.10, each Q^h_j , j ∈ I_h, satisfies Θ(Q^h_j ) ≲ Θ(B(x_h, R_h)). Let us see that the opposite inequality is also true for “many” of the squares Q^h_j , j ∈ I_h, too. To this end, take z_1 ∈ B(x_h, 20R_h) ∩ supp(μ) \ BC_0. By definition the square centered at z_1 and side length 40R_h [which contains B(x_h, 20R_h)] does not belong to BC. Then, by Lemma 6.9 there exists some line L_h such that any z ∈ B_h satisfies dist(z, L_h) ≲ ε^{1/12}_0 R_h ≪ κR_h. This implies that all the squares Q^h_j , j ∈ I_h, intersect L_h, and then one easily deduces that � j∈I_h ℓ(Q h j ) ≤ 10R_h, say. Let us denote

I_L = {h ∈ I_h : Θ(Q^h_j ) ≤ C_7Θ(B_h)},

where C_7 is some small positive absolute to be fixed below. Then we have μ � � j∈I_L

Q^h_j ∩ B_h � ≤ � h∈I_L

μ(Q^h_j ) ≤ C_7 Θ(B_h) � h∈I_L

ℓ(Q^h_j )

≤ C_7 Θ(B_h) 10R_h = 3 2 C_7 μ(B_h) ≤ 1 2 μ � � j∈I_h

Q^h_j ∩ B_h � , if C_7 is small enough. So,

(6.29) μ � � j∈I_L\I_h

Q^h_j ∩ B_h � ≥ 1 2N_1 μ(B_h).

In other words, the family of squares Q^h_j , j ∈ I_h \ I_L, contains a big part of μ(B_h). These squares satisfy C_7Θ(B_h) ≤ Θ(Q^h_j ) ≤ CΘ(B_h). Observe also that 5Q^h_j ⊂ 2B_h (assuming κ small enough).

We have � (2B_h )^3

|y − z|^2Φ_ε(x)Φ_ε(y) D_{Φε} (x, y, z) dμ(x)dμ(y)dμ(z) ≥ � j∈I_h\I_L � x∈Q^h_j y,z∈5Q^h_j

· · · .

Since ε ≤ κR_h and Φ(x) ≈ Φ(y) ≈ κR_h = ℓ(Q^h_j ), for each j ∈ I_h \ I_L the latter integral can be estimated as follows: � x∈Q^h_j y,z∈5Q^h_j

· · · ≳ � x∈Q^h_j y,z∈5Q^h_j

|y − z|^2ℓ(Q^h_j )^2 ℓ(Q^h_j )^6 dμ(x)dμ(y)dμ(z).

Recall now that, by Lemma 6.7 there exist two squares P_1, P_2 ⊂ 5Q^h_j with dist(P_1, P_2) ≳ ℓ(Q^h_j ) such that μ(P_i) ≳ μ(Q^h_j ), for i = 1, 2. Therefore, � x∈Q^h_j y,z∈5Q^h_j

|y − z|^2ℓ(Q^h_j )^2

ℓ(Q^h_j )^6 dμ(x)dμ(y)dμ(z) ≳ μ(Q^h_j )^3 ℓ(Q^h_j )^2 .

Since Θ(Q^h_j ) ≈ Θ(B_h) ≈ AΘ(R_0) for j ∈ I_h \ I_L, by (6.29) we get � (2B_h )^3

|y − z|^2Φ_ε(x)Φ_ε(y)

D_{Φε} (x, y, z) dμ(x)dμ(y)dμ(z) ≳ A^2Θ(R_0)^2 � j∈I_h\I_L

μ(Q^h_j )

≳ A^2Θ(R_0)^2μ(B_h) ≳ A^2Θ(R_0)^2μ(20B_h),

which yields (6.25). □

7. Proof of Theorem 1.1 Recall that E = {x ∈ supp(μ) : C_∗μ(x) < ∞}. Let E_1 = {x ∈ E :

Θ^∗_μ(x) < ∞}, and F = E \ E_1. Arguing as in [To2] one can easily show that μ_{|E1} can be written as in the statement of the theorem. So we only have to show that μ_{|F} = μ_{at}. Let F_m = {x ∈ E : Θ^∗_μ(x) = ∞, C_∗μ(x) ≤ m, μ({x}) = 0}.

So F equals the union of the sets F_m plus a countable collection of atoms and a set of μ-measure 0. We have to show that μ(F_m) = 0 for all m.

Suppose that μ(F_m) > 0 and let x ∈ F_m be a density point of F_m. Since Θ^∗_μ(x) = ∞, there exists a sequence of radii {r_n}_n such that {Θ_μ(B(x, r_n))}_n is an increasing sequence with

(7.1) Θ_μ(B(x, r)) ≤ 2 Θ_μ(B(x,^1_2 r_n)) if r > r_n.

By Lemma 2.2 there exists some r^′_n ∈ [r_n, 1.1r_n] such that the ball B(x, r^′_n) has thin boundaries. It is straightforward to check that for n big enough, B(x, r^′_n) satisfies the assumptions of Main Lemma 3.1 (of course, the lemma also holds for balls instead of squares). Moreover, for n big enough the option (a) of the Main Lemma cannot hold because

μ_{at}(B(x, 9r^′_n)) μ(B(x, r^′_n)) ≤ C μ(B(x, 9r^′_n) \ F_m)

μ(B(x, 9r^′_n))

→ 0 as n → ∞

(recall that B(x, r_n) is doubling because of (7.1), and F_m contains no atoms). As a consequence, for n big enough, in each ball B(x, r^′_n), there is a subset G ⊂ B(x, r^′_n) with μ(G) ≥ η μ(B(x, r^′_n)) where μ_{|G} has linear growth. In particular, Θ^∗_μ(y) < ∞ at μ-a.e. y ∈ G, and so μ(B(x, r^′_n) \ F_m) ≥ η μ(B(x, r^′_n)), which contradicts the fact that x is a density point of F_m.

8. Proof of Theorem 1.3

Inspecting the proof of Main Lemma 3.1 it is easy to check that the assumption

μ(10R_0 \ G_0) = μ{x ∈ 10R_0 : C_∗μ(x) > ε_0Θ_μ(R_0)} ≤ τμ(R_0) can be relaxed. So it is not necessary to ask |C_εμ(x)| ≤ ε_0Θ(R_0) to hold for all ε > 0, for x ∈ G_0. Instead, it is enough to ask |C_εμ(x)| + | ~C_εμ(x)| + | ~C^ℓ_εμ(x)| ≤ ε_0Θ_μ(R_0)

for all ε, ℓ such that 0 < ε ≤ ℓ ≤ ε^{−1}_0 ℓ(R_0) with sup_{η≥ε} Θ_μ(B(x, η)) ≲ κ^{−1}AΘ_μ(R_0).

Let us remark that the estimates on ~C_εμ were used in the proof on Lemma 6.9, while the ones for ~C^ℓ_εμ were necessary in the proof of Lemma 6.4 (with Φ_ε(x) instead of ε).

As a consequence, the following variant of the Main Lemma holds. We leave for the reader to check the precise details.

Lemma 8.1. Let μ be a finite Radon measure on C. Let R_0 be a square with thin boundaries such that Θ_μ(λR_0) ≤ 100Θ_μ(^1_2 R_0) for all λ > 1. Let ε_0 and τ be two (small) positive constants and A^′ > 1 big enough. Let G_0 be the set of points in 10R_0 satisfying |C_εμ(x)| + | ~C_εμ(x)| + | ~C^ℓ_εμ(x)| ≤ ε_0Θ_μ(R_0) for all ε, ℓ such that 0 < ε ≤ ℓ ≤ ε^{−1}_0 ℓ(R_0) with sup_{η≥ε} Θ_μ(B(x, η)) ≤ A^′Θ_μ(R_0). Suppose that μ(10R_0 \ G_0) ≤ τμ(R_0) and that ε_0 and τ are small enough. Then there exists some positive constant η such that one of the following holds:

(a) either μ_{at}(9R_0) ≥ η μ(R_0), or (b) there exists E ⊂ R_0 with μ(E) ≥ η μ(R_0) such that μ_{|E} has linear growth and c^2(μ_{|E} ) < ∞.

To see how Theorem 1.3 follows from this lemma, we need the following auxiliary result.

Lemma 8.2. Let x ∈ C be such that C_εμ(x) = o(Θ_μ(B(x, ε))) as ε → 0. Then we have

| ~C_εμ(x)| + | ~C^ℓ_εμ(x)| = o � sup_{η≥ε} Θ_μ(B(x, η)) � as ε, ℓ → 0.

Proof. Let us denote

M = sup_{ε>0}

|C_εμ(x)| Θ_μ(B(x, ε)) . Let us check that | ~C_εμ(x)| = o � sup_{η≥ε} Θ_μ(B(x, η)) � as ε → 0. It is easy to check that ~C_εμ(x) =

�_∞ 0 C_tμ(x)

2ε^2t (t^2 + ε^2)^2 dt.

Therefore,

| ~C_εμ(x)| ≤

�_∞ 0 |C_tμ(x)|

2ε^2t (t^2 + ε^2)^2 dt =

�_ε 0 + �_ε1/2 ε + �_∞

ε^{1/2}

= I_1 + I_2 + I_3.

First we deal with I_2: I_2 sup_{η≥ε} Θ_μ(B(x, η)) ≤ �_ε1/2 ε |C_tμ(x)| Θ_μ(B(x, t))

2ε^2t (t^2 + ε^2)^2 dt ≤ sup

t∈[ε,ε^{1/2}]

|C_tμ(x)| Θ_μ(B(x, t))

→ 0 as ε → 0.

Now we consider I_3:

I_3 sup_{η≥ε} Θ_μ(B(x, η)) ≤ �_∞

ε^{1/2}

|C_tμ(x)| Θ_μ(B(x, t))

2ε^2t (t^2 + ε^2)^2 dt ≤ M

�_∞

ε^{1/2}

2ε^2t (t^2 + ε^2)^2 dt = M ε^2 ε + ε^2

→ 0 as ε → 0.

For I_1 we take into account that if t ≤ ε, we have Θ_μ(B(x, t)) ≤ εt^{−1}Θ_μ(B(x, ε)). Then,

I_1 sup_{η≥ε} Θ_μ(B(x, η)) ≤ �_ε 0 |C_tμ(x)| Θ_μ(B(x, ε))

2ε^2t (t^2 + ε^2)^2 dt ≤ �_ε 0 |C_tμ(x)| Θ_μ(B(x, t))

2ε^3 (t^2 + ε^2)^2 dt ≤ �_ε 0 |C_tμ(x)| Θ_μ(B(x, t)) 2 ε dt ≤ 2 sup_{t∈[0,ε]}

|C_tμ(x)| Θ_μ(B(x, t))

→ 0,

as ε → 0. Therefore, ~C_εμ(x) = o � sup_{η≥ε} Θ_μ(B(x, η)) � . For | ~C^ℓ_εμ(x)| we use similar arguments. We have

~C^ℓ_εμ(x) =

�_ℓ 0 C^ℓ_t μ(x)

2ε^2t (t^2 + ε^2)^2 dt, where C^ℓ_t μ(x) = � t<|x−y|≤ℓ(x − y)

−1dμ(y). So

| ~C_εμ(x)| ≤

�_ℓ 0 |C^ℓ_t μ(x)|

2ε^2t (t^2 + ε^2)^2 dt =

�_ε 0 + �_ℓ ε = J_1 + J_2.

Arguing as in the case of I_1, I_2, one can check that J_1 + J_2 sup_{η≥ε} Θ_μ(B(x, η))

→ 0 as ε, ℓ → 0.

The details are left for the reader. □

Now we are ready to prove Theorem 1.3. The arguments are very similar to the ones in Section 7. Set E = {x ∈ supp(μ) : C_εμ(x) = o(Θ_μ(B(x, ε))}, E_1 = {x ∈ E : Θ^∗_μ(x) < ∞}, and F = E \ E_1. Arguing as in [To2] it follows that μ_{|E1} can be written as in the statement of the theorem, because C_∗μ(x) + Θ^∗_μ(x) < ∞ on E_1.

It only remains to show that μ_{|F} = μ_{at}. Given an arbitrary 0 < δ < 1, let F_δ ⊂ F be such that μ(F \ F_δ ) ≤ δ and

|C_εμ(x)| + | ~C_εμ(x)| + | ~C^ℓ_εμ(x)| sup_{η≥ε} Θ_μ(B(x, η))

→ 0 as ε, ℓ → 0

uniformly for x ∈ F_δ. It is enough to show that μ_{|Fδ} is atomic (for any δ > 0). To this end we set

F_0 = {x ∈ F_δ : μ({x}) = 0}.

Suppose that μ(F_0) > 0 and let x ∈ F_0 be a density point of F_0. Since Θ^∗_μ(x) = ∞, there exists a sequence of radii {r_n}_n such that {Θ_μ(B(x, r_n))}_n is an increasing sequence with

(8.1) Θ_μ(B(x, r)) ≤ 2 Θ_μ(B(x,^1_2 r_n)) if r > r_n.

By Lemma 2.2 there exists some r^′_n ∈ [r_n, 1.1r_n] such that the ball B(x, r^′_n) has thin boundaries.

Let us check that R_0 := B(x, r^′_n) satisfies the assumptions of Lemma 8.1 for n big enough. Suppose that r^′_n is small enough so that

(8.2) |C_εμ(x)| + | ~C_εμ(x)| + | ~C^ℓ_εμ(x)| ≤ ε_0A^{′−1} sup_{η≥ε} Θ_μ(B(x, η))

for all x ∈ F_δ and ε ≤ ℓ ≤ ε^{−1}_0 r^′_n. Notice that this condition implies that if x ∈ F_δ satisfies sup_{η≥ε} Θ_μ(B(x, η)) ≤ A^′Θ_μ(R_0), then the left hand side of (8.2) is bounded above by ε_0Θ_μ(R_0). Thus, F_δ ∩ 10R_0 ⊂ G_0.

On the other hand, since x is a density point of F_δ , if r^′_n is small enough we will have μ(10R_0 \ F_δ ) ≤ τμ(R_0). Therefore, the assumptions in Lemma 8.1 hold.

Moreover, for n big enough the option (a) of the lemma cannot hold because

μ_{at}(B(x, 9r^′_n)) μ(B(x, r^′_n)) ≤ C μ(B(x, 9r^′_n) \ F_0) μ(B(x, 9r^′_n))

→ 0 as n → ∞

(recall that B(x, r^′_n) is doubling and F_0 contains no atoms). As a consequence, for n big enough, in each ball B(x, r^′_n), there is a subset G ⊂ B(x, r^′_n) with μ(G) ≥ η μ(B(x, r^′_n)) where μ_{|G} has linear growth. In particular, Θ^∗_μ(y) < ∞ at μ-a.e. y ∈ G, and so μ(B(x, r^′_n) \ F_0) ≥ η μ(B(x, r^′_n)), which contradicts the fact that x is a density point of F_0. Thus μ(F_0) = 0 and μ_{|Fδ} is atomic.

References

[Da1] G. David, Morceaux de graphes lipschitziens et intégrales singulières sur une surface, Rev. Mat. Iberoamericana, 4:1 (1988), 73–114.

[Da2] G. David, Unrectifiable 1-sets have vanishing analytic capacity, Revista Mat.

Iberoamericana 14(2) (1998), 369–479.

[Jo] P.W. Jones, Rectifiable sets and the traveling salesman problem, Invent. Math.

102 (1990), 1–15.

[JP] P.W. Jones and A.G. Poltoratski, Asymptotic growth of Cauchy transforms, Ann.

Acad. Sci. Fenn. Math. 29 (2004), no. 1, 99–120.

[Lé] J.C. Léger, Menger curvature and rectifiability, Ann. of Math. 149 (1999), 831– 869.

[Ma1] P. Mattila, Geometry of Sets and Measures in Euclidean Spaces, Cambridge Univ.

Press, 1995.

[Ma2] P. Mattila, Cauchy Singular Integrals and Rectifiability of Measures in the Plane, Adv. Math. 115 (1995), 1–34.

[Ma3] P. Mattila, Haudorff dimension, projections, and Fourier transform, Publ. Mat.

48 (2004), 3–48.

[MaM] P. Mattila, M. S. Melnikov, Existence and weak type inequalities for Cauchy integrals of general measures on rectifiable curves and sets, Proc. Amer. Math. 120(1994), 143–149.

[MaP] P. Mattila and D. Preiss, Rectifiable measures in R^n and existence of principal values for singular integrals, J. London Math. Soc. (2) 52 (1995), no. 3, 482–496.

[Me] M.S. Melnikov, Analytic capacity: discrete approach and curvature of a measure, Sbornik: Mathematics 186(6) (1995), 827–846.

[MeV] M.S. Melnikov and J. Verdera, A geometric proof of the L^2 boundedness of the Cauchy integral on Lipschitz graphs, Internat. Math. Res. Notices (1995), 325– 331.

[NTV1] F. Nazarov, S. Treil and A. Volberg. How to prove Vitushkin’s conjecture by pulling ourselves up by the hair. Preprint (2000).

[NTV2] F. Nazarov, S. Treil and A. Volberg, The T b-theorem on non-homogeneous spaces, Acta Math. 190 (2003), 151–239.

[To1] X. Tolsa, Cotlar’s inequality and existence of principal values for the Cauchy integral without the doubling condition, J. Reine Angew. Math. 502 (1998), 199– 235.

[To2] X. Tolsa, Principal values for the Cauchy integral and rectifiability. Proc. Amer.

Math. Soc. 128(7) (2000), 2111–2119.

[To3] X. Tolsa, L^2-boundedness of the Cauchy transform implies L^2-boundedness of all Calderón-Zygmund operators associated to odd kernels, Publ. Mat. 48(2) (2004), 445–479.

[To4] X. Tolsa, Painlevé’s problem and the semiadditivity of analytic capacity, Acta Math. 190:1 (2003), 105–149.

[TVe] X. Tolsa and J. Verdera, May the Cauchy transform of a non-trivial finite measure vanish on the support of the measure?, Preprint (2005). To appear in Ann. Acad. Sci. Fenn. Math.

[Ve] J. Verdera, A weak type inequality for Cauchy transforms of finite measures, Publ. Mat. 36 (1992), 1029-1034.

[Vo] A. Volberg, Calderón-Zygmund capacities and operators on nonhomogeneous spaces. CBMS Regional Conf. Ser. in Math. 100, Amer. Math. Soc., Providence, 2003.

Institució Catalana de Recerca i Estudis Avançats (ICREA) and Departament de Matemàtiques, Universitat Autònoma de Barcelona, Spain E-mail address: xtolsa@mat.uab.es