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Abstract

We start by giving a short review of some aspects of the subject of generalized ge-
ometry, as introduced by Nigel Hitchin, which provides a common framework to study
complex and symplectic geometry. This type of structures arise naturally in the context
of theoretical physics, especially in quantum field theory and string theory. Following
the work of Gil R Cavalcanti and Marco Gualtieri, we present how generalized geometry
can be related to T-duality, a topological relation between torus bundles over a common
base manifold. In this context we establish the duality as an isomorphism of Courant
algebroids. Thanks to this isomorphism we are able to transport additional geometrical
structures between the spaces, such as generalized metrics, generalized complex structures
and generalized Kahler structures. Moreover, we give another interpretation of T-duality
in terms of a Courant reduction. Finally, we explain the physics background of the subject
to offer some context and also show some current applications.
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1 Introduction

Several geometrical structures can be built on manifolds, such as complex structures, symplectic
structures and Riemannian structures. Generalized geometry was firstly introduced by Nigel
Hitchin [Hit03] [Hit10] as a common framework to study complex and symplectic structures. In
this formalism, one studies the geometry of a so-called Courant algebroid over a manifold. This
object is the Whitney sum of the tangent and cotangent bundle of a manifold equipped with an
analogue of the Lie bracket of vector fields, which depends on the choice of some closed 3-form,
together with a symmetric pairing, which arises from the duality of the tangent and cotangent
bundles together. On this particular bundle we can consider generalized complex structures.
These generalize the notion of complex and symplectic structures, and present them as extremal
cases. We will see how these constructions provide the language to understand precisely the

concept of T-duality and how it works.

T-duality is the term used to name an equivalence of two different quantum field theories or
string theories, which arose in the early 1980’s [GSB82] [KY84],[SS86]. The particular case which
interests us comes from the relation between type ITA and IIB string theories when we consider
a compactification on a circle. Buscher [Bus87] presented a relationship between Riemannian
structures in the T-dual case, and derived some rules to transport the structure, known as

Buscher rules.

A geometrical description of the T-duality picture can be obtained by studying how a closed
3-form with integral periods interacts with the topology of the space where the theory is con-
structed. Gualtieri and Cavalcanti [CG04), [CG11] based their work on the topological descrip-
tion given by Bouwknegt, Evslin and Mathai in [BEMO04] to develop their study of the geometry
of T-duality. More concretely, T-duality is presented as a commutative diagram consisting of
a base manifold, two different principal 7*-bundles and the correspondence space which can
also be seen as a principal T*-bundle over the two bundles. Another requirement is imposed
on the closed 3-forms that characterize the Courant algebroids over the principal T*-bundles.
The goal of this project is to give a detailed description of the work done by Gualtieri and Cav-
alcanti, providing a sufficient background to make it readable and, hopefully, understandable
for any graduate student. Having this in mind, we have devoted the first chapters to lay the
foundations of all the concepts and results needed to understand the established results about
the geometry of T-duality.

Chapter 2 is devoted to motivate and introduce the framework of generalized geometry. In
the first section we give a short review of the most important aspects for our topic of a graduate
course on topology and geometry of manifolds.

In Section 2.2 we recall some aspects of the linear structures we are interested in, which are
metrics, complex structures and symplectic structures.

In Section 2.3 we introduce the linear algebra tools needed to approach generalized geometry,



by considering the direct sum of a real finite-dimensional vector space and its dual, V & V*.
In this context, we can characterize complex and symplectic structures in terms of maximally
isotropic subspaces, given the natural pairing we obtain on V & V* by contracting the vectors
with the 1-forms. These subspaces play the role of describing complex and symplectic structures
as particular cases. Moreover, we also give a description of the different symmetries we have
with respect to this pairing, especially the B-fields.

In Section 2.4 we give another description of maximally isotropic subspaces in terms of
annihilators of forms in the exterior algebra of VV*. These annihilators are taken with respect
to an action of V' @ V* on this exterior algebra. At the end of the section we explain how we
can relate this action with the product in the Clifford algebra of V & V*.

In Section 2.5 we present the concept of linear generalized complex structures and show how
they naturally generalize complex and symplectic structures. We also use the description of
maximally isotropic subspaces in terms of annihilators of forms to give a characterization of
linear generalized complex structures in terms of forms.

Finally, in Section 2.6 we present the notion of a Courant algebroid over a manifold M.
Following the linear case, we show how we can proceed analogously to give the notion of a
generalized structure on a manifold which encompasses complex and symplectic structures.

In Chapter 3 we aim to present the topological technical aspects that will be continually
used once we start talking about T-duality: principal bundles, connections and Chern classes.
In the first section we define vector bundles, which encompass the tangent and the cotangent
bundle, and principal bundles. We explain the relationship between them and how under some
circumstances they can be equivalent ways to approach the same problem. Taking into account
this fact, we define for both cases what connections and curvatures are.

In Section 3.2 we discuss how to completely characterize fibre bundles in terms of some
cohomology classes which do not depend on the local information. We explain that one possible
way of doing this is by means of characteristic classes, and in particular with Chern classes for
the case we are interested in. The goal is to have a clear understanding of these classes since
they are used to define T-duality and to work out some major examples.

In Chapter 4 we finally introduce the main ideas of the project. In the first section we expand
some notions related to Courant algebroids and define what exact Courant algebroids are. The
generalized tangent bundle T'M & T*M falls in this definition, and we shall see that in fact all
exact Courant algebroids are of this form. The difference between them will be a closed 3-form
H, whose cohomology class is called Sévera class. Moreover, we study the automorphism group
of a Courant algebroid, where B-fields play a major role.

In Section 4.2 we state precisely the definition of T-duality, which, as we shall see, is a
relationship between circle bundles, and we will give a straightforward generalization to torus
bundles. At the end of this section we present a theorem which ensures that T-duality is an
isomorphism of differential complexes.



In Section 4.3 we use the theorem mentioned above to construct an isomorphism of Courant
algebroids. This isomorphism will be the main tool to transport geometrical structures between
the torus bundles.

In Section 4.4 we give a series of results showing how we can transport geometrical structures
such as generalized Kahler structures, generalized complex structures and generalized metrics
under the assumption of T-duality by means of the isomorphism of Courant algebroids it
provides.

To conclude, in Section 4.5 we give an alternative interpretation of T-duality in terms of a
reduction of Courant algebroids.

In Chapter 5 we give a short description of the physics framework where T-duality was
discovered. We start by motivating the idea of a duality in physics and then proceed to describe
how the equivalence of two theories with different ambient space exhibit the nature of T-duality
for circle bundles. We end by explaining the process physicists use to find the Buscher rules.

In Chapter 6 we give a short review of the main results of the project and present different
lines of research that can be taken from here, some of them moving towards K-theory while the

others focus on studying other geometrical structures that can be transported between T-dual
bundles.



2 Generalized geometry

Generalized geometry is an approach to study some of the classical features that manifolds
can be endowed with, such as Riemannian metrics, complex structures, symplectic structures...
Before getting to explain this notion, we provide a summary of the concepts and results from
topology and geometry of manifolds that will be used later in this project, as it will also serve
us to fix some notation. If the reader wants to get a more detailed presentation of the aspects
covered in Section 2.1, he can check [Warl3], Part III of [HN1I], Chapter 1 of [BT13], or
[Erall] for a more physics oriented discussion. For the subsequent sections, the reader may
check [Gua04, Rub] and of course [Hit10].

2.1 Topology and geometry of manifolds

We start by defining the basic object for this project. An n-dimensional manifold is a topological
space M satisfying three properties: it is second-countable, which means that its topology
admits a countable base; Hausdorff, and is locally homeomorphic to R™. Manifolds come with
charts, which are pairs (U, ¢) such that U C M is an open subset and ¢: U — R™ is continuous
map which induces a homeomorphism U — ¢(U).

These charts can provide additional structure to the manifold when they meet some com-
patibility condition. We are interested in smooth structures, so we are only going to define
that case. A smooth atlas on M is a collection of charts A = {(U;, ¢;) }ier where M = J,.,; U;
and for any 4,j € I the map ¢;(U; N U;) — ¢,;(U; NUj;) is smooth; so a pair (M, .A) where M
is a manifold and A is a smooth atlas for M is called a smooth manifold. For the rest of the
project we will be abusing notation and just word it as manifold when the smooth structure is

clearly assumed. As it is always convenient, we can list some examples of manifolds:

e R"” forn € N,
o S"={reR": ||z|| =1} forn €N,
e some matrix groups as GL(k,R), O(k,R), ...

We say that f: M — R is a smooth function if f; = f o ¢; ! is smooth for some chart (U, ¢;)
of its atlas, and we denote the set of smooth functions on M by C*(M). Given a manifold M
and a point p € M we can define the tangent space of M at p, which we denote by T, M. This
tangent space can be defined by different means. One way is to consider equivalence classes of
curves: let v1,792: (—1,1) — M such that 71,72(0) = p and they are smooth in the usual sense.
Then v; and 7, are equivalent if and only if
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where (U, ¢) is some chart covering Im(~;) and Im(vs).

Geometrically speaking, they are equivalent if they define the same tangent vector at p.
We denote the equivalence class of v by 7/(0). Hence, we define the T,,M as the collection
of all tangent vectors to M at p. This tangent space is moreover a vector space, of the same
dimensions as M. To ensure this, we take a chart ¢: U — R™ and consider the differential map
at p defined by dyp,: T,M — R", where dy,(7'(0)) = L[(p o 7)(t)]‘t:0, with v € 4/(0). Since
this map is bijective, we can use it to transfer the vector space structure of R" back to 7, M.

Another way to define the tangent space at a point is using derivations. A derivation on a
manifold M at a point p is an R-linear map D: C>*°(M) — R satisfying the Leibniz rule, which
means that for f,g € C*(M), D(fg)(p) = Dfg(p) + f(p)Dg. We then define T, M to be the
set of all derivations on M at p. Under this point of view is easier to note that 7,,M is a vector

space, as we can set (Dy + Dq)f = Dif + Dof and (AD)f = ADf. Moreover, using a chart

o)

(U, ) with p € U, we can take a basis for this vector space, namely () fori=1,...,n,
“Jp

() =255 e

Together with the tangent space at p comes naturally the cotangent space at p, which we denote

where

by Ty M. This is the space of R-linear maps from 7,,M to R, or in other words, the space of
1-forms. Given a smooth function f: M — R, we define its differential at p as the map

df),: T,M —» R
D +— (df),D=Df.

As we have done with the tangent space, we can take a chart (U, ¢) with p € U to find a basis

for the cotangent space, (dz;), for i = 1,...,n, where

@ (5), = (52,), =

where 9;; is the usual Kronecker delta.

So far we have built up two structures at every point of the manifold, the tangent and the
cotangent space. These will be one of the key points to develop the main aspects of this project,
but for now let us focus on the maps between manifolds. Let M, N be two manifolds. A map
F: M — N is smooth if for for any charts (U, ) with p € U and (V,4) with ¢(p) € V, the
map o Fopt: o(U) — (V) is smooth in the usual sense. Given a smooth map F': M — N,
we can define two maps, one between the tangent spaces T,M and Tp(,)N and another one
between the cotangent spaces T;(p)N and Ty M. The first one is

DFpi TpM — TF(p)N
v v(oF), =u(F"),,



and the second one is

(DE)":  TpyN — M

(dh)ppy > d(hoF),=d(F"h),.

An important type of map between manifolds is a diffeomorphism, which we can define as a
smooth map F': M — N such that there exists a smooth map G: N — M such that FloG = idy
and G o F' = idy,. In this case, note that both DF), and (DF,)* are isomorphisms for every
point p € M.

One could wonder whether it is possible to find objects that encode all the tangent spaces
and cotangent spaces of a manifold and, thankfully, there are. Without giving the full details,
we define the so-called tangent and cotangent bundles, which are particular cases of vector
bundles and this type of objects will be studied in the next section. On one hand we have the
tangent bundle (7'M, 77) where

TM = | | T,M ={(p.v): p€ M,v e T,M},

peEM

and mp: TM — M, 7r(p,v) = p satisfies that for all p € M, 7, '(p) = T, M has a vector space
structure. On the other hand we have the cotangent bundle (7*M, 7p+) where

T*M = | | T;M ={(p.o): p€ M, € T; M},

peEM

and 7p-: T*M — M, mp-(p,a) = p satisfies that for all p € M, 7.} (p) = T>M has a vector
space structure. For both bundles we have sections (right inverses of the projections), which
we call vector fields and 1-forms, and denote them by T'(T'M) and Q!(M) respectively.

We now continue by delving into the study of differential forms since they are the basic
element to define the cohomology of a manifold. In order to define a differential form of arbitrary
degree we must first recall the algebraic notions of tensor algebra and exterior algebra. Given
two vector spaces V and W over the same field, we define their tensor product V ® W to be a
vector space through which any bilinear map f: V' x W — U factorizes,

VxW—Y VoW

U.

The tensor product is associative and compatible with direct sums. Thanks to this we can
define the tensor algebra of a vector space V. Let r € N, and V®" =V ® 1® V', where
V@ =V and V¥ = k. The tensor algebra is defined as TV = @,., V"

6



To define the exterior algebra, we consider the two-sided ideal I C T'V generated by all the
terms of the form v ® w + w ® v with v,w € V. Then by taking the quotient of the tensor
algebra with respect to this ideal we obtain the exterior algebra A°V = TV/I. The class of
1 ® - @ € VO is denoted by v; A --- A v. Both algebras are graded, the tensor algebra
right from the definition and the exterior algebra as the quotient is compatible with the direct
sum decomposition of the tensor algebra; however, the tensor algebra is noncommutative while
the exterior algebra is graded commutative. This means that given v € AP Viw € AV, it
holds v A w = (—=1)Pw A v.

Using this definitions we can now define the space of k-forms on a manifold M:
QF(M) =C> </\k T*M> = { smooth sections A" T*M — M} .

Moreover, we can also define the wedge product of forms A: QP(M) x QM) — QPTI(M),
which allows us to define an algebra structure Q*(M) = €P,5,2P(M), which is also graded

commutative.

Before getting to the definition of the de Rham cohomology it is convenient to present some
of the relations between the vector fields and the differential forms together with some of their
properties. First of all we shall that we have a natural pairing (-, -): T(TM)x Q' (M) — C>(M),
induced by the pairing at each point, (-,-): T,M x TyM — R. We also have a differential map
d: C>(M) — QY(M) sending f to df, and an action of the vector fields on the smooth functions
on M, I'(TM) x C*(M) — C>®(M) given by (X, f) — X f. Given a smooth map ¢: M — N
and a k-differential form a on N, we can define the pullback of «,

(P a)( Xy, ..., Xi)(p) = (Dpp X, ..., Dp,Xi)(p(p))-

One remarkable property of the pullback is its compatibility with the wedge product, as ¢*(a A
B) = ¢*a A ¢*B. Going back to the algebra of differential forms, we have another map d, aside
from the wedge product, called the exterior derivative which increases the degree of the form
by one and it is characterized by four properties:

e d is R-linear,

e d satisfies the Leibniz rule in the graded sense, i.e. if « € QP(M),5 € QM) then
dlaNp)=daNp+ (—1)PaNdp,

e d commutes with pullbacks,

e d extends the derivative map d: C*(M) — Q' (M).

On top of that, it has the nice property d> = 0. We also have an map which decreases
the degree of a differential form by one, but in this case we need to choose a vector field



X € T(TM). This map iy : Q¥(M) — QF1(M) is defined as ixa = a(X,-) for any o € QF(M).
Finally, we can define the Lie derivatives of vector fields and differential forms with respect to
a given vector field X € I'(T'M). In the case of vector fields, we define the Lie derivative of
Y € I'(T'M) with respect to X as LxY = [X, Y], where [X, Y] is the Lie bracket of vector fields
so [X,Y](f) = X(Yf) = Y(X[f). For a differential forms w we shall use Cartan’s formula to

define it as Lxw = dixw + ixdw.

What remains now is to define the de Rham cohomology of a manifold M. For this, we shall

note that we have a cochain complex

0—— QM) —2= QN (M) —L Q2(M) —2= Q3 (M) L - -

Y

that is, a sequence of vector spaces such that d o d = 0 at any level. This implies that
im(QF (M) — QF(M)) C ker(Q¥(M) — Q¥ (M) for k > 0. By defining the k-cocycles
ZF(M) = ker(QQ*(M) — QFY(M)) and the k-coboundaries B¥(M) = im(QF1(M) — QF(M))
we can construct the k-th cohomology group of M,

Hap(M) = Z*(M)/B*(M).

2.2 Linear structures

After refreshing the most important facts about manifolds for this project, we now devote some
time to get in touch with some structures that can be defined on vector spaces and motivate

the notion of generalized geometry.

The first one we can define is one of the most familiar, a linear riemannian metric. For
this, let V' be a vector space over R and consider a positive-definite symmetric nondegenerate
bilinear map

g:VxV =R

We call g a riemannian metric on V. It allows us to have a notion of orthogonality: two vectors
u,v € V are orthogonal if g(u,v) = 0. We can go further and define orthogonal subspaces.

Given a subspace U C V', we define its orthogonal complement as
Ut ={veV:g(U)=0)

This provides a decomposition of the total space V as U @ U+ = V. Similarly to this we have

linear symplectic structures, given by a skew-symmetric nondegenerate bilinear map
w: VxV =k,

where now V' is a k-vector space with £ = R, C. We can define the symplectic complement in
an analogous way to the orthogonal complement,

U ={ueV:w{,U) =0}

8



The symplectic complement has some nice properties, almost as the orthogonal complement.
For example, dimU 4+ dim U* = dim V" and (U¥)¥ = U. However, for the direct sum decom-
position we require the subspace to be symplectic, that is, wyy is symplectic form. In this case,
we have U @& U = V. The most remarkable difference with the riemannian metrics is that
symplectic structures require an extra condition on the vector space. A similar process to the

Gram-Schmidt orthogonalization shows that the dimension of V' must be even.

We introduce one last type of structures: complex structures over real vector spaces, which
are J € End(V) such that J* = —id. As we are dealing with an endomorphism now, the
situation varies a bit. For a subspace U to be stable under the complex structure we require
that J(U) C U, since it will imply that J(U) = U, and denote the corresponding complex
structure by Jy. It can be shown that the dimension of V, as in the case of symplectic
structures, must be even for it to admit a complex structure. We can link complex structures
with the complexification of a real vector space. First of all, we define the complexification of
V as

Ve=VxV={u+iv:uveV},

where the 7 is a formal element and should not be confused with the complex number. By

complexifying V', we extend the scalars from R to C, by defining
(a4 ib)(u +iv) = (au — bv) + i(bu + av).

We have a natural conjugation on Vg, u + iv = u — v, which resembles the conjugation on C.
Moreover, given a complex structure J on V', we can extend it to a complex structure on V¢
simply by acting linearly in both components, J(u + iv) = J(u) + iJ(v). The main difference
with the original complex structure is that now, as we have a complex vector space, we can
diagonalize it for the roots of the minimal polynomial of J are +i. The diagonalization gives
the +i-eigenspace and the —i-eigenspace, which we denote by V1% and V%! respectively. Both
eigenspaces can be described in a neat way, as eigenvector actually come in pairs,

VI =1y —iJ(v): v eV},

VOl ={v+iJ(v):ve V]
Looking at the dimensions, we have dimgV = dimcVe and dimg V' = dimg V1 = dimg V1.
This allows us to state the following isomorphisms
(V,J) = (VY o) = (VI0), (V) =2 (VO Jyoa) = (VO —i),
given that the map foV — V1 v v —iJ(v) satisfies f: J = Jiyio o f. The situation is
analogous for Vo1,

This idea of decomposing the space in two subspaces, one being the conjugate of the other,
is key to describe linear complex structures. A given complex subspace L C V¢ such that



LN L = {0} and dimg L = dimg V determines a decomposition Ve = L @& L and V = {l +
[:1 € L}. Moreover, considering L with the same hypothesis, there exists a unique linear
complex structure J such that L = V19 To see this, we can consider an endomorphism .J on
V ={l+1:1¢€ L} given by [ + 1 + il —il. This is by construction a linear complex structure
on V. Uniqueness follows from the fact that the condition L = V! completely determines the
complexification of any such J. It must be the map I’ + [ — il' —il, but J is precisely the
restriction of this map to V.

2.3 Generalized linear algebra

We have seen three major examples of structures that vector spaces can be endowed with and
some similarities between them. It would be desirable to have a common framework for these
types of structures to study their properties and find some general characterization. For this

purpose we have the setting of what we can call generalized linear algebra.

Given a vector space V', we can consider the formal sum V @& V*, and denote its elements
by X + ¢ with X € V| £ € V*. This construction comes with a canonical pairing,

1, .
(X +&Y +n) = 5(21/5 +ixn).
Thanks to this pairing, for a subspace U C V @ V* we can define its orthogonal,
Ut={veVaV*: (vU) =0}

We shall remark the fact that the pairing has split signature (n,n). To see this, let {e;} be a
basis of V' and {e'} its dual basis. We have the following relations:

(€i,e;) =0, <ei,ej> = 0;j, (ei,ej) = 0.

Then, we can consider the ordered basis (e; +e!,... e, +e" e —el, ... e, —e") of VB V* to
realize that the matrix representation of the pairing is

b %)

A subspace U C V @ V* is said to be isotropic if U C U+, and maximally isotropic if

where all entries are n x n blocks.

it is isotropic and is not strictly contained in an isotropic subspace. This subspaces can be
characterized by the property U = U+,

Lemma 2.1. Let V' be a vector space and L C V & V* be a maximally isotropic space. Then
dim L =dimV.

10



Proof. Let L be maximally isotropic, and let S C V @ V* be a complement of L in L+, that
is, Lt = L ® S. If there are u,v € S such that (u,u) < 0 and (v,v) > 0, there exists A € k
such that (u+ \v,u+ Av) = 0. Then L C L ®span(u+ \v) C L+, and by maximality of L this
cannot be. Hence, L™ is either positive semidefinite or negative semidefinite. Without loss of
generality, we assume that L' is positive semidefinite. Let (e;) be a basis of V, and (e) the
corresponding dual basis for V*, and define N = span(e; — e') (if L+ happens to be negative
semidefinite, we would consider P = span(e; + €*)). Then it follows that L+ N N = {0} and

dim L' = dim(L* @ N) —dim N < 2n —n = n.

But, as the pairing is nondegenerate, we have dim L+ = 2n — dim L, so dim L > n, and hence
dim L = n. O

In particular, this lemma implies that maximally isotropic subspaces L C V & V* are charac-
terized by L = L.

As usual, when dealing with spaces with pairings, it is useful to understand the automor-
phisms which preserve such pairing. We define this subgroup of GL(V @& V*) as

OV e V") ={feGLVeV"): (f,f)={")}
Taking block-matrix decomposition, we can represent any element f € GL(V & V*) as
(A C
= (5 )
where A: V — V, B:V - V* C:V* - V and D: V* — V*. An automorphism f €
GL(V @ V*) belongs to O(V @& V*) if and only if i4xce(BX 4+ DE) = ix€. We now give three

examples of these symmetries of the pairing, the last one being of central importance as shown
later:

Taking B,C =0 and A € GL(V), we have (181 (Aol)*)

Taking A=D =1, B=0and € A>V, we have <(1) f)

Taking A=D =1,C =0and Be \*V*, we have (
called B-fields.

é (1]) These type of symmetries are

We can now give a general description of the maximally isotropic subspaces L C V & V*.
Let my: V @& V* — V be the projection on V, and define E = 7y, (L). Consider now Ann(E).
We are going to show that Ann(E) C L. For any n € Ann(F) and X + £ € L we have that

1.
n,X+¢) = §ZX77:0-

11



Thus, Ann(E) C L*, but that means that L C span(L,Ann(E)) so by maximality of L,
Ann(E) C L. As a consequence, Ann(E) = LN V*. A question arises now: for X € E, which
are the £ € V* such that X + ¢ € L? Taking the difference (X + &) — (X +1n) =& — 1, we see
that £ —n € Ann(E) by the previous observation. Hence, we can define the following map:

e: E — V*/Amn(E) — E*
X +— £+Am(E) — &g,

where X + ¢ € L. ¢ is in fact an element of A2E* because of the isotropy of L.This allows us
to describe maximally isotropic subspaces as

L(E,e) ={X +¢: X € E,{p=(X)}.

For any choice of E and ¢ we obtain a maximally isotropic space. We shall remark that the
image of a maximally isotropic subspace by a symmetry of the canonical pairing is again a
maximally isotropic subspace, as it is isotropic and has the right dimension. For instance,
given a B-field B € A*V* we have

(L9)L(E,e) = L(E,e +i*B),

where *: A*V* — A® E* is the map induced by the inclusion i: E — V.

2.4 Clifford algebra and Clifford action

We have finished the previous section with a characterization of maximally isotropic subspaces
in terms of a subspace of £ and a map ¢ € /\2 E*. There is another description of such
subspaces in terms of annihilators which is also useful.

Given an element X + & € V @ V* we can define an action on ¢ € A®*V* given by
X+ -p=ixp+{Ap.
We can define the annihilator of ¢ with respect to this action,
Amn(p) ={X +&{ecVaV": (X+¢) - ¢=0}
A nice property about this action is the following: for any X +£ € V g V*
(X+8 o= (X4 (ixp+ENp) =ix(ENQ) +ENiIxp=ixa- o= (X +&X +E) - .

Hence, any annihilator of a form is an isotropic space. Some examples of maximally isotropic
spaces described by annihilators are V' = Ann(1) and V* = Ann(voly ), where voly, € A™™Y V*

. . . . 2 .
is a volume form. We can also describe some more intricate cases: let w € A”V and consider
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the maximally isotropic subspace gr(w) = {X + ixw: X € V}. We can describe it as the

annihilator of
|dim V/2] A

p=ev= Z (—1)’“%.

k=0
We can use this example to introduce the action of B-fields on annihilators. Considering

B € A\’ V*, we can write
1 0
B _
= (5 1)

which we can recognize as a symmetry of the canonical pairing.

Lemma 2.2. Let o € A°V* and consider the isotropic space Ann(p). If B € A”>V* then
ePAnn(p) = Ann(e P A ).

Proof. Let X + ¢ € Ann(p). We can compute

(P (X+9)- ) %B’f No=>_ (li__l)l)!z‘XB N :ARVNCED Y

k>0 k>1

(=D*

o ixBABFA@=0,

which shows that e?Ann(p) C Ann(e 2 A ¢). Conversely, let X + & € Ann(e 2 A ¢). Then,
by writting it as X + (§ —ixB) +ix B, we can see that X + (£ —ixB) € Ann(yp). O

Proposition 2.3. Let ¢ € A\*V*. Ann(y) is maximally isotropic if and only if
w=XP A N...NO,),

for A\ € R\ {0}, B € /\2 V*, and some linearly independent 6y, ...,6, € V*.

Proof. We have already seen that maximally isotropic subspaces can be described as L(F,¢)
for E € V and ¢ € A\*E*. Given the inclusion i: F — V, we have the surjective induced
map i*: \°V* — A®E*. Thus there exists B € \°V* such that i*B = ¢, which implies that
L(E.e) = e®L(E,0). Now, L(E,0) = E + Ann(F) C Ann(volan(r)). But E + Ann(E) is a

maximally isotropic space, so equality must hold, which translates to
L(E,e) = e’ L(E,0) = e® Ann(volannm)) = Ann(e™” A volaun(m))-

Since volume forms are decomposable forms, the result follows with the exception of the pa-
rameter A, as it does not affect the annihilator, so it can be included without any problem. []

Remark 2.4. If an element ¢ € A*V* can be expressed as
o=XBNOA...NO,)

for A € R\ {0}, B € A*V* and some linearly independent 6, ...,6, € V* we say it is a pure

spinor.
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We have another point of view to understand the action of V& V* on A*V* using the Clifford
algebra of V @ V*. As we have pointed, V @& V* comes with a canonical pairing. If we denote
by @ the quadratic form associated to this pairing, we define

ClVeV,Q) =TV +V")/gen(v@v—Qv): v eV G V"),

where T'(V + V*) is the tensor algebra of V + V* and gen(v ®@ v — Q(v): v € V& V*) is an
ideal in T(V 4+ V*).

We shall denote the class [v;®...®@v,] of 1 ®...®v, € T(V+V*) by v ...v,. The grading on
T(V+V*) provides also CI(V @ V*, Q) with a grading, but in this case is a Zy-grading, as it only
distinguishes the parity, since the ideal we are quotientig by, even though it is not homogeneous,
it only contains elements of even degree. Hence, we can decompose the Clifford algebra as
ClVeV* Q) =Cly(VeV*Q)aClL(VaeV* Q), where Cly(VaV* Q) = (Ve V*)® ] and
CL(VaV* Q)= [(VaeV*)®ced] Using this fact, we can write any element of CI(V & V*, Q) as
a = ag + a7. Henceforth, we omit writing the quadratic form @), as it will be easy understood,

to ease the notation.

The way to relate the Clifford algebra C1(V & V*) with the action (V& V*) x A°V* — A V*
is to realize we can include A*V* inside the Clifford algebra. Indeed, as V* is isotropic, A*V* =
CI(V*) and this is a subalgebra of C1(V & V*). Then, we can rewrite the action as

CI(V & V*) @ CL(V*) = CI(V*).

To understand how this action works, it is better to take a basis {e;} for V, with dual basis
{e'}, so that {e;} U {e'} is a basis of V @& V*. Then, under product in the Clifford algebra, we
have

) - ) . . .
e; =0, () =0, ee'=1—¢ce, ee =—ée.

Let e € V and 1 € A*V*. On one hand, the action we have gives us i.1 = 0, while the Clifford
product gives us el = e. Although it may seem an incompatible fact, we can understand A\*V*
inside C1(V @ V*) in a compatible way, as CI"(V') - det V', where det V' is generated by e; .. .e,.
Under this correspondence, 1 is mapped to e;...e,, so now ej(ej...e,) = 0(ez...e,) = 0.
And, in fact, this is the correct way to understand the action using the Clifford algebra:

(X +&) - -oANdetV = (X +&)epdet V.

As a final comment, we can define two special subgroups of CI(V @& V*), the Pin and Spin
subgroups, which are double covers of O(V & V*) and SO(V & V*) respectively.

Pin(VeV)={g=v...0.: v, € Va V", Q)= =£1},

Spin(Vae V') ={g=v...09: 0, e VOV Q) =£1} =Pin(Va V')NCl(Vae V).
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2.5 Linear generalized complex structures

Now that we have a better understanding of maximally isotropic subspaces and how we can
describe them, it is time to return to the starting point and care about what we can say about

riemanninan metrics, symplectic and complex structures...

Definition 2.5. A linear generalized complex structure J is an endomorphism of V & V* such
that J—! = —id and (Ju, Jv) = (u,v) for any u,v € V@ V*.

It is rather obvious that this definition is just the generalized analogue of linear complex
structures with the additional requirement of the preservation of the pairing. However, we gain

more than a mere generalization.

Examples 2.6. Let J be a linear complex structure on V' and w a linear symplectic structure
on V. By considering the endomorphisms

—J 0 0 —w!
jj:(o J*)’ ‘7w2<w 0 )

we obtain two linear generalized complex structures, so with this definition we gather all the

structures we were interested in the first place as particular examples.

As a consequence of the pairing preserving condition, we get a orthogonality property:
(Tv,v) = (T, Tv) = {(—v, Jv) = —{(Jv,v) = (Jv,v) =0.

This is the key observation to prove the following proposition about the dimension required to

admit such structures.

Proposition 2.7. A vector space V' admits a linear generalized complex structure if and only

if the dimension of V is even.

Proof. We first assume that V' admits a linear generalized complex structure 7, and take
a nonzero v; € V @ V* such that (v;,v1) = 0. Then, by the orthogonality of J, we have
that (Jv1,Jv1) = 0. The vectors v; and Jv; are linearly independent as it can be easily
checked, and by the computation we have done before, we know that they are orthogonal.
Hence, S; = span(vy, Jvp) is an isotropic subspace. If it is not maximal, then consider vy €
S\ S; such that (vg,v9) = 0. By the same argument as before, span(vy, Jvs) is an isotropic
subspace and so is Sy = span(vy, Jvy, ve, Jv2), given that it can be easily checked that the four
vectors vy, Jvi,vg, JUg are linearly independent. We can repeat this process until we obtain
a maximally isotropic subspace S, = span(vy, Jv1, ..., Vm, JUm), which is clearly even. Now,
recalling that the dimension of a maximally isotropic subspace of V & V* is dim V', we have
that dim V' must be even.
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For the converse, as we know that V' admits, for instance, a linear symplectic structure if
dim V is even, then by the example we know we can find a linear generalized complex structure
from such a symplectic structure. O

By complexifying V & V*, we can again find the +i-eigenspace of J, which brings us again
the descriptions of the maximally isotropic spaces we had before. For example, taking again

J; and 7, as in the example we have
L;=V% g (Vl’o)*, Ly,={X—i,X:vel}

These subspaces of (V @ V*)¢ satisfy Ly N L; = {0} = L, N L,. Moreover, we have that
L;= L7y and L, = L2, so they are maximally isotropic. More generally, what we have is the

following result.

Lemma 2.8. The +i-eigenspace L of a linear generalized complex structure is a maximally

isotropic subspace of (V & V*)c.

Proof. Let v € L, so we have Jv = iv. In (V & V*)¢ we have the C-linear extension of the
canonical pairing in V' @& V*. Thus

(v,v) = (Jv, Jv) = (iv,iv) = —(v,v).

Using the polarization identity, we obtain that L is isotropic. Finally, the fact that dimV =
dim¢ L concludes the proof. O

Furthermore, we can check that a linear complex structure can be expressed as a maximally
isotropic subspace L C (V @ V*)¢ such that L N L = {0}. Using the lemma, we already know
that L is maximally isotropic, and that J acts as the multiplication by ¢ on L. Consequently,
it acts as the multiplication by —i on L. Hence, what remains to be check to be able to ensure
that the endomorphism J defined in this way, is its orthogonality. Since any element of V +V*
can be written as [ + [ for [ € L, we have

(TA+D, TU+D) = (il —il,il —il)y = —(1,1) + 2(1, 1) — (I, 1)

=210y = (L) + 20, 0) + (D) = (L + 1,1 + 1),

where we have used the fact that both L and L are isotropic so (I,1) = 0(/,]). Hence, J is
orthogonal and is indeed a linear complex strucutre. From here we can derive the description
of these structures as annihilators of forms. First of all, we have a generalization of the action
of V@& V*on A\®*V* into

(Vo voex ANve — NV
Thus, we can derive straightforwardly the description of L; and L, in terms of aniihilators:

Lj; = Ann(volyioy:), L, = Ann(e™).
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And, of course, thanks to Proposition 2.3 we have that the forms whose annihilator describes
a maximally isotropic subspace are of the form

o =XePT@ NN NG,,

where A € C\ {0}, B,w € A\*V* and linearly independent #; € V*. However this is not all,
since so far the condition L N L = {0} has not appeared yet. For this we have to introduce a
new pairing in A\* V*.
Let T be the operation on A*V* defined by extending linearly
(Ao Aha) =ar AL Ay

where o; € V*. We define the Chevalley pairing (-,-): A°V* x A°V* = det V* = A'P V* by

(907 ¢) = (QOT A ¢)top

where oy, denotes the maximal exterior power component.

Lemma 2.9. Let v € V& V*. Then (v-¢,9) = (p,v-1). Consequently, for z € Cl(V & V*)

(‘T ’ (pa¢> = (907mT ¢)7

and for g € Spin(V @& V*)
(9-¢,9-1) =+, ).

Proof. As the pairing is linear in the forms, we can reduce to the case of forms of pure degree.
Let o € A°V* and ¢y € A'V*. Then for X € V

when s+t =dimV & 1, because o A = 0 and ix(o?) = (—1)*(ix¢)T. The other cases are
irrelevant as the top component would be immediately 0. Similarly, for £ € V*

€@, 1) = (9.6 ¥)

when s +¢t = dimV — 1 because of the anticommutation of the wedge product. Again, the
other cases are discarded because the top component would be zero. The second identity follows
immediately and so does the third recalling that g”g = 41 since g € Spin(V & V*). O

This pairing comes in handy, as it provides a description of the condition L N L = {0} in
terms of spinors. The following results show precisely how this is done.

Lemma 2.10. Let L = Ann(y) be a maximally isotropic subspace. Then LNV = {0} if and
only if o, 7# 0.
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Proof. Let us assume that ¢, # 0. Then, for any X € V' \ {0}, we have ixpip 7# 0 and
consequently ixp # 0. Therefore LNV = {0}. For the other implication, we assume L =
L(E,i*B). If E =0 then L(0,0) = V* and ¢ = volj, € det V* s0 @i, # 0. Considering the
case E # 0, since L(E,i*B) NV = {0}, we have that i* B must be nondegenerate and hence r
is even. Therefore, for X € E,

ix(BEANOLA ... NO) =kixBAB* YN0 A .. NG,

so BBANOLA...ANO. #0for k=1,...,(n—r)/2 by induction, and the term k = (n —r)/2
corresponds precisely to ¢yop- O]

Lemma 2.11. Let L = Ann(p) be a maximally isotropic subspace. Then L N L(E’,0) = {0}
if and only if (¢, volann(er)) # 0.

Proof. Let L = L(E,i*B),dim E = r and dim £’ = 7’. If r+7' is odd then the Chevalley pairing
of the forms is zero immediately because the top components have even degree. Otherwise, we
have

(0, vOlamn(mny) = £BOT2ZNO N NONOLA N,

where 6, ...,60, are linearly independent elements of V* and 6; A ... A 6, is the volume form
of the subspace Ann(FE").

If LN L(E',0) # {0}, then we can distinguish two cases:

e X € E belongs to £ Nker B, and so ix (@, volann(gr)) = 0.

e ¢ € Ann(E') belongs to Ann(F), and so 61 A ... NG, A O, A ... N0y =0.

If LN L(E',0) = {0}, then i*B is nondegenerate on E N E’ and Ann(E) N Ann(E’) = {0}.
Again, we have two cases:

o If ENE" # {0} then
ix(B¥AOLA . ANONON.. NO) =kixBAB " YANOL A ANONOLA L AB
for k=1,...,(n —r —7")/2 by induction and so the pairing is different from zero.
o If ENE' = {0} and Ann(£) N Ann(E’) = {0} then (¢, volpnn(gry) # 0.
0

Lemma 2.12. Let L = Ann(y) and L' = Ann(y)) be maximally isotropic subspaces. Then
LN L ={0} if and only if (¢, 1)) # 0.
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Proof. Using the action of B-fields on forms, we can rewrite L' = e P L(E’,0) where 1) = eZ A¢).
Then e®L N L(E',0) = {0} if and only (75 A p,7') = 0. But by Lemma [2.9] this is equivalent
to (¢, eB Av') =0, and up to a sign, (p,e? A1) = (p,), so we have concluded the proof. [

Finally, we can gather all these lemmas to state the characterization of the condition LNL = 0

in terms of spinors.

Proposition 2.13. A linear generalized complex structure is given by a pure form ¢ = \eB+«@A

O A...ANB. € \°VZ such that (o, @) # 0.

As we had for linear complex structures, there is not uniqueness in the form describing
the structure. Moreover, we can be more precise about the characterization of linear complex
structure from the generalized linear algebra point of view.

Lemma 2.14. Linear complex structures are in bijective correspondence to linear generalized
complex structures of diagonal form (89).

Proof. This is immediate after noticing that the right-upper block must be a linear complex

structure and the left-lower block must be minus its dual, so there is no other possible choice. []

Proposition 2.15. The forms in A°® V¢ whose annihilator gives a linear complex structure are
those decomposable forms €2 = A0y A ... A6/, such that 2 A Q # 0. Moreover, two forms give
the same structure if and only if they are multiples of each other.

Proof. Linear generalized complex structure of the form

(¢ )

are given by forms ¢ = Ay A ... A6,.. As we require that (¢, @) # 0, we must have r = n/2 and
¢ A @ # 0. Finally, by the previous lemma, the —i-eigenspace of the linear complex structure
is the projection to V' of Ann(yp), so the result is proven. O

With this, we have conclude study of characterization of maximally isotropic subspaces and
its relation with linear generalized complex structures. Nevertheless, there remains a small fact
related to them, as there is a number which determines what type of structure we do have

related to the underlying linear structure.

Definition 2.16. We define the type of a linear generalized complex structure as
e Given an automorphism J € O((V & V*)¢) such that J? = —id,
1 : * *
type(J) = 3 dimg(V* N JV™).
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e Given a maximally isotropic space L = L(FE,¢),

type(L) = dime Ve — dime £ = dime Ann(F) = dime(VE N L).

e Given a maximally isotropic space L = Ann(yp), where ¢ = g + ... + @, ©; € N' V&,

type(p) = min{k: gy # 0}.

Proposition 2.17. Linear generalized complex structures of type 0 and n/2 are B-field trans-

forms of, respectively, linear symplectic and linear complex structures.

Proof. Before starting the proof of both cases, we remark a fact that will save us some work.
As even forms are commutative in the alternate algebra, we can write e+« = 8 A ™. As we
have already seen, e® A ¢ correspond to the B-field transformation e ?Ann(p). But because

B-fields are symmetries of the pairing, we can study all the structures up to the action of real
B-fields.

We start with the structures of type 0. This means that we have ¢ = BT = 8 A €™ such
that (¢, @) # 0. Thus

(0, @) = (P ANe™ P Ne ™) = (2. 1) £ 0

if and only if w™? # 0. This tells us that w is nondegenerate, so type 0 structures are B-field

transformations of linear symplectic structures.

For structures of type n/2, these are complex B-field transformations of complex structures
Q=0 N... N0, However, we have seen that B-fields are symmetries only for real B. We
know that 2 is an (m, 0)-form and we can decompose B +iw = %0 + €L 4 €92 where £ is an
(1, 7)-form. Taking into account that there cannot be neither (n/2+2,0) nor (n/2+ 1, 1)-forms,
we only keep £%2. By considering another B-field B’ = £%2 + €02 we can rewrite the original
form as ¢ = P A Q = B A Q, s0 ¢ is a real B-field transformation of a linear complex

structure. O

2.6 Integrability conditions and generalized geometry

We now have all the ingredients from linear algebra to translate linear generalized complex
structures to the tangent spaces of a manifold, where we can carry such structures simply
by building them pointwise. However, this process does not work always, as we have some
conditions on the transition functions between charts and they may not be compatible with the
additional data transferred to the tangent spaces. For this we have to add some integrability
conditions, and we can start by giving these conditions for the case of complex and symplectic

structures.
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Definition 2.18. A complex structure on a manifold M is a bundle map J: TM — TM such
that J2 = —id and the +i-eigenbundle L of J is involutive with respect to the Lie bracket,
[P(L),I(L)] € (L)

Definition 2.19. A symplectic structure on a manifold M is a nondegenerate 2-form w €
Q?(M) such that dw = 0.

These two structures are related to the tangent and cotangent bundle respectively, but we
have developed more machinery to work jointly with the generalized tangent bundleﬂ TM &
T* M. Following the reasoning from the linear algebra part, we should focus on finding analogous
constructions on T'M and transport them into 7'M & T* M. Thus, a good starting point could
be to find a bracket on the sections of T'M @ T*M, and for this we make use of the notion of
vector bundles with well behaved brackets.

Definition 2.20. A Lie algebroid is a vector bundle £ — M together with a bundle map
m: E — TM, called the anchor map, and a Lie bracket on I'(E), such that for XY € I'(F)
and f € C*(M),

(X, fY]=X(f)Y + fX,Y].

As a consequence, the anchor map commutes with the bracket, 7([X,Y]) = [#(X), 7(Y)].

According to this definition, we shall search for a bracket in I'(TM & T*M) in a similar
fashion, which has also to take into account the integrability conditions already mentioned. To
start with, an almost complex structure J on M (we do not care about the integrability for

now) determines the subbundle
Ly=TM"" + (TM"")*

Now, we complexify the generalized tangent bundle and begin to search for a suitable bracket.
Because of the anchor map, which in our case is the projection to T'M¢, the bracket of [X +
&, Y +n] should project to [X,Y]. If we now recall the integrability condition of .J, which is the
involutivity of TM%! it is a good idea to consider a bracket of the form [X+&,Y +n] = [X, Y]+ P
where P is some 1-form which involves X + & and Y + .

If we move to the other extreme case, the symplectic structures, we have the subbundle
L,={X+w(lX,): X e TM}.

On one hand, we have [X + w(X,-),Y +w(Y,-)] = [X,Y] + P, and on the other hand we
have dw = 0, which comes from the integrability condition. As we want the subbundle to be

I This is the Whitney sum of the bundles TM and T*M. The precise definition of this construction is given
in Section 3.2
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involutive, necessarily w([X,Y]) = P, and this has to agree with dw = 0. Using the known fact
that i(xy] = Lxiy —iyLx., we try to find some other condition on P:

P = W([X, Y]) = Z.[X,y}u} = ,Cxiyu) - iy,CXu} = ,Cxiyw — iydixw - iyixdw.

Because of we are imposing dw = 0, we get that in this case we must have O = Lxiyw —iyLxw.
This fact points to general definition of P.

Definition 2.21. The Dorfman bracket of sections of T'"M & T*M is given by

(X +&Y +n]=[X,Y]+ Lxn —iydE.

The first question that arises is whether the Dorfman bracket is a Lie bracket. Linearity is
obvious, so we should care about skewsymmetry and the Jacobi identity. For the skewsymmetry

we have

(X +& X +¢&] = [X, X] + Lx§ —ixdE = dixé,

so regretably, this happens to fail, as this is not zero always. Nevertheless, for the Jacobi

identity we have more luck.

Lemma 2.22. The Dorfman bracket satisfies for v, v,w € I'(TM & T*M),

[u> [U7 w]] = HU, U]? w] + [U, [u’ IUH
Hence, at least the Dorfman bracket is itself a derivation of it. Moreover, the condition from

the Lie algebroid is satisfied.

Lemma 2.23. For u,v € I'(TM & T*M) and f € C*(M), we have
[u, fo] = w(u)(f)v+ flu,v].
Proof. Let u= X +&v=Y +n with X, Y € I(TM) and &,n € Q'(M). Then

(X +& Y + )] = [X, Y]+ Lx(fn) —ivdn = X (/)Y + fIX, Y]+ X(f)n+ fLxn —igpvdn
=X(N)(Y +n)+ [IX, Y]+ fLxn — fivdn

= XN +n)+ f([X, Y]+ Lxn —ivdn)

= m(u)(f)v + flu,v].

]

Aside from this, we may wonder what happens with the canonical pairing we have on T M &
T*M , which comes from the pointwise canonical pairing. It turns out that the Dorfman bracket

acts as a derivation of it.
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Proposition 2.24. The Dorfman bracket satisfies, for u,v,w € I'(TM & T*M),
() (v, w) = ([u,v],w) + (v, [u, w]).

We can gather all these properties to actually define a new structure over a manifold M.

Definition 2.25. A Courant algebroid (E, (-,-), [, -], m) over a manifold M consists of a vector
bundle £ — M together with a nondegenerate symmetric bilinear form (-, -), a linear bracket
[-,-] on the sections T'(E) and a bundle map 7: E — T'M such that the following properties
are satisfied for any u € I'(E):

(1) [u,u] = D{u,u).
(2) The operator [u,-] is a derivation of the bracket.
(3) The operator [u, -] is a derivation of the pairing.
where we define the map D: C®(M) — T'(E), for f € C®(M), by Df = (2(-,-))"'x*df.
Additionally, as a consequence of these three properties we have that
e The anchor map preserves the bracket, 7([u,v]) = [m(u), 7 (v)].

e The bracket satisfies the Leibniz rule, [u, fv] = m(u)(f)v + flu, v].

Clearly, as we can recognize, we have that (TM @& T*M, (-,-),[-,], 7) is a Courant algebroid
over M, and this is a sufficiently nicely behaved structure to deal with generalized structures.
Hence, we shall start to search for a description of such structures in terms of annihilators.
We begin giving the definition of a real Dirac structure, since the complex case which are

generalized complex structure can be work analogously.

Definition 2.26. A Dirac structure is a maximally isotropic subbundle L C T'M &T*M whose
sections are involutive with respect to the Dorfman bracket.

Definition 2.27. The canonical bundle of a Dirac structure L is the smooth line bundle K of
A°® V* given pointwise by

K, = {(p € /\'V*: Ann(yp) = Lw} u{0}.

Now that we have such a subbundle, we look for the integrability condition. To state it, we
require a few results. We start with an extension of the Lie derivative of forms to an action of

T(TM @ T*M) on Q*(M), defined by
Lop=du-p)+u-(dp), wel(TMe&T"M).
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Lemma 2.28. For ¢ € Q*(M) and u,v € I'(TM & T*M), we have
[u, v] - @ = [Ly,v].
Proposition 2.29. The subbundle L = Ann(yp) is involutive if and only if
u-(v-dp)=0.

Proof. To be involutive means that for any u,v € T'(L), [u,v] € T'(L). Then, [u,v] € T'(L) if
and only if [u,v] - ¢ = 0, but

[, 0] - @ = [y vlp = Lulv- ) = v (Lap) = —v- (d(u- @) +u-dp) = —v- (u-dy),

so L is involutive if and only if v - (v - dp) = 0 for any u,v € L. ]

As useful as this description may seem, it is not like that, as we are describing ¢ using

sections of its annihilator. To find something more meaningful, we have the following lemma.

Lemma 2.30. Let L be a maximally isotropic subbundle. The canonical subbundle K of L is
the subbundle annihilated by any section of L. The subbundle (T'"M & T*M) - K, that is, the
bundle whose sections are exactly I'(T'M @& T*M) - T'(K), is the bundle annihilated by exactly
any two sections of L.

Proof. The first statement follows directly from the pointwise definition of K. For the second
one, let w € ['(TM @ T*M) and [ € I'(L). Then

L-(u-@)=—u-(l-¢)+2(u,lyp =2{u,l)e.

This expression is not zero for all u and [. However, if we take I’ another section of L, then

V(- (u-9) =1 (2{u,l)p) =0
so it is exactly annihilated by any two sections of L. O

Proposition 2.31. A maximally isotropic subbundle L given by Ann(y) is involutive if and
only if there exists X + & € I'(TM @ T*M) such that dp = (X + &) - ¢.

This proposition is a consequence of the Lemma 2.30 and Proposition 2.29 and provides a
weaker integrability condition than the required, for example, for a symplectic structure, which
is dp = 0.

We are arriving at the end of the section, we may conclude by giving a description of the

integrability condition in terms of the bundle map J: TM & T*M — TM & T*M and not its
+i-eigenspace. We know that the +i-eigenspace is L = {u —iJu: u € TM & T*M}. We know
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that the integrability condition in terms of L is that the Dorfman bracket of two sections of L
is again a section of L. Explicitly, since

[u—iJu,v —iJv] = [u,v] — [Tu, Jv| —i([Tu,v] + [u, Tv)),
we require that
[juajv] = [U,U] + \7([\7“77)] + [u7 jv])

Definition 2.32. The Nijenhuis tensor of J is given by

NJ(U’7 ’U) = [._716, j’l}] - ['LL, ’U] - j([ju7v] + ['LL, j?]])
Hence, we can describe a generalized complex structure on a manifold M in three ways:

e As a bundle map J: TM & T*M — TM & T*M which preserves the canonical pairing,
satisfies 72 = —id and N, = 0.

e As a maximally isotropic subbundle L C (TTM @ T*M )¢ such that LN L = {0} and L is
involutive under the Dorfman bracket.

e A line subbundle K C A* T*Mc locally given by a pure form ¢ such that (p, ) # 0 for
the Chevalley pairing and dp = (X + &) - ¢ for some X +§ € '(TM & T*M).

To conclude, we can analyze the type of a generalized complex structure, which now is a
function from the manifold to the integers. Taking a small neighbourhood U, we know that
the subbundle L is described by a form ¢ € Q°*(U). Decomposing it in components with well-
defined degree, ¢ = ¢y + ... + @,, we get that the type of the structure is zero everywhere as
o does not vanish, and generically this will be the case. We can define the type-change locus

{z € M: type(L,) # 0}.

This set is locally the zero set of a function ¢q, so it is a closed subset of codimension 2 for

generalized complex structures.
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3 Vector bundles, principal bundles and characteristic
classes

We devote this chapter to define both vector and principal bundles over a manifold M and to
establish some relations between them, as both constructions play an important role for the
T-duality theory. On the one hand, vector bundles appear as the tangent and cotangent bundle,
but most importantly as the generalized tangent bundle. On the other hand, principal bundles
will appear as we will have some Lie groups acting on the manifolds and we will require the
fibres of the bundle to have some compatibility -whatever that means for the moment- with it.
Moreover, on both types of bundles we have the notions of connection and curvarture, which
will be needed also for the theory of T-duality. For Section 3.1 we have followed mainly [Joy07],
but also [Mit01, Rub18]. For Section 3.2 we have extracted most of the facts from [Zhall] and
[Erall].

3.1 Vector bundles and principal bundles

Definition 3.1. Let M be a manifold. A vector bundle F over M is a fibre bundle whose fibres
are vector spaces. That is, E is a manifold eqquiped with a smooth projection 7: £ — M. For
each m € M the fibre E,, = 7~ (m) has the structure of a vector space, and there is an open
neighbourhood U, of m such that 71 (U,,) 2 U,, x V where V is the fibre of E.

We can see that the definitions of the tangent and the cotangent bundle of a manifold fit into
this description, and so do the generalized tangent bundle and the subbundles characterizing

generalized complex structures.

Definition 3.2. Let M be a manifold and G a Lie group. A principal bundle P over M with
structure group G is a manifold P eqquiped with a smooth projection 7: P — M, and an
action of G on P, which we will write as p —— p - g, for ¢ € G and p € P. This G-action
must be smooth,free and transitive, so the orbits of the GG-action are the fibers and the orbit
space P/G is homeomorphic to the base M The fibers have the structure of G-torsors, as they
are homeomorphic to G but have not a group structure as there is not a preferred choice of an

identity element.

Both definitions offer a different points of view to study properties of the base manifold.
Moreover, the following constructions show that they can be equivalent ways to study the same

problem if some conditions are required.

Definition 3.3. Let M be a manifold, and £ — M a vector bundle with fibre R*. Define a
manifold F'Mg by

FMg={(m,ey,...,ex): m e M,(e1,...,ex) is a basis for E,,}.
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Define m: FMg — M by (m,e;,...,ex) — m. For each A € GL(k,R) and (m,eq,...,e;) €

k

FMpg, define (m,ey,...,ex) - A= (m,él,...,e) where e} = > Ai_jlej. This gives an action of
j=1

GL(k,R) on FMpg, which makes F- Mg into a principal bundle over M, with structure group

GL(k,R). We call F Mg, the frame bundle of E.

Definition 3.4. Let M be a manifold and P a principal bundle over M with structure group
a Lie group GG. Let p be a representation of G on a vector space V. Then G acts on the
product space P x V' by the principal bundle action on the first factor and p on the second.
Define p(P) = (P x V)/G = P x V/{(p,v) ~ (pg,g 'v)}. Now, P/G = M, so the obvious
map (P x V)/G — P/G gives a projection from p(P) to M. Since G acts freely on P, this
projection has fibre V', and it can be checked that p(P) is a vector bundle over M with fibre V.

When we take p to be the canonical representation of GL(k,R) on R* then E = p(FMp),
so in this case we have a bijective correspondence between vector bundles over M with fibre
R* and principal GL(k,R-bundles over M. However, principal bundles are a more general
construction than vector bundles, as we can have the structure group G to be any Lie group
and not necessary GL(k, R) for some k.

Let P be a principal bundle over M with structure group G, and let g be the Lie algebra of
G. Let ad: G — GL(g) be the adjoint representation of G on g. Then, by the Definition 3.4
we obtain a natural vector bundle ad(P) over M with fibre g, which we call the adjoint bundle.

As a general remark, let p be a representation of G on V', and 7: P x V' — p(P) the natural
projection. Then P x V' is a trivial vector bundle over P with fibre V. Given a smooth section
of p(P), we can take its pullback through the projection to get a smooth section of P x V| which
will be invariant under the action of G on P x V. This provides us a bijective correspondence
between sections of p(P) over M and G-invariant sections of P x V over P, that is, G-invariant
maps P — V.

Now that we have gotten acquainted with these two types of bundles and how to translate
one to the other, we can pass to define connections and curvartures on them and see that either

on principal or vector bundles, the corresponding objects are equivalent.

Definition 3.5. Let M be a manifold and E — M a vector bundle. A connection V¥ on E is
a linear map VZ: I'(F) — I'(E ® T*M) satisfying

VE(fe) = fVFPe+e®df,
where e € I'(E) and f € C>(M).
Given a connection VZ on E and v € T'(TM) we can write VZe = V¥e(v), where we

contracting the TM part from v with the T*M part from VZe. Hence, if f,g € C®(M) we
have

Vi(ge) = fgVie+ f(Log)e.
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Assume E is a vector bundle over M with fibre R* and let ey, ..., e; be sections of E over some
open set U C M such that (eq,...,ex) is a basis for E at each point of U. Then we can write
any section over U as a linear combinations of the e;’s. Let fi,..., frx be smooth sections of
E ®T*M over U, and define

k

k
vE (Z %’&') = Z(%’fi +e; ® dy;)
i=1

i=1
for all smooth functions ¢, ..., on U. Then V¥ is a connection on E over U and every such

connection can be written in this way.

Given a vector bundle E over M, we can consider End(E) = E® E*. The curvature R(VE)
of a connection V7 is a section of End(E) ® \*T*M, defined as follows.

Proposition 3.6. Let M be a manifold, E a vector bundle over M, and V¥ a connection on
E. Suppose that v, w € I'(T'M) are vector fields and e € I'(F), and ¢, 1,7 € C>°(M). Then

[l,D’U,’l,Z)’U)} [’U,’U}]

Thus the expression VEVEe — VETEe V[Pf} »)€ 18 pointwise linear in v, w and also in e. Also,
it is clearly antisymmetric in v and w. Therefore, there exists a unique section R(V¥) €
I'(End(E) ® A’ T*M), called the curvature of V¥, that satisfies

R(VP) - (e®@vAw) =V, Vie—ViVie— V] qe

for all v,w € I'(TM) and e € T'(E).

Now suppose that 7: P — M is a principal bundle over M with structure group G. Let
p € P, and set m(p) = m. Then we have Dm,: T,P — T,,M. Define V, C T,P to be
ker(Dmp). Then the union of these subspaces forms a subbundle of TP, which we call the
vertical subbundle.

Definition 3.7. Let M be a manifold and P a principal bundle over M with structure group
GG, a Lie group. A connection on P is a vector subbundle H C TP, called the horizontal
subbundle, that is invariant under the G-action on P and satisfies T,P = V, ® H,, for each
p € P. If m(p) = m, the Dm, maps T,,P =V, & H, onto T,, M, and since V, is precisely the
kernel of this map, we get an isomorphism between H, and 7,,M.

Remark 3.8. We can be more precise about this. When we say that H is invariant under the
G-action, we mean that

Hyy = d<Rg)p<Hp)

for any p € P and g € G, where d(R,), is the differential of the right action of G on P at p.
The fundamental vector fields that generate the G-action on P give us an isomorphism between
V and P x g, so we have that +: V,, = g. If we set my to be the projection TP — V, then we
can understand the connection as a 1-form 6 € Q'(P; g) defined by 6(p) = ¢ o my(p).
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As an immediate consequence of this definition, we have that H is naturally isomorphic
to 7(T'M). So if we have v € I'(TM) there exists a unique A(v) € H C TP such that
D7, (A(v)p) = Vjn(p) for each p € P. We call A(v) the horizontal lift of v, and it is a G-invariant
vector field on P.

We now define the curvature of such a connection on a principal bundle. For v,w € T'(T'M)
and ¢, € C*°(M), it can be shown that

[Alpw), Apw)] = Allpv, Pw]) = @ip([A(v), A(w)] = A[v, w])),

where [-, -] is the Lie bracket of vector field, so the expression [A(v), A(w)] — A([v, w]) is pointwise
tensorial and antisymmetric on v and w. Moreover, since Dm(A(v)) = v then

Dr([AMv), Aw)]) = Dr(A(w)(A(w)(-)) = Aw)(A(v)()))
= Dr(A(v)(AMw)(-)) = Dr(A(w)(A(v)(-))) = [v,w] = Dr(A([v, w])).

All three sections A(v), A(w), A(Jv,w]) are invariant under the G-action, so [A(v), A(w)] —
A([v,w]) is invariant under the action of G on P X g, but these sections were in bijective
correspondence with sections of ad(P). We use this fact to define the curvature R(P, H) of a
connection A on P.

Proposition 3.9. Let M be a manifold, GG a Lie group with Lie algebra g, P a principal bundle
over M with structure group G, and H a connection on P. Then there exists a unique section
R(P, H) of the vector bundle ad(P) ® A”T*M called the curvature of D, that satisfies

T (R(P, H) - v Aw) = [Av), A(w)] — A([o, w])

for all v,w € I'(T'M). Notice that the left-hand side takes values on g while the right hand
takes values on v C T'P, so we shall use the isomorphism V,, = g to identify both sides.

With these, we conclude the definitions and now we proceed to relate the notion of connection
on vector and principal bundles. Let p be a representation of G on V and define E = p(P).
Given a connection H on P, we are going to construct a unique connection V¥ on E. Let
e € I'(E). Then 7*(e) € I'(P x V) so we can regard it as a map P — V', whose derivative is a
linear map D7*(e),: T,P — V for every p € P. Thus D7n*(e) € I'(V @ T*P). For each p € P
we have the isomorphisms,

Tpp = V;? D Hp> V;D = 9, HP = 7r*<T7T(p)M)

They render us a splitting V@T*P = (V®g*) @ (Ver*(T*M)). Let us denote by my(Dn*(e))
the component of Dr*(e) in I'(V ® 7n*(T*M)). Notice that both 7*(e) and the splitting are
invariant under the G-action, so necessarily 7y (D7*(e)) is also G-invariant. Since we have a
bijective correspondence between G-invariant sections of V' @ 7*(T*M) over P and sections of
E®T*M over M, my(D7n*(e)) must be the pullback of a unique element of I'(EF ® T*M), and
this is the fact needed to define the corresponding connection V¥ on E.
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Definition 3.10. Let M be a manifold, P a principal bundle over M with structure group
G, and H a connection on P. Let p be a representation of G on V', and define E = p(P). If
e € I'(E), then my(D7*(e)) is a G-invariant section of V ® 7*(T*M) over P. Define V¥e €
[(E®T*M) to be the unique section of E® T*M with pullback 7y (D7*(e)) under the natural
projection V @ 7*(T*M) — E. This defines a connection V¥ on the vector bundle E over M.

We can state a final result, which is a straighforward consequence of the the previous defi-
nitions, and ensures the equivalence of the curvatures defined on vector and principal bundles.

Proposition 3.11. Let M be a manifold, G a Lie group with Lie algebra g, P a principal
bundle over M with structure group G, and H a connection on P with curvature R(P, H).
Let p be a representation of G on a vector space V, E the vector bundle p(P) over M, and
VE the connection given in the previous definition, with curvature R(V¥). We have that g
and End(V') are representations of G and p gives a G-equivariant linear map dp: g — End(V),
which induces a map dp: ad(P) — End(FE) of the vector bundles ad(P) and End(E) over M.
Let
dp®id: ad(P) ® \'T"M — End(V) ® NT"M.

Then (dp @ id)(R(P, h)) = R(VE).

3.2 Invariant polynomials and Chern classes

The curvature form R on the base space for a fibre bundle contains information about how the
bundle is twisted. Using this fact, we could try to compare the bundles using these curvature
forms. This approach leads to some problems, since depending on the local chart we use to
describe it, it could resemble or not other curvature forms. Moreover, a fibre bundle does not
admit a unique connection, so there is not a unique curvature. To avoid these problems, we are
going to construct an invariant polynomial in terms of R which does not depend on the local

chart and some independent information from the connection can be extracted.

Having this goal in mind, we start by discussing invariant polynomials of matrices.

Definition 3.12. Let G be a Lie group with Lie algebra g. A G-invariant k-linear symmetric
function P is a map P: @" g — F such that

e For cj,co € Cand Ay,..., A € g,

P(Al,...,ClAil+02A12,...,Ak) :Clp(Al,...,Ail,...,Ak)+CQP<A1,...,Ai2,...,Ak>.

L4 FOI'].S?:,]Sk?, P(Al,...,Ai,...,Aj,...,Ak):P(Al,...7Aj,...7Ai,...7Ak>.

o For g € G, P(Ady(A)), ..., Ady(Ay)) = P(Ay,..., Ap).
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We denote the set of all such maps I*(G).

We can construct a graded algebra by setting I*(G) = @, [¥(G) and defining the product

as
1

(P-Q)(Al,maAmq):m > P(Asq) -5 Arp)Q(Ao(prn)s -5 Asipra))s

where P € IP(G),Q € I9(G) and A; € g. This structure allows us to define invariant polyno-

mials.

0€Sp+q

Definition 3.13. A homogeneous invariant polynomial P of degree k is a map P: g — F for
which exists P € I*(G) such that P(A) = P(A,...,A). An invariant polynomial is a finite
sum of homogeneous invariant polynomials of different degrees.

Example 3.14. Let GG be a Lie group with a k-dimensional representation, using the differential
of the representation, we define

- aa (1+02)

™

for A € g. It is easy to check that P is invariant under the adjoint representation, and can be
expanded as

P(A) =14+tP(A) + -+ tFP(A),
where P; is G-invariant homogeneous invariant polynomial. As an example, it is easy to check

that Py(A) = ;-Tr(A) and Py(A) = det (&2).

T om

By definition, homogeneous invariant polynomials are defined over a Lie algebra g, but we

can extend the domain to g-valued differential forms by setting
P<A1§17 s 7Ak§/€) = gl AR /\ng(Ah cee 7A1€)7 P e Ik(G)7Al € gafz € Qn(M)
and extending it linearly. For a homogeneous invariant polynomial of degree k, we have

P(A€) = €"P(A),

and extending by linearity we get the right definition for invariant polynomials. Thanks to this

extension, we have the following results.

Proposition 3.15. Let X, 4; € g and P € I*(G).

k
> P(AnL XA A) =0,

i=1
In addition, for A, 2; g-valued differential forms of degree p and p; respectively,

k
D (=1 I POy (A Q) Q) = 0.

=1
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Proposition 3.16. Let P € I*(G) and Q; be g-valued differential forms.

k
dP(Q,..., Q) =Y (=1 P(Qy, S, Q).

=1

Let R be a local curvature form. On the intersection of two charts U; N U;, we have the
relation R; = ti_leitij, where t;; is the group element of G that gives the transition chart, so it
may seem like P(R) is not globally defined. However, we can rewrite the previous relation as
R; = Adt;jl R;, so we know that P(R) is globally defined. Moreover, it has some nice properties.

Theorem 3.17. Let R be a local curvature form and P an invariant polynomial. Then

e dP(R) =0,

e If R and R’ are the curvatures of two connections over the same fibre bundle, then

P(R) — P(R') is exact.

As a consequence of this theorem, we have can describe an invariant of the manifold in terms
of P(R).

Corollary 3.18. Let the basis space B be a 2m-dimensional orientable compact manifold
without boundary, E a fiber bundle over B and P,, a degree m invariant polynomial. Then

| Put

is independent of the connection choice of the fibre bundle E.

According to the theorem, given a fibre bundle E over B and an invariant polynomial P, we
can define without any problem a de Rham class xg(P) = [P(R)] € H*(B), as if we consider
another curvature form R, xg(P) = [P(R')] = [P(R) + dQ] = [P(R)] = xe(P). We call
Xe(P) a characteristic class. The Chern-Weil homomorphism is precisely this assignment of a
cohomology class.

Theorem 3.19 (Chern-Weil homomorphism). Let E be a fibre bundle over B.

e xp: I*(G) — H*(B) is a ring homomorphism.
e Let f: B — B’ be a differential map and f*E be the pullback fibre bundle of E. Then
Xs-B(P) = [*Xx&(P).

A direct consequence of the theorem is that if F is a trivial fibre bundle, yg sends every
invariant polynomial to the zero class. Indeed, for a trivial fibre bundle, we can always find a
connection whose curvature is zero, so xg(P) = [P(0)] = 0.
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In spirit of Example 3.14, let G = GL(k,C). For A € GL(k,C), we define the invariant
polynomials P; to be such that

. k
1A ~
det ([ + %) = jEZl t]P](A)

Definition 3.20. Let 7: E — B be a complex vector bundle whose fibre is C*. We define the
j-th Chern class to be
¢;(E) = [P(R)] € HY(B),

and the total Chern class as

c(E)Y=14c¢(E)+...+«(F) e H(B).

We can describe in a simple way the P;(R) if P; can be written as a polynomial of matrix
elements. That is, if given P; € I/(GL(k, C)), using the Einstein summation notation, we have

Pi(A) = carpy...a;8, A3, -- CAY

%, VA€ GL(C),

then for an arbitrary gl(k, C)-valued 2-form R,
P](R) = Calglmajijgll VAN Rg:

Thanks to this fact, we can ensure that

o)~ e (1))

and again recalling Example 3.14, we have ¢; = [Pi(R)] = [=Tr(R)] and ¢, = [Py(R)] =
[det (%)] And, of course, this agrees with the fact that

b (1 8) - o 1+ 29)) o (1 2)

= exp <— Z <;—;>nTr(Rj)> =1+ 27TTr(R) 8L(Tr(1~22) Tr(R)?) + ...

J=1

Moreover, we know that when taking the cohomology class of this expression, the sum is finite,
because ¢;(£) = 0 for 2j > dim B.

Example 3.21. Let 7: £ — B be a complex line bundle, that is, the fibre is complex one-
dimensional. Then the total Chern class is

o(F) =1+ [R],
where the curvature R is a real 2-form.

33



As simple as it may look, this example, together with the following definition, is a core
element to the statement, and construction, of T-dual bundles.

Definition 3.22. Let ng: F — B and 7p: F — B be two complex vector bundles. Consider

the diagram
ExF
TF

X5 X x X,

where i: X — X x X is the diagonal map i(z) = (z,x). E x F' is a complex vector bundle over
X x X. We define the Whitney sum E @ F' as the pullback i*(E x F).

The following result gives the naturality of the Chern classes and the compatibility with the
Whitney sums.

Theorem 3.23. Let mg: E — B be a complex vector bundle.
e Let f: B — B’ be a smooth map. Then
o(f"E) = f*c(E).

e Let mp: F — B be another complex vector bundle. Consider the Whitney sum E @ F.
Then
((E®F)=c(E)Nc(F).
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4 T-duality

4.1 Exact Courant algebroids

We have previously stressed that the main objects to study on generalized geometry are Courant
algebroids. Nevertheless, we had only pointed some relevant facts and results about them. From
here, and following [BCGO7, [D™ 14, [Drul, we will be interested in exact Courant algebroids, and
as we shall see, there is actually not that much freedom to choose such an alegbroid. Because
of the anchor map n: E — T M, in general, we have the sequence

0—T'M —E-TM — 0.

Definition 4.1. A Courant algebroid F is exact if for every € M, the pairing (, ), is nonde-

generate and F, fits into the sequence
0 —1T:M — E, — T,M — 0.

Then, we can see that for an exact Courant algebroid, pointwise, what we have is a vector space
E, which is isomorphic to T,M & T;M. We can define an isotropic splitting for a Courant
algebroid E as a bundle map

V:TM - E

such that for every x € M, V,: T,M — FE, is an isotropic splitting. For the case of exact
Courant algebroids, the image V(T'M) is a maximally isotropic subbundle, and it will be a
Dirac structure, i.e. involutive with respect to the bracket if and only if

H(X)Y,Z)=(VX,VY],VZ) =0, VX,Y,ZeD(TM).

This H is in fact a closed 3-form on M, and its cohomology class [H] € H3s(M) does not
depend on the splitting. If we were to change the splitting V for V + B with B € Q%(M), then
H would change into H + dB, and so it would define the same cohomology class. Moreover,
any two splittings differ by a 2-form. This 3-form H is called the curvature of the splitting V,
and its cohomology class [H] is called the Severa class of E.

Given an isotropic splitting V, we can construct a bundle isomorphism &y : £ — TM&T*M
given by
Oy (e) = 7m(e) + sv(e),
where sy(e) € T*M is such that 7*sy(e) = e — Vm(e). Let us check how the bracket of E reads
on TM @& T*M. Given X +&,Y +n e I'(TM & T*M), we have

Cy([VX +& VY +1]) = [X, Y]+ sv([VX, VY]) + sv([VX, 7]) + sv (€, VY]).
For any Z € I'(T'M ), we have that

izsw([VX,VY]) = (VX,VY],VZ) = H(X,Y, Z),
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and it is a matter of computation to check that sy ([VX,n]) = Lxn and sy ([§, VY]) = —iydE.
Hence,

This looks very familiar to us, as it is a slighlt modification of the Dorfman bracket.
Definition 4.2. Let H € Q3(M) be a closed form. We call the bracket on sections of TM&T* M
[X + f,Y + T]]H = [X, Y] + ﬁ)ﬂ’] — Zydf -+ iyixH

the H-twisted Courant bracket.

It is interesting to study the group Aut(E) of bundle automorphisms preserving all the

structures we have.

Definition 4.3. The automorphism group Aut(E) of a Courant algebroid is the group of pairs
(¥,1)), where ¥: E — E is a bundle automorphism covering ¢ € Diff(M) such that

o Y (W(),¥()) = (),

o [W(),W()] =[],

e ToVU =1, o07.

By restricting to the case E = (TM & T*M.[-,-|y), we can find two illustrative examples of
such automorphisms. First, let us consider ¢ € Diff(M), and define ¥, = v, + (¢»~)*, which

trivially preserves the pairing. For any two sections X + &, Y + n of the generalized tangent
bundle, we have the following identities

o [L.X, Y] = [X,Y],

o Ly x(*) 'n= ()" Lxn,

o iy d(?)TE = (%) i,

o ipyipxH = () Viyixy .

Then, [V (X + &), Uy (Y +0)g = Yy ([X + &Y 4+ n]y=n), so for every ¢ € Diff(M) such that
Y*H = H we have that ¥, € Aut(E).

Now, let B € Q%(M) and consider the B-field action ¢ on sections of E. We already know
that B-field are symmetries of the pairing, so we shall only be interested in the bracket.
[€P(X +€),e°(Y + )]y = [X,Y] + Lx(n+iyB) —iyd(§ +ixB) + iyixH
= [X,Y] + Lxn — iyd§ +ixy1B +iyiX (H + dB)
= eP[X + &Y +nluias-
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Therefore, if B is a closed 2-form, the B-field provides an automorphism of E. Moreover,
B-fields allow us to describe the autormorphisms of the Courant algebroid in a simple way.

Proposition 4.4. Let E be a Courant algebroid and V: T'M — E an isotropic splitting. For
(U,9) € Aut(E), there exists B € Q*(M) such that

CDVo\I’o(I)_lzll’woeB.

Let H be the curvature of the splitting V. Then H —¢*H = dB holds so 1 is a diffeomorphism
that preserves the Sévera class [H].

From this result we extract a description of Aut(E) given a splitting V:
Aut(E) = {(¢, B) € Diff(M) x Q*(M): H —¢*H = dB}.

As the description is dependent on the choice we have to understand how it changes when we
take another splitting V + B’ with B’ € Q*(M). If this is the case, then

_ =Y ’ 1ok R
Dy oVodg! =P o(Uyo0eP) o =W, 0 VI,

so the change V — V + B’ induces the change (¢, B) — (¢, B’ — ¢*B’ + B). This last result
grants us a full understanding of the group Aut(FE). Now we proceed to study its Lie algebra
Der(E). An element of Der(F) is an infinitessimal symmetry of E and is described by (A, X),
where A: I'(F) — I'(E) and X € I'(T'M) such that for any sections e, e5 of E and a smooth
function f on M, the following properties are satisfied:

o A(fer) = fA(er) + (Lxf)er,
o (Ale1),es) + (e1, A(ea)) = Lx(eq,ea),
o A(ler, eq]) = [A(e1), 2] + [e1, Ale2)],

o 7(Aley)) = [X,m(e1)].

We would like to remark a special type of objects, called inner symmetries, which are completely
determined by some e € I'(E), as (A, X) = ([e, ], w(e)).

Returning to the case we are mainly interested, let E =TM &T*M and V: TM &T*M —
TM a splitting with curvature H, and consider the H-twisted bracket. Given a one-parameter
subgroup (¢, By) € Aut(TM ©&T*M), we get an element of Der(T'M & T*M) by differentiating
it at ¢ = 0, rendering (X, B) € Der(T'M & T*M). By the proposition, since H — ¢;H = dB;,
then by differentiation we get LxH = —dB. By changing the splitting V +— V + B’ with
B’ € Q*(M), we know that (v, B;) — (¢, B — 1} B’ + B;). By differentiating again, we get
that (X, B) — (X,B — LxB').
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Let us now find which A: I'(TM & T*M) — I'(TM & T*M) corresponds to (X,B) €
Der(TM @ T*M). Let Y +n € I'(TM & T*M), then

% t:oqu_t oY+ ) = % t:0[<w7t)* + ()] o eB_t(Y +n) =
d * . o
=7 tzo[(wft)*Y + () (n — iy B_y)] =

— [X, Y]+ Lxn —iyB.

Hence, we define A(Y + 1) = [X,Y]+ Lxn — iy B. Let us focus now on the inner symmetries.
Recall that [X + &Y +nlg = [X,Y] + Lxn —iydé +iyvixH = [ X, Y]+ LXn— Y (d§ —ixH),
so we can identify (A, X) with ([X + &, -]g, X), rendering us an inner symmetry. Let us define
the map
ad: T(TMe®T*M) — Der(TM @ T*M, |-, |n)
X +& — (X,d§ —ixH).

Given (X, B) € Der(TM & T*M), since d(ixH + B) = dixH +ixdH +dB = LxH + dB =
—dB + dB = 0, we have a cohomology class [ixH + B] € H?(M). This class will be zero
precisely when there exists ¢ € QY(M) such that dé¢ = ixH + B, which we can rewrite as
B =d¢ —ixH. Hence, we can characterize the inner symmeties as the kernel of the map

x: Der(TM&T*M) —  H*(M)
(X, B) — [ixH + BJ.

In particular, this shows that the map ad is not surjective; nor injective, since if ad(X +¢) =0
then [X +&,Y +nlg =0forany Y +n e I'(TM & T*M). By taking Y = 0 and n = df with
f € C>®(M), we then have df(X) = 0. Since this holds for any f € C*(M), X = 0. Similarly,
choosing = 0, 1yd§ = 0 implies that d¢ = 0, as Y is arbitrary.

All this discussion amounts to the statement of this exact sequence,

0 — QL(M) =5 T(TM & T*M) 2% Der(TM & T*M) = H2(M) — 0

4.2 Dual principal S'-bundles and T-duality

We now introduce the mathematical setting of T-duality, which, according to [BHMO04, BEMO04,
Bugl9], is a topological relation between principal circle bundles that renders an equivalence
of two string theories. Although at first only circle bundles were considered, the T-duality
relation can be defined for principal torus bundles. This duality between bundles can be used
to transport geometrical structures between them, and can be stated as a relation of Courant

algebroids over them.

Let B be a manifold and My, M, principal S'-bundles over B. Consider H; € Q3(M;) an
invariant closed integral form on M; and Hy € Q3(M>) an invariant closed integral form on Ms.
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We have the following commutative diagram
Ml X B M2
/ K
Ml M2
\ /
B

where 7 : My — B and my: My — B are the projections to the base, and p;: My xg My — M,
and po: My xg My — M, are the projections on the corresponding component from

M1 X B M2 = {(ml,mg) € M1 X MQI 7T1(m1) = Wg(mg)},
which we call the correspondence space.

Definition 4.5. (M, H,) and (M,, Hy) are T-dual if (m).Hs = ¢1, (m2)H1 = co, where ¢; is
the first Chern class of M; and cs is the first Chern class of Ms; and piH; — p3Hs = dF for
some F' € Q*(M; xp M>).

This is the classical definition for T-dual S*-bundles, but it would be meaningless if we could
not construct examples of it which are interesting. For this, consider 7;: M; — B a principal
St-bundle, H; € Q3(M,) an invariant closed integral form on M; and 6; € Q'(M;) a connection
form. In general the connection form would be in Q'(Mi;s!), but since s* = R, we can choose
an appropriate isomorphism such that (m1),0; = 1. Now we construct My a T-dual S'-bundle.
Define ¢y = (7). H; € Q*(B) and consider ¢, the first Chern class of M, i.e. 7ic; = df,. As

for invariant forms we have an isomorphism
q
Q) = @ @B e A6,
pt+ag=k

we can write H; = wicy A 01 + wih for some h € 23(B). Notice that ¢, is a closed form, given
that the push-forward (7). commutes with the de Rham differential, so dcy = d(m).H; =
(m1)«dHy, = 0 since H; is closed; and that it is an integral form because

/02:/ H17
s mH(S)

for any surface S C B and H; is integral. Hence, ¢y can be viewed as a first Chern class of
some S'-bundle M, of B, with connection form 0y € Q!(M>) such that m5cy = df,. To conclude
we need to find some Hy, € Q3(M,) which satisfies the required conditions. By choosing
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Hy = mic1 A Oy + mih € Q3(My), we can easily compute

piH1 — pyHs = pi(mica A 01 + @ih) — p3(m5e1 A by — m3h)
= pimica A pibh — pamycr A pybh
= P5maca A pibh — pymycr A pybh
= pydfy A pi60y — pidfy A p30s
= d(p502) A p1bh — d(pi01) A p30-
= d(—pith A p30s).

We will generalize these definitions and constructions to the case of torus bundles, as we can

split the torus in circles and apply to each circle the previous steps.

Definition 4.6 (|[CG04, [CG11]). Let B be a manifold and m: M; — B, me: My — B two
principal T%-bundles. Let H; and H, be invariant closed 3-forms on M; and M, respectively,

and consider the following commutative diagram

M, x My

M
% K
M1 M2
B.

M, and M, are said to be T-dual if there exists F' an T%*-invariant form on M; x g M, such
that F': t} ® t§ — R is nondegenerate and p; H, — p5Hy = dF.

Notice that in our definition we have dropped the requirement of H; and H, being integral,
so we cannot associate a well-defined first Chern class. However, if it was the case, then
we would require Hy, and H,, to be integral for each circle component of the tori. Another
important remark is that H,(X,Y,-) =0 for X,Y €t/ C TM;. This comes from the fact that
piHo(X, -, ) = 0 for any X € ker(ps)., so in particular for X € tf. As a similar reasoning can
be applied to Hy, we get that dF(X,Y,-) =0 for any X,Y € t' @ t.

Given M, a principal T*-bundle over a base manifold B with an invariant closed integral 3-
form H;, the procedure to construct a dual T*-bundle is analogous to the case of circle bundles.
Let 0; € Q(My,t¥) be a connection on M; and let H satisfy H(X,Y,-) =0 for X,Y € t}. Since
we have the isomorphism

q
O (M) = €D @ (B)® \(t")",
p+q=k
we can decompose H; = (mjcy, 01) + mih with c; € Q?(B; (t5)*) an integral form, h € Q3(B),
and (-,-) meaning that we contract the part of (t})* in ¢y with the part of t§ in 6;. Now cy
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can be viewed as the first Chern class of the dual bundle M,. Then we can take a connection
0y € QY (Ms, (5)*) such that df, = Ticy, and define Hy = (mici,0) + m3h where c¢; is the
corresponding first Chern class of M, so df; = mfc;. To conclude, we check that the difference
of the pullbacks of H; and H, on the correspondence space is in fact an exact form:

piHy — pyHs = pi((wica, 1) + mih) — py((w5e1, 02) + m3h)
= (pimica, p101) — (Pamyc, P3ba)
= (pymyca, p101) — (PimicL, P3ba)
= (p3dba, p10) — (pidb:, p362)
= d<_P>1k917P§92>-

Thus, F = —(pif, p36), and it is nondegenerate on t¥ ® t§ as it is the wedge product of

connection forms.

In the following two examples we show that, unlike the original case of S'-bundles, there is
not unicity for the dual bundle, either because of dropping the integrality condition on H or
because there is in fact some hidden choice when £ > 1. We will omit to write some of the

pullbacks to ease the notation when there is no ambiguity to do so.

Example 4.7. We consider two S'-bundles over S2, the trivial one, M; = S* x S?, and the
one given by the Hopf fibration, M,. For the first one we consider the 3-form H; = df; A 6
where 6, is a connection on S? so df; is a curvature form and can be identified with a Chern
class, and 0y an invariant volume form on S'. As s' = R is one-dimensional, H,(X,Y,:) = 0
for X,Y € s! holds straightforwardly. For the Hopf fibration, we just consider the zero 3-form,
Hy; = 0. Then we can compute

piHy — p30 = pi(dfy A Oy) = d(p76 A pi6a),
where we have used the fact that 65 is a volume form, so df = 0. We obtain F = P10 N pi0s

and it is nondegenerate on s' ® s'.

Alternatively, for two Hopf fibrations, with the same H = 6 A dfl, where 6 is a connection

on S?, we have
pH—p"H=0Nd0—0NdD=0ANdO+dONO=d(ONE),

so F' =60 A 6. This shows that the Hopf fibration with such 3-form H is self T-dual. Thus, we
can use these two examples to show that M; does not determine by itself its T-dual pair but

H, has also to be considered.

Example 4.8. Consider a T?-bundle M; over B, with H; = 0. As T? ~ S' x S', we have
t? ~ R x R. Consider a connection on Mj, which we can identify with a pair (6;,6;) of
connections corresponding to the two circles, and denote by ¢; the curvature forms df;. Now,
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we do consider the trivial T%-bundle over B, namely, S* x S! x B with Hy = ¢; A 0; + c3 A 0s.
Then for X,Y € t?, we have X = (X1, Xy) and Y = (YV,Y,) and as in the previous example
Hy(X,Y,-) =0. Now, a simple calculation

1
pTH_p;HQ = —Cl/\el—CQ/\QQ = —dgl/\gl—deg/\eg:d(§(01/\01+92/\€2))
shows that F is nondegenerate on t> ® t? as 6,0, are connections.

Another T-dual principal T2-bundle to M; can be obtained by considering the connection 6
such that df; = ¢; and dfy = —cs, and the 3-form Hy = d(él A 6~2) =1 A By + 6; A co. Hence,

PiH —psH = —(cy Ay 4 ¢y A 0y) = —(dby A Oy — dby A 6y)
= —d(6y A Oy + 05 N Oy) — (0, AdBy + 05 A dB,)
= —d(By, AN Oy + 0, N0)) — (=01 Ay + 605 A cy)
= —d(6y A Oy + 05 A Oy) — d(By A Oy) = —d(0y A Oy + 0y A By + 61 A Oy).

Taking F' = —(01 A Oy + 05 A0y + 61 A 6,), we see that it is nondegenerate on £ ® 2.

Remark 4.9. We shall stress that in the process to find a T-duality as in Example 4.8, the
product of the Chern class and the connection must be done between pairs of dual circles.
By this we mean that we do not have much freedom when choosing this combination. To
ilustrate this, let us naively generalized the previous example to T*-bundles. Let (6;,...,0y)
be connections of the circles in the T"-bundle M; and (91, ..., 0;) connections of the circles in
the T*-bundle M,. Let us consider ¢ € Sy, and set H; = 0 and H, = Zle c; N\ éo(i), where

= midéi. Then, we have

k k k
p*H — ]5*]:] = — Z C; A éo(i) = —d (Z ‘91 VAN éa(z)) + ng(z)el AN dﬁa(l)
i=1 =1

i=1

For the T%-bundles to be T-dual we require that this quantity is an exact form. But this
condition means that the permutation has to decompose as a product of disjoint transpositions.
We present two examples, the first one where we clearly fail to establish a T-duality because o
does not decompose in disjoint transpositions.

Let k=3 and 0 = (123).

p*H—ﬁ*ﬁ:_(Cl/\é2+62/\53+03/\é1):
= —d(91 /\ég + 92 VAN 9~3 + 63 A él) + (m291 N Co +m392 N c3 +m193 A Cl) =
= —d(91 VAN ég + 92 VAN 9~3 + 63 A él) + (m291 A deg + m362 A d(93 + m193 A dtgl)

There is no possible way to arrange some terms in the second parenthesis and obtain an exact

form. Now we show and example that work.
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Taking o = (12),

PH—p H=—(c; NOy+co A0y + 5 NB3) =
—(d(61 A B) — 0y A dby + d(05 A By) — 02 A dBy 4 d(B3 A Bs) — B3 A dbs) =
= —d(0y Ny 4 03 A Oy 4 05 A O3) + (maby Ao +maby Ay +msbs Acs) =
= —d(6y A Oy + 05 N Oy + 03 A B3) + (ma(By A dby + dby A 6y) + ?d(eg AB3)) =

—d(61 A Oy + 0y A Oy + 05 A O3 — moby A By — %egAeg).

The proof of the general statement is just a matter of comparing the terms that appear in
i1 Moo A dBogi

There is a result which gives us a nice consequence of the T-duality between two T*-bundles,
which we will use later to transport geometrical structures between them.

Theorem 4.10 ([BHMO04]). Let M; and M, be T*-principal bundles over B, with invariant
closed 3-forms H; and H, respectively. If they are T-dual, so pj H; — p5H,; = dF', then the map

71 (Qu (M), dpr,) — (4w (M), dy), 7(p) = (p2)+(e” Apip)

is an isomorphism of twisted differential complexes.

4.3 T-duality viewed as a map of Courant algebroids

We have explained the setting of T-duality and have shown some examples to illustrate the
behaviour of bundles under this duality, ultimately given by an isomorphism of twisted dif-
ferential complexes. So far, it has been a purely topological treatment and it is time now to
use the tools from generalized geometry to search for some relationship between geometrical

structures over T-dual bundles.

Consider the T-dual setting

M1 XB M2>P1H1

Now, over M; and M; we consider the Courant algebroids T'M; & T* M, and T'Ms & T™* M, with
Severa classes [H)] and [H,] respectively. We would like to take the Clifford action of sections

(M17H1 M27H2)

of T My & T*M; and find some relation with the isomorphism 7, so it turns into an isomorphism
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of Clifford modules. Since M; and M, are principal bundles and H; and Hy are invariant forms,
it is natural to consider invariant elements of the Courant algebroids.

Ideally, what we would like to do is to pullback invariant elements of T'M; & T*M; to the
tangent bundle of the correspondence space and then push them forward to T'My & T M,.
However, there are some problems. First of all, if we have X + & € TM; @ T*M,/T*, when
applying the pullback pj we do not have any problems with pj¢ as the pullback of forms is well-
defined, but that is not the case for vector fields, because if we take a lift pj X on T'(M; x g M>)
then we can add some component on t5 and get another lift of X. In any case, let X be a
lift of X. We can apply the B-field transformation given by —F to X + pi€, so we obtain
X +pté — F(X,-). If we now try to push it forward, then we have two problems: (ps).(X) will

A~

depend on the choice of the lift and we require the form pi¢ — F(X,-) to be basic, that is, it
has to be a pullback of a form on B, so Ly (£ — F(X,-)) =0=£(Y) — F(X,Y) for any Y € .
Nevertheless, since F is nondegenerate on t¥ ® t§, there exists only one possible lift of X which
satisfies the later condition, so we end up solving the problem of choice. Thus, we get a map

@: TMy @ T* My /TF — TMy & T*My )T, X + € — (p2)o(X +pié — F(X, ),
for X the unique lift of X such that £(Y) = F(X,Y) for any Y € ¢,
As it is defined, this map satisfies
T(v-p) =) 7(p)

where v € TM; & T*M,/T* and p € Q% (M;). Even more, this map is in fact an isomorphism

of Courant algebroids.

Theorem 4.11 ([CG04, [CGII]). Let M; and M, be two T*-principal bundles over B with
invariant closed 3-forms H; and H, respectively. If they are T-dual then

(v1,v2) = (p(v1), p(v2)),

[v1, va]m, = [p(v1), p(v2)]m,,

this is, ¢ is an isomorphism of Courant algebroids.

An insightful way to understand how this isomorphism acts is to take connections on M,
and M, so we can split the invariant generalized bundles as

(TM, ®T*M,))TF =2TBa o T*B o (1),

(TMy, @ T*M,) /Ty 2 TB @t © T*B @ ()"

Then ¢ sends elements of t¥ to elements of (t§)* and elements of (t¥)* to elements ti. To
show this, let us consider the case of circle bundles at the begining of Section 4.2. We had
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connections #; and 6, on M; and M, respectively, so we have the splittings TM; & T*M; /S =
TB®(0p,)®T*B®(0;), i = 1,2. This implies that we can write an element of T'M; &T*M, /T*
as X + foy, + & + g6, where X € T'B is an invariant horizontal vector field, £ € T*B is an
invariant 1-form and f, g are smooth functions. After pulling it back to the correspondence

space, we have
X + fOs, + &+ g8 + kOa,,

where k0p, denotes the added component of X in s) with respect to X. We had that F =
—pibh A pibs, so if we make the B-transformation, we have

X+ fOy, +E+ g0+ kD, + 01 N Qg(fagl + k892).

Now, since we have 61 A Os(f0p, + kOp,) = 01(f0p,) ® O — 01 @ O2(kDp,) = fOs — kb;.we require
&+ g0y + [0y — kb, to be basic. £ vanishes when we evaluate at some element in s{, and so does
f0s. Thus, we get that ¢ — k = 0. Hence, we have that

SO(X—i_faHl +£+g91):X+g892 +€+f927

so we have mapped 0y, — 02 and 6, — 0y,, exhibiting the permutation we mentioned.

4.4 Generalized complex structures and the effect of T-duality

In the previous section we have introduced an isomorphism of Courant algebroids between two
T-dual bundles. This isomorphism can further be used to transport geometrical structures
between the bundles. To introduce how this works recall that a generalized complex structure
can be described at a point as the Clifford annihilator of a line in A*T¢M. If L C Te M @TEM is
the generalized complex structure as a subbundle, then it is closed under the Courant bracket,
isotropic with respect the pairing and satisfies LN L = {0}. Consider that p is the nonvanishing
section of ATEM that describes such L, then p = eBT® A Q where 2 is a decomposable form
and B,w are 2-forms. This is the maximality requirement. For the condition L N L = {0}, we
have (p, p) # 0 for the Chevalley pairing; and for the involutivity with respect to the Courant
bracket, there must exist a local section v of TcM @ TEM such that dyp = v - p, where we
incorporate the Sévera class into the exterior derivative by setting dyp = dp + H A ¢ for any
form .

Let J be a generalized complex structure on M. Then it induces a splitting of A*T¢EM
into subbundles U*, fulfilling the relation U""* = /\kf/ - U". This can be understood as a
generalization of the (p, ¢)-decomposition given by a complex structure. By denoting U* the
local sections of U* then the exterior differential has a mixed grading, as dg : U* — UF1+UF+L
This allows us to decompose it in two operators 9: U* — U** and 0: U* — UF!, which
generalize the Dolbeault operators.
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To have a broader view, we can introduce two more particular cases, as we already know
that generalized complex structures gather complex structures and symplectic structures. The
first one is a generalized Kahler structure.

Definition 4.12. A generalized Kahler structure on a manifold M is a pair of commuting

generalized complex structures J4 and Jp such that G = J4Jp is a metric on the generalized
bundle TM & T*M fulfilling (Gv,v) > 0 if v # 0.

There is a particular case of generalized Kéahler structures which are generalized Calabi-Yau
metrics, which are generalized Kahler structures where each generalized complex structure is
described by dy-closed forms p4 and pp satisfying (pa, pa) = (pB, pp). The last structure we

introduce are generalized metrics.

Definition 4.13. A generalized metric on a vector space V' is an orthogonal self-adjoint map
G:VaeV*—Va@V*for which (Gv,v) > 0 for v # 0.

From the fact that G is orthogonal and self-adjoint, we get the identities G = G* = G~}
and G? = id. Hence, V @ V* splits as a direct sum of 1-eigenspaces, C.. This fact leads us
to recognize that a generalized metric is equivalent to a choice of orthogonal spaces C'y where
the natural pairing is positive and negative definite respectively. Considering V C V & V* C,
may be expressed as the graph of some element in @2 V* = Sym*V* @ A’V*. Let g € Sym?*V*
and b € A\?*V*, then

Cy ={X+9(X,)+bX,): XV}

We should recall that the pairing must be positive definite on C, so we have some restrictions:

This shows that g is in fact a metric on V. In a similar way, we can describe C'_ in terms of
the graph of g_ +b_ € @*V*. Since (Cy,C_) = 0, we have

0=(X+g(X,)+bX,),Y+g- (Y, )+b_(Y,)) =g(X,Y)+bX,Y)+g_ (Y, X)+b_(Y, X).

As this must hold for any X,Y € V, it means that g = —¢g and b_ = b, so C"_ is the graph of
—g + b. This construction can be brought to the generalized tangent bundle in the same way

a riemannian metric is built on a manifold.

With these two new structures we proceed now to state the result which allows us to transport

the structures between the T-dual bundles.

Theorem 4.14 ([CG04, [CG11]). Let (M;, Hy) and (M, Hs) be T-dual spaces. Any invariant
generalized complex structure, generalized Kéhler structure or generalized Calabi-Yau metric
on M is transformed in a similar one by the isomorphism of Courant algebroids .
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Proof. Let ¢ be the isomorphism of Courant algebroids. If L C TeM; & TEM, is a generalized
complex structure, using Theorem 6.2, ¢(L) is closed under the Courant bracket [-, -],. Thanks
to the orthogonality of ¢ with respect to the canonical pairing, ¢(L) is still maximal isotropic,

and moreover

p(L) N (L) = (L) N (L) = p(L N L) = {0},
as  is in particular real.
Let J4 and Jp be two generalized complex structures on M; defining a generalized Kahler

on M;. Then on M, we have the generalized complex structures J W= o Jao e ! and
jB =po Jgop L Itis easy to check that they also commute:

JaoTdp=podaop lopdpop ' =poJroTpoyp
—poJpoJacy ' =poTgop lopoTaop ! =TpoJa
Finally, as ¢ is orthogonal with respect to the natural pairing, we have a generalized metric

G=¢poGop=ypoJs0Tg0p ! on M,, sowe end up with a generalized Kahler structure
on MQ.

To finish the proof, let p4 and pp be the dy,-closed forms that describe J4 and Jp, and let
L and Lg be their Clifford annihilator. Taking the isomorphism of differential complexes 7
from Theorem 6.1, we have that 7(pa), 7(pp) are dy,-closed and ¢(L4), ¢(Lp) have maximal
dimension and correspond to the annihilators of 7(p4) and 7(pp) respectively. Finally, to show
that (7(pa), 7(pa)) = (7(ps),7(p5)), we use the map 1: N"T*M,/TF — N'T*M,/T¥ defined
by ¥ (01volg) = 6yvolg, where volg is the volume form of the base space B. It can be checked

that ¢((£1,&)) = (=1)*(7(&1), 7(&)), so

(7(pa), 7(pa)) = (7(pa), 7(pa)) = (—1)*¢((pa, pa))
= (=1)"((p5,p8)) = (7(p), 7(PE)) = (T(p5), T(pB))-

[]

As a corollary, we have that T-duality preserves the decomposition of A*TEM into subbun-
dles U,.

Corollary 4.15 ([CG04, [CG11]). Let (M, J1) and (Ms, J2) be two complex generalized man-
ifolds which are T-dual, then (U}, ) = Uy, and

T(aMlg) = 8M27(5)7 T(éMlg) = 5M27—(§)

Proof. Let L; be the +i-eigenspace of the generalized complex structure J; and p; the form
whose annihilator is L;. Then Ly = (L) is the +i-eigenspace of the generalized complex
structure J,. Since ¢ is real Ly = ¢(L;), which implies

Upg," = QX (La) - 7(p1) = T(Q"(L1) - pr) = T(Uny,).
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What remains to check is the statement about the operators. Let & € U ]’f/h,

(aMz - 5M2)7—(5) = dH27_(€) = T(dng) = T((aMl - 5]\/[1)5)7

and since T(L{J@l) = L{]@Q, the equalities about the operators must hold. O

Theorem 4.14 in particular shows that T-duality transports generalized complex structures
from one manifold to the other. However it is not clear whether the type of the structure is
preserved or not under the duality. In the following example we explore this question.

Example 4.16. Recall that the type of a generalized complex structure locally given by a form
p = BT A is defined to be the degree of Q. Let us first consider the case where both M,
and M, are circle bundles over the base B. By Theorem 4.14, 7(p) defines the corresponding
generalized complex structure on M, if p defines a generalized complex structure on Mj.

Expanding the exponential on 7(p), we have the terms
/ (F + B +iw)’ A Q.
S1
Hence, the type of 7(p) will be the lowest j such that the integral is not zero. Thus, we have

type(7(p)) = type(p) +2j — 1.

In this case, we only have two possible values for j. If Q is a basic form, that is, a pullback of
a form on B, then j = 1, so the type increases by 1. If €2 is not basic, then j = 0, and the type
decreases by 1. Now, let us consider the case where the fibres are T*. Let us define

[ = max {j /\JT(Tk) - Q) 7’é O} , TI= rank W|Ann(Q)NT(T*)-

Then, by a similar reasoning as before, we have

type(r(p)) = type(p) + k — 20 —r.

Let us restrict to the case where M; and M, have dimension 2k, and the fibres over B have

complex or symplectic structures, so k is even.

e The first case we consider is that M; has a complex structure and so do the fibres. This
implies that [ = k£/2 and r = 0. Hence, the type of the structure is preserved, so M,
inherits a complex structure with complex structure on the fibres.

e The second case we consider is that M; also has a complex structure but the fibres have
a real one, that is, T(T*) N J(T(T*)) = {0}. Now we have [ = k but also 7 = 0. Thus
type(r(p)) = type(p)+k—2k+0 = type(p) —k = 0, so M inherits a symplectic structure,
and the fibres have the corresponding structure, that is, a Lagrangian structure.
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e The third case we consider is that M; has a symplectic structure and so do the fibres.
Then [ = 0 and r = k. This means that type(7(p)) = type(p), so My inherits the same
structure as M;.

e The fourth and last case we consider is that M; has a symplectic structure but the fibres
are lagrangian, so [ = 0 and also = 0. Thus type(7(p)) = type(p) + k, so M, inherits a
complex structure with a real structure on the fibres.

Another example, which is not included in Theorem 4.13, is the transport of a generalized
metric, especially in the case of circle bundles, as it constitutes the basis for the Buscher rules,

independently found in theoretical physics.

Example 4.17. Let (My, Hy) and (Ms, Hy) be T-dual circle bundles over the base B, with
connections #; and 6, respectively. Let us assume that M; is endowed with an invariant gener-
alized metric G. We already know that such a G is equivalent to a choice of g € T'(Sym*T™*M,)
and b € Q*(M;), so we must find how these two elements transform.

Since the Courant algebroid isomorphism ¢ is orthogonal with respect to the canonical
pairing, it suffices to find ¢(C.) as a graph of the corresponding two forms §, b. Let v = X+ fdy,
be an invariant section of 7'M, and note that we can write g and b as

g=9gob1 ©01+g1 ©01+ g2, b=0b A0+ by,
where ® denotes the symmetric product of forms. Then, an element of C is of the form
X+ fOp, + (ixgz + fg1 — fbr +ixba) + (g1(X) +01(X) + fg0)0h.

Now we can apply ¢ to find a general element of p(C). According to what we had found in
the calculations at the end of Section 4.3, we have

X+ (91(X) + fgo + b1(X)) s, + (ixga +ixba + fg1 — fb1) + fO2.

Comparing this to the graph of a general choice g + b, we obtain the relations

5 1 1 1
Gg=—0:00,— —b1 00+ g+ —(b1 ©b1 — g1 © qn),
9o 90 90

~ 1 1
b= ——gl/\92+b2—|——gl/\b1.
9o 9o

This completely determines the corresponding generalized metric on Ms.

We can use this example to work our way to give a complete description of the transport of

a generalized Kahler structure.
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Example 4.18. The choice of a generalized metric (g,b) gives an orthogonal decomposition
of the generalized tangent bundle TM & T*M = C, & C_. If we consider the projections
m.:Cy — TM and m_: C_ — TM, it is clear that they are isomorphisms. Hence, having
an endomorphism A € End(T'M), we can use 7, and 7_ to induce two endomorphisms A, €
End(C;) and A_ € End(C_).

Given (M, H), (M, H) two T-dual spaces and a generalized metric (g,b) on M, we can

transport it via , obtaining

A € End(TM)

/\

A+ c End C+ A_ € End(C )

il E

A, € End(C,) A_ € End(C.)

\ /

As e End( TM

In this setting, we can consider A, = J, and A_ = J_ to be the two commuting complex
structures defining a generalized Kéhler structure on M. Since ¢ is orthogonal and so are m,

the metric properties of J; will be preserved when transported via C., so
Je=(fropomi')oJio(fropony!)™

give complex structures on M. We can give an explicit description of J. when choosing 6 to
be a metric connection, that is, 6 = _ 39)9(89, ). For this, we need to describe 74 o ¢ o'
Let X be orthogonal to dy. This in partlcular implies that g;(X) = 0, which simplifies the

computation
Teopomi (X) = Tx 0 (X +ixgs +01(X)0 +ixbs)

B _ B _ B _ ~ 1
Frowomi(0p) =Ty o0y + b1 £ (g1 + 9o 19)) = 7+ (90 13@ +0) = j:g—@g.
0

At this point we shall stress that the T-dual connection to # is not the metric connection of
the T-dual metric. Indeed, since 7+ o p o' (X) = X + by(X)J; is perpendicular to 9;, if we
use the metric connections on both sides, the map 74 o ¢ o w1 acts as the identity from the
orthogonal complement of Jy to the orthogonal complement of J;. Hence, if we denote V. as
the orthogonal complement to span(dy, J10p), we can describe the T-dual complex structures

as
Jy, ifv eV,

jiv = :]:glo(]iag, ifvo= 8(;,
:Fgoaé, if Jiaé.
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Geometrically, we can interpret this in the following way. As M and M are circle bundles, we
can identify span(dy) with span(9;) and their orthogonal complements as TM = TB&R = T'M.
Then j+ is equivalent to J, by stretching the axes dp and J, 0y by a factor of gg, and J_is J_
conjugated and stretched in the same axes.

4.5 Lifted actions and reduced Courant algebroids

In this section we study T-duality from a different point of view, using the reduction process
of Courant algebroids [BCGO07, [Dru]. In order to do this, we need to define some new objects
using the last constructions detailed at the end of Section 4.1.

Let M be a manifold and F a Courant algebroid over M. Let G be a connected, compact
Lie group acting on M by g — 1, € Diff(M). We obtain the infinitesimal action

S g — D(TM)
U +— Upf-

Our first goal is to lift the action of G on M to an action of G on E. From the infinitesimal
perspective, this is equivalent to find a homomorphism g — Der(£) that makes the following
diagram commutative

g —— Der(F) (X, B)

Nl

I(TM) X.

In particular, we will focus on actions by inner symmetries, that is, we will consider g —
['(E) — Der(FE). The reason to do this is that considering only g — I'(E) prevents us to
regard T'M and T*M on an equal footing, since on one hand g has an antisymmetric bracket
but the bracket on I'(F') satisfies a more general condition. We introduce a new object that we
will use to solve this problem.

Definition 4.19. A Courant algebra over a Lie algebra g is a vector space a endowed with a
bilinear bracket [-,-]: a X a and a map p: a — g such that

o [ay, [as, as]] = [[a1, asl, as] + |as, [a1, as]], a1, as,a3 € a;
o p([ar, az]) = [p(a1), plaz)], a1, a2 € a.

A Courant algebra is exact if [a1, as] = 0 for any a1, ay € ker(p) and p is surjective.

The next example shows that we are in the right path, as I'(E) has precisely this structure
in the case that we are interested, the exact Courant algebroids.
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Example 4.20. Let M be a manifold and E a Courant algebroid over M. Consider the exten-
sion of the anchor map p: I'(E) — I'(T'M). Then by definition I'(E) is a Courant algebra over
[(TM). If E happens to be exact, then ker(p) = I'(T*M), and clearly [I'(T*M),I'(T*M)] = 0.
Therefore, I'(E') is an exact Courant algebra over I'(T'M) if and only if F is an exact Courant
algebroid over M.

Now we can define extended G-actions and extended g-actions, which are the previous step
to the aforementioned lifted actions.

Definition 4.21. Let M be a manifold and g a Lie algebra acting infinitesimally on M by
Y: g — I(TM). Given an exact Courant algebroid E over M, an extended g-action on E' is
given by an exact Courant algebra p: a — g together with a linear map x: a — I'(E) which
satisfies the following conditions:

e Y is bracket preserving,
® ad o X|ker(p) = 0,
e Yop=poy.
Recall that we had the exact sequence
0 — QL(M) =5 T(E) 2% Der(E) =5 HA(M) — 0

Using it and the fact that ad o X|xer(p) = 0, we can see that Im(ker|ie(y) € QL(M). By
taking the quotient with respect to ker(p), we can descend the map ad o x to a/ker(p) = g,

ad o x: g — Der(F). This gives us the following commutative diagram

0 —— ker(p) a ? g 0

JXI ker(p) lZ

0—— QL(M) I'(E)—T(TM) —0.

—_—

Definition 4.22. An extended G-action is an extended g-action such that ad o x: g — Der(FE)
integrates to a group homomorphism G — Aut(E).

We will be interested in a particular type of extended actions called isotropic lifted actions,
which come with an isotropic subbundle K; of E. A lifted g-action is a g-extended action
x:a — ['(F) such that a = g and p = id: g — g. If it integrates to a G-action, we call it a
lifted G-action.

Let E be a Courant algebroid over M, ¥: g — I'(T'M) an infinitesimal action of g on M
and let x: g — ['(E) a lifted g-action. We define

Ky ={x(u)(z) € E: (u,x) € g x M}.
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It will be a subbundle if {uy/(z): u € g} has constant dimension when varying x € M. Hence-
forward, we assume that ¥: g — ['(T'M) integrates to a free action of a connected, compact Lie
group G on M. Under this assumption, we get that {uy(x): u € g} has constant dimension
dim g.

Definition 4.23. Let x: g — I'(F) be a lifted G-action. We say that an isotropic splitting
V:TM — E is invariant if V o (¢,), = ¥, 0V for every g € G.

We can restate the condition infinitesimally as V{[uy, X| = [x(u), VX] for every u € g,
X € T(TM). We define &, = mp-p(Pv o x(u)) € Q' (M), so we have Py o x(u) = upr + &,
These elements allow us to characterize invariant splitting via their image under ad.

Proposition 4.24. A splitting V is invariant if and only if ad(un + &) = (unr, 0) for every

u € g. In particular, if H is the curvature of the splitting, £,,, H = 0.

M

Proof. Using &y we can identify F with TM @ T*M. Taking into account that ad(uys,&,) =
(upr, d&y — iy, H), we have to prove that

[ure + &, X = [un, X] = d&, — iy, H =0,
but this is immediate, as
[unr + Enr, X = [unr, X)) — ix (d€y — iy, H).

To conclude, L,,,H = diy,, H + iy,,dH = di,,, = d(d§,) = 0. —~

UmM

As a corollary, we have a description for the B-fields such that V 4+ B is again an invariant

splitting.

Corollary 4.25. Let B € Q*(M) and V be an invariant splitting. Then V + B is an invariant
splitting if and only if £,,, B = 0.

Proof. By changing the splitting V by V+ B, we know that the symmetries change by (X, A) —
(X, A — LxB), so (up,d&y — iuy, H) — (upn, déy — iy, H — L,,,B). Since V is an invariant
splitting, d§,, — t,,,H = 0, so V + B will be invariant if and only it £,,, B = 0. O

We have already mentioned that if the G-action y: g — ['(T'M @ T*M) is free and proper
and is a lift of ¥: g — I'(T"M), then the distribution K; C T'M & T*M is a smooth subbundle.
What we have not said is that both K and KEl are invariant under the G-action. From this
fact we can deduce that the G-invariant sections of K gL are closed under the bracket, and the

G-invariant sections of Ky N K gL are an ideal of the former, so

KJ_
Fra= 5/
T K,NK}
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is a bundle over M /G which inherits a bracket and a nondegenerate pairing. This is a result
that follows from the following theorem.

Theorem 4.26 ([BCGO7]). Consider a free and proper G-action on M and let x: g — T M @
T*M be a lift of this action which preserves the splitting. Then the distribution
1

Eyea = 1 /G
T K,nK}

is a bundle over M /G which inherits a bracket and a nondegenerate pairing. Thus, E,.q is a
Courant algebroid over M /G, which is exact if and only if K is isotropic.

We define the bundle E,.4, together with the inherited bracket and nondegenerate pairing,
as the reduced Courant algebroid, and M,.q = M/G as the reduced manifold. We present
two examples of this construction which will ease the understanding of the particular case of
T-duality.

Example 4.27. Let M be a principal G-bundle and choose a connection 6 € Q'(M;g). We
can understand the extended action x: g — TM & T*M as X + &, where X € I'(TM; g*) and
& e (T*M;g*). It is important to notice that for the generators of the action X + ¢, ix6 =1
and Lx0 = 0. Consider B = (0,) + 3(0 A 6,(¢, X)), and apply the corresponding B-field
transformation to X + &, so we get
. 1. 1

and the 3-form curvature transforms to H,., = H + dB. As shown in the computation, the
extended action after the B-field transformation lies entirely on T'M, so Ky, = T'M and KEL =
TM + Ann(3(g)). Therefore,

Kt Kt
_ g — g ~ ~ *
ey o / G =3 / G = (TM/%(g) ® Ann(2(g))) /G = TM/G & T*M/G,

where M /G is endowed with the 3-form curvature H, 4.

Example 4.28. Let G be a 2k-dimensional Lie group with Lie algebra &, and consider a lifted
G-action on M. Endow & with the pairing (x(-), x(-)), which is nondegenerate and with split
signature. Let Kg be the distribution generated by . As the pairing is nondegenerate on K,
we have that Kg N Kg = {0}, so Kg € Kg. Hence, K¢ is not isotropic, which implies that
E,.q is not exact,
FErea = K@mKl/g K&/g.

Thanks to the split signature of the pairing on Kg, we can decompose it as Kg = K & K.
Then, K+ = K& 4+ K and K+ = Kg + K, which allows us to describe the vector bundle with
symmetric pairing structure of F,.q as

E,«ed%%/g%%/g.
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These are not Courant algebroids because they are not involutive with respect to bracket.

The obstruction to endow FE,.; with a natural bracket can be solved in the following way.
Let us assume that G = G* x G*, so & = g @ §, and asume both g and §. These conditions
allow us to choose a natural isotropic splitting K¢ = Ky @ Kj, and each of the components
now are closed under the bracket, so (K;/K,)/G and (KgL /Kj5)/G inherit a Courant bracket,
and both structure coincide with Ké /G. This discussion can be summarized in the following

commutative diagram

TM & T*M
(K3 /Ky)/G (Ky /Ky)/G

Kg/G.
This is precisely the case where T-duality arises from this point of view.

Theorem 4.29 ([CGII]). Let (M, H) be the total space of a principal 7% x T*-bundle over
B and let x: t* x t* — I'(TM @ T* M) be a lift of the action of T% x T* for which K g is of
split signature and nondegenerate and such that K and Ky are isotropic. Then, M = M/ T*
and M = M/T* are T-dual. Moreover, any T-dual pair arises in this form.

Proof. As shown in Example 4.27, we can perform a B-field transformation so that the lifted
action of T lies entirely on T'M, so without loss of generality, we assume that the action is of
this form. Let H be the 3-form curvature associated to this splitting. Then, for M = M/ T*
we have a 3-form H such that H is its pullback.

Analogously, we can take a T% x T*-invariant form F € Q2(M) and perform the B-field
transformation so the action of T* lies entirely on TM. Then, on M = M/T* we have the
3-form H = H + dF. Hence, M = M xp M and H — H = dF. Since the pairing on Ky, g is
nondegenerate, it turns out that F' is a nondegenerate pairing between Ky and K, so (M, H)
and (M, H) are indeed T-dual.

To prove that any T-dual pair has this form, let (M, H) and (M, H) be T-dual spaces. Let
M = M xg M and consider the lifted T x T*-action x(t,t) = X; —ix, F + X;. Lifting only
the action of T% and T* with this x shows that the corresponding actions are isotropic. This,
together with the fact that F' is nondegenerate, means that the natural pairing restricted to

K, is nondegenerate and of split signature. O

This result gives an intuitive idea of Theorem 4.11, as both Courant algebroids given by the
T*-invariant sections of TM @ T*M and the T*-invariant sections of TM &T* M are isomorphic
to the reduction of M by the full action of T* x T*.
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5 Physics interpretation of T-duality

Following some of the aspects in [Bugl9], we shall give a mild explanation of the physics
interpretation and treatment of T-duality. One way to approach this is to get a simple example
of what physicists call a duality. Let us consider the classical electromagnetic theory in a
vacuum. We have two vector fields in R?, E and B , which we call electric and magnetic field
respectively, and satisfy the so-called Maxwell’s equations,
v.E=0 -vxE=2L v.g-0 vx5=2L
ot ot

where t denotes the time and we have set the speed of light ¢ = 1. If we consider the trans-
formation (E,B) — (B, —E), then it is easy to check that the Maxwell’s equations are also
satisfied. This points out that in reality assigning the label of electric and magnetic field is just

a convention, as we can swap their roles using this transformation.

When working in theoretical physics, systems are studied using a functional .S called action,
which usually is an integral over the coordinates and the time of some function, called the
lagrangian, which depends on the coordinates, the derivative of the coordinates with respect
to time and the time. Let us see what the action of an electromagnetic system in the vacuum.
is. For this, we consider the time as another coordinate, and take the Minkowski space R =
{(t,z,y,2): t,z,y,z € R}, with the metric tensor

1 0 0 0
o -1 0 o0
1o o -1 o0

00 0 -1

In this setting, we can express the electric and magnetic fields as 2-forms,
E = E,dt Ndx + Eydt Ndy + E.dt A\ dz,

B = B,dz Ndy + Bydx N\ dz + B.dy N dx.
We can sum both forms to obtain what is called the field strength tensor,

0O E, E, E,
~E, 0 -B. B,
~E, B. 0 -B,
~E. -B, B, 0

We can now write the action in terms of F,

1
S——- [ FAxF
4/ o
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where * denotes the Hodge star operator with respect to the Minkowski metric 7. It is easy to

check that
0 -B, —-B, —B,
B, 0 -E, E,
B, E, 0 Y
B. -E, E, 0

which agrees with the transformation (E, B) — (B, —F). Then, by transforming the strength

*F =

field tensor in this fashion, the action changes by a total minus sign

1 1
):—Z/*F/\F:Z/F/\*F:—S.

As the dynamics of the system is found by extremizing the action, a global sign does not have

S

Il
|
—
S|
>
>
S|
1
!
Il
|
—
>
eS|
>
X
*
T

any effect, so we say it is a symmetry of the system, and it leaves the action invariant. This
kind of duality between the electric and magnetic fields that preserves the action gives a nice
intuition of what will happen in T-duality.

It may be insightful to spend some time describing the first appearence of T-duality in
phyisics. Let us consider a closed string embedded and moving in a target space M = R124x St

We can describe its movement using a map
X:X— M,

where Y is a 2-dimensional space, in fact, a 1+1-dimensional space, as we have 1 component to
describe the time, 7, and another one to describe the point on the string, 0. We can decompose
X in coordinates, X(1,0) = (X°(1,0),...,X*(7,0),X*(1,0)). Regarding the structure of
M, we want to impose an especial condition to the last coordinate:

X®(1,0 4 21) = X*(1,0) + 2rmR.

The meaning of this constraint is very easy to understand. As the 25-th coordinate takes values
in S, we require some kind of periodicity. Geometrically speaking, we have to wrap the string
around this S*, stretching it if needed, so that when we advance by 27 on the spatial coordinate,
the string wraps around the S* m times. We call this m € Z the winding number, and R is the
intrinsic radius of the S?.

The kinetic energy of the string, using the Einstein summation notation, can be written as
T = h* N —hg,, 0a X 05 X",

where g, is the metric tensor of M, h,g is the intrinsic metric of the worldsheet of the string,
that is, the surface it describes as it moves, h®? is its inverse, and h is the determinant of the
intrinsic metric. We introduce the minus sign as the signature of the metric is (1,1). In this

case, the lagrangian is equal to the kinetic energy, so we can write the action as follows:
1

S = / (RN —hg,, 0, X 05 X" )drdo,
AT\ Js
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where the constant is added for physical purposes we do not care about for the moment.
By extremizing the action, we obtain the so-called Euler-Lagrange equations, which are the
equations of movement of the string in this case. The relevant term for our case is the solution
for the 25-th coordinate. The solution can be described as the sum of two terms, which can be
interpreted as waves propagating to the right and to the left,

1 1
XB = X% 4 ) <2 + m_R) + oscillator terms

2 2°\R " X
1 1 R
Xy = §X25 + 5/\ (% — mT> + oscillator terms.

Here, n € Z is the quantum number associated to momentum in the compact direction S?,
which can be interpreted as the mode of vibration. Having the solutions for the equations of
motion, one can compute the momentum, and then compute the spectrum of the masses that
are allowed for the string by means of the equation E? = M?c* 4+ p*c?, which relates the energy
of the string with its mass and momentum. Since we have set ¢ = 1, we have

n?  m2R? 2 -

2 _ —
M——pup“—ﬁ—k 32 —i—a(N—f—N—Q).

We shall focus on the first two terms. In the first term appears n, which indicates that it is
the momentum contribution to the mass, while in the second term appears m, so it must have
some relation with the fact that the string wraps around the S!. To understand this term,

we shall stress that strings have an intrinsic tension T' = so stretching it will increase its

1
277
energy. As the string is wrapping m times around an S! with radius R, at least its length
must be [ = 2rmR. Hence, if the string has no momentum, we have that its minimum mass
isM=1-T= mTR. Thus, the second term is precisely the contribution to the energy of the

wrapping.

Now is the time to introduce the T-duality. Let us consider the set of transformations

A
RHE, ne—m, mn.

It is an easy computation to check that the mass spectrum remains invariant. This means that
if the string were moving on another target space M’ = R?* x S! where the radius of St is
A/ R, we would not be able to tell both theories apart, or in other words, the theories are dual.

In fact, T-dual, as we shall recognise much better later.

We are now going to derive the so-called Buscher rules. For this, we consider a more
general setting than before. Let X : > — M be the map describing the movement of a string,
where (X, hapg) is a 2-dimensional Lorentzian manifold and (M, g,,) is a (pseudo)-Riemannian

manifold, which comes equipped with a B-field, that is, a locally defined two-form. In this case,
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we have the action
1

S = 1 | (" =hgu0.X"95X" + & B,,0,X"05X")drdo
T Js

1
=1 / Gud X" NxdX"” + B, dX" NdX".
b
Let v = v'0; be a vector field on M and € a constant parameter, and set the transformation
(X")" = X'+ v'e. We write this as §.X = v'e. We can compute how this changes the action.

565 = / E(ﬁvg)Z]dXZ A *de + C(EUB)z]dXZ A dXJ
b

Hence, the action is invariant under this transformation (6.5 = 0) if and only if £,g = 0 = L, B.
We can take benefit from the first fact, as the condition £,9 = 0 means that v is a Killing vector,
so it generates a one-parameter group of isometries. Assuming that the system has at least one
continuous isometry, we can perform a change of coordinates such that {X*} = {X* 6} and
v = 0y. Hence, the isometry in this case is just a translation 6 +— 6 + e¢. Let us also assume
that Ly, B = 0. We have that

5. X'=0, 00 =ce.

In order to obtain the Buscher rules, we have to allow € to depend on the worldsheet coordinates,
€ = €(1,0). When we do this, we need to make a small adjustment, known as as gauging, in
order to keep the action invariant. Let A be a field such that §.A = de, and set the covariant
derivatives as

dX'+— DX'=dX', dfw— DH=db— A.
Then, we can rewrite the action as

1
S = e /gw,DX“/\*DX”—i—BWDX“/\DX”
s

which preserves the original form. In addition to this, consider also the term

i/fé,
T Js

where F = dA and 6 is an auxiliary field such that 6.0 = 0. In summary, what we have is a
new action )
S = yp gWDX“/\*DX”—kBWDX“/\DX”—i-—/.7:9
™

which is invariant under the local gauge transformation
6.X'=0, 60=¢ OA=de, 0.0=0.

If we find the equations of motion for the gauge field A and substitute it again in S, we can

rewrite it as .
S = o / GudX* AxdX? + B, dX" AdX?,
T

29



where {X*} = {X*, 6}, and the fields g,,, B, satisfy

. 1 . Big
966 — —> Gip —
o 9oe o 9oo

A

1
s Gij = 9i5 — —(iegje — Bie Bja);
oo

A gi A 1
B,y = _97 Bij = Bij — —(Biegjo — gie Bjo)-
9oo 9oo

These are the famous Buscher rules, which can be easily compared to the ones we obtained in
Example 4.17, and the fundamental example which arises in string theory. As a last remark, if
we consider that the target space M is a cylinder with a flat metric, given by the line element

ds® =) (dX')* + R%d6”,

and the zero B-field, we have that g;; = d;; and ggy = R?. Then, applying the Buscher rules,
we obtain §;; = g;; and gz = R™?, which establishes the relation R +— \/R we found in the

previous example, as we have set A\ = 1.
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6 Conclusions and further developments

As we have seen, we have come a long path to understand the concept of T-duality through
generalized geometry. We have stated a precise definition of the notion of T-duality and given
a characterization of it in terms of an isomorphism between the Courant algebroids over the
torus bundles. This isomorphism turns out to be the key element to transport geometrical
structures between the bundles, which leads to some interesting new paths to investigate both

in theoretical physics and mathematics.

From the physics point of view, some generalizations have been recently developed. As an
example, in [BEMIS], a generalization of T-duality called spherical T-duality is developed. In
this case, torus bundles are replaced by S3-bundles and the 3-forms H are now 7-forms, which
are exchanged by the duality with the Euler class. Moreover, the duality provides other nice
results, as the fact that the Pontryagin class as well as the second Stiefel-Whitney class are
fixed.

Regarding the algebraic topological and geometrical aspects that arise from the notion of
T-duality, some K-theory can be used to go further. In [BEMIS§|, a Fourier-Mukai transform
between the K-theory of trivial SU(2)-bundles is developed, and some of the related results
can be extended to higher dimensions. In a similar fashion, in [LSW20] spherical T-duality is
treated from the K-theory point of view, showing that any cohomology theory which admits
T-duality between S?-bundles with ¢ > 1 has to be rational.

When it comes to the differential geometrical approach, some developments have been done
in [MP16], showing that not only geometrical structures are carried by T-duality but also su-
persymmetry, by exchanging complex supersymmetric systems with symplectic supersymmetric
systems. Aside from that, in [GES20], an interplay between the generalized Ricci flow, which
is a partial differential equation for a generalized metric, and the T-duality is stated, showing
that solutions of gauge-fixed generalized Ricci flow and generalized Einstein pairs are exchanged
under the duality.
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