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The Hermitian symmetric space Sp(2n,R)/U(n).

GL(n,R) is the non-compact dual of U(n)
(the isometry group of its Shilov boundary)

HSS ⇒ correspondence
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And two exceptional cases:

I E−14
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How many groups of Hermitian type?
Using Cartan’s classification, there are four classical families:

I SU(p, q)

(tube when p = q)

I Sp(2n,R)

(tube)

I SO0(2, n)

(tube)

I SO∗(2n)

(tube for n even)

And two exceptional cases:

I E−14
6

(non-tube)

I E−25
7

(tube)
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Tube-type case

Ad(c)4 = Id = Ad(c2)2 gives h = h′ + im′.

Non-compact dual: h∗ = h′ + m′ .

H∗ ⊂ HC, H ′ = Stab(eΓ), h′ = Ann(eΓ).

The cone is Ω ∼= H∗/H ′0, dual of Š = H/H ′.

ad(eΓ) defines m′C ∼= m+, Ad(H ′0) -equivariant.

Moreover, m+ is a Jordan algebra (triple) ⇒ det : m+ → C
rank on m+

det(eΓ) = 1, m+
D 6=0
∼= HC/H ′C
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ad(eΓ) defines m′C ∼= m+, Ad(H ′0) -equivariant.

Moreover, m+ is a Jordan algebra (triple) ⇒ det : m+ → C
rank on m+

det(eΓ) = 1, m+
D 6=0
∼= HC/H ′C



Tube-type case

Ad(c)4 = Id = Ad(c2)2 gives h = h′ + im′.

Non-compact dual: h∗ = h′ + m′ .

H∗ ⊂ HC, H ′ = Stab(eΓ), h′ = Ann(eΓ).

The cone is Ω ∼= H∗/H ′0, dual of Š = H/H ′.
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ad(eΓ) defines m′C ∼= m+, Ad(H ′C)-equivariant.

Moreover, m+ is a Jordan algebra (triple) ⇒ det : m+ → C
rank on m+

det(eΓ) = 1, m+
D 6=0
∼= HC/H ′C



Tube-type case

Ad(c)4 = Id = Ad(c2)2 gives h = h′ + im′.

Non-compact dual: h∗ = h′ + m′ .

H∗ ⊂ HC, H ′ = Stab(eΓ), h′ = Ann(eΓ).

The cone is Ω ∼= H∗/H ′0, dual of Š = H/H ′.
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ad(eΓ) defines m′C ∼= m+, Ad(H ′C)-equivariant.

Moreover, m+ is a Jordan algebra (triple) ⇒ det : m+ → C
rank on m+

det(eΓ) = 1, m+
D 6=0
∼= HC/H ′C



Tube-type case

Ad(c)4 = Id = Ad(c2)2 gives h = h′ + im′.

Non-compact dual: h∗ = h′ + m′ .

H∗ ⊂ HC, H ′ = Stab(eΓ), h′ = Ann(eΓ).

The cone is Ω ∼= H∗/H ′0, dual of Š = H/H ′.
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Lifting of χT to the group HC

Smallest rational multiple qT · χT lifting

qT =
l · N

dimm · o(e2πJ)

where l := |ZC
0 ∩ [HC,HC]|

and o(e2πJ) depend genuinely on the group,

while N and dimm depend on the algebra
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In any case, for m ∈ m+,

Ker(ad m|hC)⊕ Im(ad m|m−) ⊂ hC

defines a parabolic subalgebra, and corresponding subgroup P.

For β ∈ H0(EK (m+)),

Ker(adβ|E(hC))⊕ Im(adβE(m−))⊗ K−1 ⊂ E (hC)

defines a reduction to P, thanks to G/P compact.

χT − χT ′ is an antidominant character of P
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β gives a reduction to P

(same for γ)
χT − χT ′ is an antidominant character of P

det(h · X ) = χT (h) det(X )

α-semistability

Theorem (α-Milnor-Wood inequality)

Let α ∈ iz such that α = iλJ for λ ∈ R. Let (E , β, γ) be an
α-semistable G-Higgs bundle. Then, the Toledo invariant
d = 1

qT
deg(E (χ̃T )) satisfies:

− rk(β)(2g − 2)−
(

2 dimm

N
− rk(β)

)
λ 6 d

d 6 rk(γ)(2g − 2) +

(
2 dimm

N
− rk(γ)

)
λ.
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G of tube type



Mmax(G ) −→ MK 2(H∗)

E HC-bundle

F H ′C-bundle

β ∈ H0(E (m+)⊗ K )

ϕ ∈ H0(F (m′C)⊗ K )

γ ∈ H0(E (m−)⊗ K )

β ≡ eΓ,m
+
D 6=0
∼=

HC

H ′C
, β̄ ∈ H0(EK

/C∗(HC/H ′C))

m− ∼= (m+)∗,m+ ∼= m′C, γ ∈ H0(F (m′C)⊗ K 2)
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Theorem (Cayley correspondence)

Let G be a simple Hermitian group of tube type and H be a
maximal compact subgroup. Let H∗ be the non-compact dual of H
in HC. Let J be the element in the centre of the Lie algebra g
giving the almost complex structure on m. If the order of
e2πJ ∈ HC divides (2g − 2), then there is an injection of complex
algebraic varieties

Mmax(G )→MK2(H∗).

Moreover, stable G -Higgs bundles correspond to stable K 2-twisted
H∗-Higgs pairs.
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Gothen, Mundet i Riera),where it is actually a homeomorphism.

Main novelties of our approach:

I General proof using the Jordan algebra structure of m+ and
the geometry of the Hermitian symmetric space.

I Extension to exceptional groups, quotients and coverings.

I Role played by invariants of the group , e.g., o(e2πJ).



Already known in the classical cases (Bradlow, Garćıa-Prada,
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G of non-tube type
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Theorem
Let G be a simple Hermitian group of non-tube type and let H be
its maximal compact subgroup. Then, there are no stable G -Higgs
bundles with maximal Toledo invariant. In fact, every polystable
maximal G -Higgs bundle reduces to a stable NG (gT )0-Higgs
bundle, where NG (gT )0 is the identity component of the
normalizer of gT in G .
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