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Outline

@ The stochastic heat equation in [0, 1]: large deviations, comparison theorem and
some generalizations

@ One-dimensional stochastic wave equation
@ SPDEs in dimension d > 1: spatially correlated noise

The stochastic heat equation in R?, d > 1

The stochastic wave equation in R?, d € {1,2}

The stochastic wave equation in R®: extension of the stochastic integral
General result on existence and uniqueness of solution

vVYyVvVvyly

L. Quer-Sardanyons (UAB) 2/51



Large deviations

Recall that we are dealing with the SPDE:

u(t, x) = / Uol(y) Ge(x, y)dy + / / Grs(x,y)o(u(s, y))W(ds, dy).

Let us consider the stochastic integral term:

V(t,x) / / Ge_o(x,y)o(u(s, y))W(ds, dy).

Theorem
There exist constants Cy, C, > 0 such that, for all A > 0:

P sup  |V(t,x)| >\ < Cre %Y.
(t,x)€[0,T]x[0,1]
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The proof is based on a generalization of the so-called Garsia-Rodemich-
Rumsey lemma, thanks to Arnold-Imkeller (1996) and also Funaki-Kikuchi-Potthof
(2006):

Lemma

LetI=[0,T] x [0,1] and g : | — R continuous. Assume that there exist two increasing
functions ) and p with p(0) = 0 and lim;_. ¥(2) = +oc0, and such that:

lg(t, x) — g(s, y)l
B:= //w( (t—sPr T x = ylp2)) dsdydxalt < oo,

where py, p2 > 0. Then, for all (t, x), (s, y) € |,
|t=slP Hx—ylP2 B
9(tx) gy <K [ T ) plah).
0 rP1

@ This deterministic result is used to prove the Kolmogorov criterium.

R
@ Up to some constant, r# 72 is the area of the region determined by the points
(f,x) such that [t]P* + [x|P2 < r.
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Sketch of the proof (large deviations):

The idea is to apply the above lemma with g = V, ¢(z) = ezz, p(z)=zand py = 1,
4

pz = 3. Then:

. 2
B= / / exp |V(t’x1) Vis.y )J - | dsayaxat.
e (1= sl Ix - pE)

@ Using the martingale property of the stochastic integral and the fact that the paths
of u are Holder-continuous, we see that E(B) < oc.

@ Applying the lemma we end up with:

sup |V(t,x)| < C|log B|?, P-as.
(t,x)€[0,T]x[0,1]

@ Eventually, we apply Chebychev inequality with the function v:

€[0,T]x[0,L]

P( sup  |V(t,x)| > A) < Cre .
(t,x)
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Comparison theorem

Mueller (1991) and Donati-Martin and Pardoux (1993) prove the following:

Theorem
Let u;, i = 1,2, be solutions of the stochastic heat equation
1 t 1
u(t.0 = [ winGix )y + [ [ Greslxyotuls,y)wids. o),
0 0 Jo

with initial condition uy ;, i = 1,2, respectively. If up1(x) < uo2(x) for all x € [0, 1], then
U1(t, X) < U2(t, X)7

forallt > 0 and x € [0,1], P-a.s.

@ Discretize the equations — system of stochastic differential equations (not
partial),

@ apply the comparison theorem for (ordinary) SDEs.
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Generalizations

We have studied the equation:

u 8u

(X =55

u(0, x) = wp(x), x € [0,1], u(t,0)=u(t,1)=0, t>0.
We have given a sense to it through the mild formulation:

(t,x) + o (u(t, x))W(t,x), t>0, xe0,1], (1)

1 t 1
ut.0 = [ w)Gendy+ [ [ Gslxy)otu(s.y)Wids. ).
0 0o Jo
@ We may add a non-linear term b(u(t, x)) (drift, b Lipschitz) to eq. (1):

t 1
/ / Gi—s(x, y)b(u(s,y)) dyds  (pathwise integral).
0 Jo

@ The coefficients b and ¢ may depend on (¢, x, u(t, x)).
@ Neumann boundary conditions: 2%(t,0) = 2¥(t,1) = 0.
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The stochastic heat equation in R

Using the same techniques, we can deal with the SPDE:

auﬂx)zg%UJ)+MU@XD+UWUJ»WUJL t>0, x €R,

ot

u(0,x) = w(x), xeR.
The associated stochastic integral reads:

t
Ut x) = / Uo(y) Gi(x — y)dy + /0 / Ges(x — y)o(u(s, y))W(ds, dy)

* /o /]R Gi—s(x — y)b(u(s, y)) dyds.

where here G;(x) is the fundamental solution of the heat equation in R (heat kernel):

1 2
Gi(x) = e .
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The stochastic wave equation

Almost all the results obtained for the stochastic heat equation are also valid for the
one-dimensional stochastic wave equation:

U120 = TY(1x) + b{u(t.) + (Ut OW(L ), >0, x€[0.1]

uo,x) = 30, =0, xe[o,1],

with Dirichlet (or Neumann) boundary conditions:
u(t,0)=u(t,1)=0, t>0.

As before, W denotes the space-time white noise. The mild solution is given by:
t 1
u(t, x) = / / Fes(X, y)o(u(s, y)) W(ds, dy)
0 Jo
t 1
+ [ [ resteybtuts.y) dyds,
0 JO
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where T'¢(x, y) is the Green function of the wave equation in [0, 1] with Dirichlet
boundary conditions (its expression is a bit nasty).

Or one may also consider the stochastic wave equation in R:
t
u(t.0) = [ [ Fieslx = y)otu(s. y)) W(ds. )
0 JR

- ' | Test = piets. ) oy

where I'¢(x) is the fundamental solution of the ware equation in R:
1
2

Thus, (s,y) — Tt—s(x — y) is the indicator function of the (inverted) light cone with
apex (t, x)

I',(x): 1{\x|<t}, t>0 xeR.

— R. Carmona and D. Nualart. Random nonlinear wave equations: smoothness of
the solutions. Probab. Theory Related Fields 79 (1988), no. 4, 469-508.

L. Quer-Sardanyons (UAB) 11/51



What if x € R??

Consider the following stochastic heat equation:

ou

o2u
8t(t X) = 82(z‘x)ﬁ—az(z‘x) + W(t,x), t>0, x=(x,x)" €R?

u(0,x) =0, x € R®.

@ W stands for a white noise in R, x R2.
@ In general, on RY, the operator A := Zf; 3872.2 is called the Laplacian.

The mild solution would simply be

u(t, x) = /'t '2 Gi—s(x — y)W(ds, dy),

where G(x) is the heat kernel in R?:

and | - | denotes the euclidean norm in R?,
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In order that {u(t, x), (t,x) € R. x R?} defines a mild solution, we only need to check
that the stochastic integral

uUX‘//GmU y)W(ds, dy)

is well-defined.
@ for all (¢, x), u(t, x) is the Wiener integral of Gi—.(x — %):

u(t,x) = W(Gr—.(x — %)).

@ Hence, u(t, x) is a mean zero Gaussian random variable.

Its variance is given by:

E(u(t, X)) // 1Grs(x— )P dyds—// 1Go(y)? dyds

= . _T = 1 ds = "
/0/]];{21671'2326 2 dyds C/Os ds = +ool!ll

— there is not a mild solution of the stochastic heat equation in R2.
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We have exactly the same problem for the stochastic wave equation in R?:

&u

W(t’ x) = Au(t,x) + W(t,x), t>0, x € R?

w00 =20x=0 xer

Mild solution:
t .
u(t)= [ [ Treste- yyWids, o) = W (i (x = ),
0 JR
where here I'1(x) is the fundamental solution of the wave equation in R?:

1 1
F(x) = g\/ﬁ1 {x1<t}y

Then

2 1/t 1
Elu(t, )" = m/o /R (= — [x— ypp | (i<t dyds =+oo.
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Spatlally Correlated nOiSG (Dalang and Frangos 1998, Dalang 1999)

In order to obtain well-defined random field solutions, we consider a slightly more
regular noise W(t, x):

@ Mean zero Gaussian noise W(t, x) with covariance (formal):
E(W(t,x)W(s,y)) = ot —s)f(x —y), (t,x)eRy xR?  (d>1)
@ White correlation in time (Brownian) and colored in space.

More rigorously: let {W(y), ¢ € D(RI*")} be a family of mean zero Gaussian r.v. with
the following covariance functional:

EWW() = [ ot [ dx [ dyeltitx—pyiity)

_ /}R+ dt/R+ ds/Rd dx/Rd dy (1, x)3o(t — )f(x — Y)(t, y),

@ f:RY — R, is continuous in RY \ {0}.
@ Covariance functional = f symmetric.
(usually we write W())
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Remarks
E(W(p)W(y /Rdt/ dx/ dy o(t, x)f(x — y)u(t,y)

@ We say that W is a spatially homogeneous noise.
@ The case f bounded has been treated by Mueller 1997.

@ Applications to physics: spatial correlations of larger order than those of time =
better models than the space-time white noise.

@ Indeed, one may consider even a more general correlation: non-negative
tempered measure.

The spectral measure associated to the noise:
There exists a non-negative tempered measure p such that 7p = f. Namely:

1
. Wu(dﬁ) < oo, forsome k>1,
R

Fu=te [ f00oa= [ Fo©ude). oeSE).
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By means of a change of variables and applying that 7 = f, we obtain:

EWeWw) = [ ot [ ox [ ay et 0yt

:/]R+ dt/Rd dy f(y)/Rd dx o(t, XY (t, X — )

= [ et [ i (e=50) 1) G(t) = vt )
= [ e [ meoraneFDE

In particular:

E(W(p)P) = / ot / AIFADEF, ¢ € DE)
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Examples

@ The space-time white noise: f(x) = o(x)
EW(eW() = [ ot [ o [ oy eltx)bolx — »)(t.y) = (0 0)age.ne
Ry R R
The spectral measure . is the Lebesgue measure on R? and

E(IV'V(W)IZ):||<p||f2(R+de)=/]R IF (Ol Z2esy ot (Planchere).
+

@ The Riesz kernels: for x e R? and 0 < o < 2 A d, let £, (x) = |x| . It holds that
fo = Ffy_a, thus:

EW)R) = [ ot [ o [ dyeltolx—yI(ty)

_ / dt / L de [¢* I F (e
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The isonormal process

@ Let H be the Hilbert space which is the closure of S(R?) with respect to the inner
product

<¢17¢2>’H = /Rd dX/Rd dy ¢1 (X)f(X _y)¢2(y)7 ¢17¢2 S S(Rd)

The space H is sometimes called the reproducing kernel Hilbert space. Set
Hr = L([0, T]; H).

@ Fix T > 0. Then the map ¢ — W(cp) defines an isometry:
(S®). Il ) — (L)1 2o
where

)
Ihl2,, = / Ih(s)2, ds.

© This let us extend W(¢) to a mean-zero Gaussian family { W (h), h € Hr} such
that:

E(W(WW(@) = (h g, = | (a(s).h()nds, g.he Hr.

R4
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The martingale measure

Using an approximation argument by means of smooth functions, we prove that H
contains elements of the form h = 1, with A € Bo(R?). Then

Wi(A) == W (1p0,9()1a(x)),  t>0, A€ By(R%
defines a worthy martingale measure with respect to the natural filtration.

The covariance measure coincides with the dominant measure and they are given by:

Q0. x A x B) = (WA WB): =t [ o [ oy 14()f(x = y)e().

Hence, we can define the stochastic integral
t
(v wWiA) = [ [ Yisywds.ap). teo.T] Ac Be),
0 JA

provided that { Y(s,y), (s,y) € [0, T] x R?} is a predictable process such that:
T
E (/ ds/ dx/ dy |Y(s,x)|f(x—y)|Y(s,y)|) < +o0.
0 R R
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Remarks

@ The isonormal process {W(h), h € Hr} would let us apply the techniques of the
Malliavin calculus.

@ As mentioned before, in the case of the space-time white noise, we have
H = L2(R?). However, in the present situation, H is a larger space and indeed
may contain distributions:

(0n. v = [ o [ dy n(0f(x = y)ea(y)

— [ )7 (©F5(©. 1,02 € SE)
R
@ The space H can be identified with the elements ¢ such that

19l = | | (de)iFo(©) < +oc.

Later on, we will give examples of ¢ that are not functions.
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The stochastic heat equation in R

%(l‘, x) = Au(t,x) + W(t,x), t>0, xeR’,

u(0,x)=0, xeR%

Here, W stands for the spatially homogeneous noise on RY. The mild solution, if
exists, is given by the Wiener integral

t .
u(t)= [ [ Groslx - y)Wids,dy) = W(G-(x— ), (t.x) € [0.T] x B,
0 R
where Gi(x) = (471)~%2 exp (—%) This is well-defined provided that

t
/ ds/ dy | dz Gi—s(x — y)f(y — 2)Gi—s(x — 2) < 400,
0 i

Rd

because, for any t > 0, Gi(x) € S(RY). This exhibits the relation between the
differential operator and the noise.
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Let us express this condition in terms of the spectral measure p (recall that 7f = p):
again because Gi(x) € S(R?), we have

/otds/Rd dy/Rd dz Gi—s(x — Y)I(y — 2)Gi—s(x — 2)
- /o ds/Rd H(dE)|FGs(x = )OI = / ds / 1(dE)| FGe(€)P

:Atds/nad“(dg)efgﬁzs'ﬂz / wde) g 2|§\2 (1-e7F).

The latter expression is finite if and only if

/‘d ] +1|€‘2 u(dg) < +oo (forall d>1)

Recall that | - | denotes the Euclidean norm in R°.
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The condition ]
——— u(df) < 2
|, g ) <+ @
can be expressed in terms of f, but we do not have such a unified expression:

@ If d =1, (2) is always true.
@ If d =2, (2) is equivalent to

/ f(x) log 1 dx < 4o0.
x| <1 x|

@ If d > 3, (2) is equivalent to

/ F(X) s dx < +oo.
x| <1 x|

This has been proved by Dalang 1999.
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Mild solution

gf(t X) = Au(t,x) + b(u(t, x)) + o(u(t, X)) W(t,x), t>0, x € R,

u(0,x) = up, xeR?
@ Wisthe spatially homogeneous noise on R°.

@ b,o: R — R are Lipschitz functions.
@ The initial condition g : RY — R is measurable and bounded.

By definition, the mild solution is an adapted process {u(t, x), (t,x) € [0, T] x R?}
satisfying:

u(t, x) = (Gr * Uo)(x) + / / Gi—s(x — y)o(u(s, y))W(ds, dy)
+ /0 /}Rd Gi—s(x — y)b(u(s, y)) dyds. @)
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Existence and uniqueness of solution

Theorem
Assume that b, o are Lipschitz, uy is measurable and bounded and that

[ oo (o [ a [ uderraer <)

Then, there exists a unique mild solution to equation (3). Moreover, for allp > 1:

sup  E(Ju(t, x)I°) < +oo.
(t,x)€[0, T] xR

— Dalang 1999, Dalang and QS 2010.
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The proof is based on a Picard iteration scheme and the following version of the
Gronwall lemma:

Lemma (Dalang 1999)

Letg: [0, T] — R be a non-negative function such that

;
/ g(s)ds < +oo.
0

Let{f,, n> 1} be a sequence of non-negative functions on [0, T] and ki, ko > 0 such
that, forall t € [0, T]:

f(t) < ki + /t(k2 +ry(s))g(t — 5)d.
0

Then

sup sup fr(t) < oo
n>0 te[o,T]

andifki = ke = 0, then 3~ ., fa(t) converges uniformly [0, T].
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The stochastic wave equation with d € {1,2}

= (t,x) = Au(t, x) + b(u(t, x)) + o(u(t, x))W(t,x), t>0, xR

u(0,x) = (0 x)=0, xeR? (forsimplicity).

The mild form is given by:
t
utx) = [ [ Tax= pyo(uls.)Wids.dy)
t
[t yptus,y)) dyas,
0 JRA

where the fundamental solution I'Y(x), d € {1,2} is given by:

1 1

]
ri(x)= 51{|x|<t}7 F2(x) = 5

2r /2 — |X|21{‘X|<'}'
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Dalang 1999: under the condition

)
/ dt / W(E)| FTOR < +00  (d=1,2) (4)
0 RA

there exists a unique mild solution with uniformly finite moments of any order. Indeed,
condition (4) is also equivalent to

1
/]Rd TIEp p(d€) < +oo.

This is because there is a unified expression of FT'¢ for any dimension d > 1:

sin(2rt|¢])

FriE) = o

so that one proves:

C /T sin?(2rt|¢]) Co
< dt < .
T+ = Jo  4m?lE? T+ ER
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Remarks

@ Stochastic heat equation with d > 1: the path properties have been studied in
Sanz-Solé and Sarra 2002.
@ Stochastic wave equation with d € {1,2}:
» d = 1 with the space-time white noise: Carmona and Nualart 1988.
» d = 2 with the spatially homogeneous noise: Mueller 1997, Dalang and

Frangos 1998 and Dalang 1999.
» Path properties: Dalang and Sanz-Solé 2005.

@ Extension to other types of SPDEs: the damped wave equation (Dalang 1999):

2 7
%(t, X)+ c%(t, X) = Au(t,x), Xx€RY d>1,

where ¢ # 0. The condition [.,(1 + |£]) ™" u(d¢) < oo is also sufficient to have
existence and uniqueness of mild solution.
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Recall

@ We have considered the stochastic heat and wave equations with space
dimension d > 1 and d € {1, 2}, respectively.

@ The noise W is white in time and with a spatially homogeneous correlation f,
whose spectral measure is p:

E(W(t,x)W(s,y)) = bo(t — S)f(x - y)

@ We have obtained existence and uniqueness of mild solution provided that

1
/Rd T G w(d€) < +o0.

@ The stochastic integral in the mild form is with respect to the martingale measure
associated to the noise.
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Problem!

Consider the stochastic wave equation in R® (we take b = 0):

52u p 3

e (t,x) = Au(t, x) + o(u(t,x))W(t,x), t>0, xR’
u(0,x) = (0 x)=0, xeR.

The mild solution should be given by the solution of

u(t, x) = / / [ (x — y)o(u(s, y)) W(ds, dy)

where '}(x) is the fundamental solution of the wave equation in R:

]
3—7
= 2n

where o; is the uniform surface measure on the 3-dimensional sphere of radius t. Thus
r? is a measure!

With respect to the martingale measure associated to W, we are only able to integrate
functions!
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In order to be able to study mild solutions to the stochastic wave equation in R®, we
need to extend the stochastic integral:

t
/ Y(s,y)W(ds, dy),
0 JR3

@ the integral takes values in R, but
@ the process Y satisfies that, for any t > 0, Y(t) does not need to be a function

Extensions of the stochastic integral:

@ Dalang 1999: extension of Walsh stochastic integral with respect to worthy
martingale measures.

@ Nualart and QS 2007 (also Dalang and QS 2010): stochastic integral with respect
to the cylindrical Wiener process associated to W, covering Walsh and Dalang’s
integral.
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Cylindrical Wiener process associated to W

@ Hilbert space #: the completion of S(R?) with respect to
(D1, 2)1 = /d dx/d dy ¢1(X)f(x = y)ee(y),  ¢1,¢2 € S(RY).
R R

We set Hr = L2([0, T]; H).
@ We had {W(h), h e Hr} the isonormal Gaussian process associated to W:
mean zero Gaussian family with

E(W(h)W(h)) = (M, h2)wy, hy,he € Hr.

Definition
We define: .

Wi(g) = W(1p()9(x)), t€[0,T], ge™.
Then, {W;(g), t € [0, T], g € H} is called a cylindrical Wiener process on the Hilbert
space H: for any g € H, {Wi(g), t € [0, T]} is a Brownian motion with variance t| g||3,
and

E(Ws(g1)Wi(92)) = (S A 1)(91, G2) -
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Stochastic integration

@ There is a natural and simple procedure to define stochastic integrals with
respect to W;i(9g).

@ The space of square-integrable processes taking values in the Hilbert space H is
denoted by L?(Q x [0, T]; H).

@ Let (e1)n>1 be a complete orthonormal system of H.

Definition

Let Y = {Y(s,y), (s,¥) € [0, T] x R} be a predictable process in L>(Q x [0, T]; H).
The stochastic integral of Y with respect to the cylindrical Wiener process W;(g) is
defined by

R ;:Z/O (Y(S), en)rcdWs(en)

16 integral

One proves that the series converges in L2(Q) and the limit does not depend on the
chosen CONS.
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Remarks

@ We also use the notation:
t
// Y(s,y)W(ds,dy) = (Y- W), te[o,T],
0o JRrd

@ {(Y W), F, te|0,T]}is asquare-integrable martingale.

@ Isometry property: let M be the space square-integrable and continuous
martingales X = {X;, t € [0, T]} endowed with the norm || X|| := E(|Xr|?). Then,
the integral defines an isometry

L2 x [0, T);H) — M

That is:

)
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(Y- W), ;:Z/O (Y(S), €n)rdWa(en)

@ This integral could have been defined following the usual procedure: simple
processes...

@ Let {Wi(A), F:,t€[0,T],A€c Bo(RY)} be the martingale measure associated to
W. Using Walsh integral, recall that we can integrate any function-valued process
Y (s, y) such that

E</0Tds/Rd dx/Rd dy \Y(s,x)|f(x—y)|Y(s,y)|) < to0. (5)

Proposition (Nualart and QS 2007, Dalang and QS 2010)

If Y is a predictable process satisfying (5), then Y belongs to L?(Q x [0, T]; H) and the
stochastic integrals coincide.

We have an analogous result for Dalang’s extension of Walsh stochastic integral.
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@ From now on, all the stochastic integrals will be considered with respect to the
cylindrical Wiener process {W;(9g), t € [0, T], g € H} associated to the noise W.

@ Recall that we aim to give sense to integrals of the form

[, stenzts.ywias.ap).

where S(s) may not be a function and Z is some real-valued process.
@ For example, in the case of the stochastic wave equation in R:

1

S(S) = mgt—s

Z(s,y) = o(u(s,y))

and o; is a measure.
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Examples of integrands

(H) Lett+— S(t) be a deterministic function such that, for all ¢, S(t) is a non-negative
distribution with rapid decrease such that

/Tdt/du(df)\]-'S(t)(f)lz <400 sup S(LRY) < +oc.

te[0,T]

@ S(t) non-negative distribution with rapid decrease: non-negative measure on R
such that

/ (1 + [x[?)* S(t,dx) < 400 forall keN.

R

@ The fundamental solutions of the heat and wave equations in d > 1 and
d € {1,2,3}, respectively, satisfy these assumptions and

T 5 1
/O ot / (AIFSEOI < +o0 = / T k() < +oe.
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Proposition (Nualart and QS 2007)

@ Assume that S satisfies condition (H).
@ LetZ ={Z(t,x),(t,x) € [0, T] x RY} be a predictable process such that

sup  E(|Z(t,x)[%) < cc.
(t,x)€[0, T] xRd

Then, the random element G = G(t, dx) = Z(t, x)S(t, dx) defines a predictable
process in L2(Q x [0, T]; H). Moreover, we have that

E ( / "Gk ds) _E ( / " ds [, ue) |f(G(s)Z(s>)(£)|2)

=E(G-WP) < s sup E(|Z(s,y) )/ n(d€)|FS(s) (€)%

0 y€ERrd

We have used the notation G- W := (G- W)r.
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Remarks

@ As already pointed out, this proposition let us define the stochastic integral of
G = G(t,dx) = Z(t, x)S(t, dx) with respect to the cylindrical Wiener process
associated to the noise W:

-
G-W:/ / S(s,y)Z(s,y)W(ds,dy) (formal notation)
0 JRrd

@ If we have that, for some p > 2:

sup  E(|Z(t, X)) < +oo,
(t,x)€[0, T] x RA

then
i
E(IG-WP) < [ ds sup E(Z(s.p)P") | m(d)FS()e)"

0 yeRrd
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Proof of the proposition

Step 1. Prove that S belongs to L2([0, T]; H):

@ Let ) € C*°(R?) be non-negative, with compact support contained in B;(0), and
such that [,4 9 (x)dx = 1. For n > 1, we set ¢n(x) := n%y(nx). Then (¥n)n
defines an approximation of the identity.

@ We smooth S:
Sa(t) := S(t) * ¥ € S(RY)
|FSa()(E)] < [Fn(IIFSE] < [FS(8)(E)I-

@ We have that {S,, n> 1} c L?([0, T]; H) and we check S, — S in L?([0, T]; H).
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Step 2. Prove that G = G(t, dx) = Z(t, x)S(t, dx) belongs L?([0, T] x Q; H):

@ We can assume that Z is non-negative.

@ We prove that, P-a.s., G = Z(t, x)S(t, dx) defines a non-negative distribution with
rapid decrease:

/ (1 + x5 Z(t,y)S(t.dy) < +o0, forall k€N, P-as.
Rd

@ We regularize G also by means of an approximation of the identity.
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Back to SPDEs

We are in position to state an existence and uniqueness theorem for a general class of
SPDEs, including heat and wave equations (the latter with d € {1,2,3}):

Lu(t, x) = b(u(t, x)) + o (u(t, X)) W(t,x), t>0, x € R’
where L is a partial differential operator.

Initial conditions:

@ Parabolic case:
u(0,x) = up(x), xR

@ Hyperbolic case:

u(0, x) = uo(x), %(O,X) = w(x), xeR%

The functions b, o are Lipschitz and W is the spatially homogeneous noise.

L. Quer-Sardanyons (UAB) 44 /51



Mild solution

By definition, the mild solution is an adapted process {u(t, x), (t,x) € [0, T] x R%}
satisfying

t
u(t) =b(t.20+ [ [ S = y)a(u(s.p)Wids. o)

* /ot /Rd St—s(x — y)b(u(s, y)) dyds. P-a.s.

The stochastic integral is with respect to the cylindrical Wiener process obtained from
W, Si(x) is the fundamental solution associated to the operator L and the term Io(¢, x)
is the contribution of the initial conditions:

@ Parabolic case:
b(tx) = [ wo(x—y)S(t,dy),
R

@ Hyperbolic case:

b(tx) = [ wtc-nsttan) + g ([ wle-y)sieay)).
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Heat equation:

2
Io(t, x) = /d o(x — y)(art)~ %2~ dy, x e RO
R

Wave equation:

@ For d =1, Iy(t, x) is given by the so-called d’Alembert’s formula

1 X+t
b(t,x) == [uo(x +)+u(x—t)]+ = 5 vo(y) dy, X eR.
@ Ford=2:
1 Uo(y + tvo) + Vo (y) - (X — ) 2
t,x ay, x e R°.
=5t e E-—yp) Y

@ Ford =3, x e R%:

b(t.) = 1 [ (B = y) + to(x —y) + Vio(x = y) -¥) o(ey).
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Lemma (Dalang and QS 2010)

Consider the following two sets of hypotheses:
@ Heat equation: u, : R® — R is measurable and bounded.

@ Wave equation: When d = 1, up is bounded and continuous, and vy is bounded
and measurable. When d = 2, uy € C'(R?) and there is q €2, 0] such that
o, Vo, Vo all belong to LY(R?). When d = 3, up € C'(R%), up and Vo are
bounded, and vy is bounded and continuous.

Then (t, x) — I(t, x) is continuous and

sup  |h(t,x)| < +oo.
(t,x)€[0, T] xRd
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Main result

t
u(t, x) =h(t, X) + /O /]R Si-(x— y)ou(s,y)) W(ds, dy)

t
* /o /ﬂgd St—s(x — y)b(u(s, y)) dyds, P-a.s. (6)

Theorem (Dalang 1999, Dalang and QS 2010)
Assume that, for all t, S(t) is a non-negative distribution with rapid decrease such that
T
/ dt / W(dE)|FSN(E)E < 400 sup S(LRY) < +oo,
0 R te[o,T]

I is continuous and uniformly bounded, and b and o are Lipschitz functions.
Then there exists a unique solution {u(t, x), (t,x) € [0, T] x R} of equation (6).
Moreover, the process u is L?-continuous and for allp > 1,

sup  E(Ju(t, x)I°) < +oo.
(t,x)€[0, T] x RY
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Remarks

@ The proof is based on a Picard iteration scheme.

@ The fundamental solution of the heat and wave equations in any space dimension
and with d € {1, 2, 3}, respectively, satisfy the assumptions of the theorem
provided that

T 5 1
/O ot / (AIFSHOF < +oo & / TR < +oe.

@ This result is also valid for the damped wave equation and a class of parabolic
equations with time-dependent coefficients.

@ We are not able to go beyond d = 3 in the stochastic wave equation, because the
fundamental solution becomes more irregular and it is no more non-negative

definite: (@32
1 8 - Ot
rd = —_— —_— >
t C(tat) 2 d>3 odd,

(d-3)/2
M) = C G%) (&~ xP)T"2, d>2 even.
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Even more extensions

@ Conus and Dalang 2008 have extended the stochastic integral with respect to the
martingale measure associated to the spatially homogeneous noise, in order to
be able to integrate random elements of the form S(s, y)Z(s, y), where

@ Sis afunction in [0, T] with values in some space of distributions, without the
restriction of being non-negative definite.

@ With this integral, they prove existence and uniqueness of solution for the
stochastic wave equation in any space dimension.

@ But they are not able to prove that the solution has moments or order p > 2.

— SPDEs with spatially homogeneous noise in an infinite dimensional setting: works
by Da Prato and Zabczyk, Karczewska and Zabczyk, Peszat and Zabczyk.
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