Existence and smoothness of the density for
spatially homogeneous SPDEs

Lluis Quer-Sardanyons
Universitat Autbnoma de Barcelona

joint work with David Nualart (University of Kansas)

Institut Mittag-Leffler
23rd December 2007

Lluis Quer-Sardanyons (UAB) 23rd December 2007 1/22



Outline

@ Spatially homogeneous SPDEs
@ Stochastic integration

@ Existence of density

@ Smoothness of the density

@ References

Lluis Quer-Sardanyons (UAB) 23rd December 2007 2/22



Spatially homogeneous SPDEs

Lu(t,x) = b(u(t, x)) + o(u(t, x))W(t, x) (1)
t>0, xeR?, d>1

@ L is a second order differential operator,

@ vanishing initial conditions,

@ {u(t,x),(t,x) € R, x R is a real-valued process,

@ b,o : R — R Lipschitz,

@ W is a Gaussian random perturbation.

@ Main examples: wave equation and heat equation:
9? 0

L=——-A and L=

= ——A
ot2 ot '

A is the Laplacian operator on R,
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Description of the noise

@ We want real-valued solutions, thus we need to impose some
spatial correlation on the noise. Roughly speaking:

E(W(t,x)W(s,y)) = é(t — s)f(x — ).

@ Rigorously, {W(y),¢ € C°(R%*1)} is a centered Gaussian
process in some (2, F, P), with

E(W(p)W / /Rd /Rd (&, x)f(x — y)y(t, y)dxdydt,

where f : RY — R, is continuous on R?\ {0}.
e Example: Riesz kernel f(x) = C, 4|x|* 79,0 < v < d.
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= fis symmetric and f = Fu, where p is a non-negative tempered
measure on RY (spectral measure):

/ F(X)b(x)x = / Fo(©)u(de), Vo € SRY),
Rd Rd

there is an integer m > 1 such that

p(d§) ~
wo (11 [EP)™ =
In particular:
E(W(o)W()) = / / Fot) O F D) n(de)at

E(IW)P) //w OPu(de)at
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Mild solutions

Fix a time horizon T > 0. A predictable stochastic process
{u(t, x), (t, x) € [0, T] x R%} is a solution of (1), if

u(t, x) :/0 /Rd M(t— s, x — y)o(u(s, y)) W(ds, dy)
+ /t b(u(t—s,x —y))l(s,dy)ds.
0 JRA

@ I is the fundamental solution associated to the operator L.

@ Stochastic integral: Walsh 86, Dalang 99, Da Prato and Zabczyk
92.
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Hypothesis A

@ The fundamental solution I satisfies that, for all t > 0, I'(f) is a
non-negative distribution with rapid decrease, which means:

/ (1 + [X[2)/2r (1, dx) < 00, Yk > 0,
Rd

//|J~T (6)[Pp(d€)dt < oo.

@ Moreover, I is a non-negative measure on R x RY of the form
[(t, dy)dt such that supy< <7 (1, RY) < +o0.

@ Wave (d < 3) and heat equations:
p(dg)
/Ra 14 [ef =
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Stochastic integrals
We denote by 7 the completion of S(RY) endowed with

W= [ [ o00ix—yitdy. 6.0 SE.

{W(p). 0 € C°([0, T x RY)} = {W(g), g € L3([0, T]; H)}
— Wt(h) =W (1[0,“/7) ,t>0,heH.

Then {W;, t € [0, T]} is a cylindrical Wiener process in H: for any
h e H, {Wi(h),t € [0, T]} is a Brownian motion with variance t| h||3,:

E(Wi(h)Ws(g)) = (s A t)(h, g)n.

— Meétivier and Pellaumail 80.
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@ For any predictable process G in L?(Q x [0, T]; H), we can define
the stochastic integral

.
G W= / G aW.
0 Jrd

@ Let (g;);>1 be a CONS of H:

e

G. W::Z/O (Gs, &) ncdWs(e)).

Jj=1

@ |sometry property:

E(le-wp)=E (/OTHGt]%dt) .

@ One can construct a martingale measure associated to W —-
stochastic integral in Dalang 99.
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Example of integrands

Proposition (Nualart and Q-S 07)
o [ satisfies Hypothesis A,

e LetZ ={Z(t,x),(t,x) € [0, T] x RY} be a predictable process
such that

sup  E(]Z(t,x)?) < co.
(tX)€[0, T] xR

Then, the random element G = G(t,dx) = Z(t, x)['(t,dx) is a
predictable process in L2(Q x [0, T]; H). Moreover, it holds that

)
E(1GIgomng) < Cz [ [ 1T Pua

@ I belongs to L2([0, T]; H): regularisation.
@ G defines a distribution with rapid decrease, a.s.
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In the mild formulation:

t
/0 /Rd M(t—s,x—y)o(u(s,y))W(ds,dy).

@ Existence and uniqueness of solution: Dalang 99.
@ Stochastic wave equation d>3: Conus and Dalang 07.

Examples:
@ The wave equation with d = 1,2, 3.

1
r(t) = rﬂat’

where o; is the surface measure on the 3d sphere of radius t.
@ The heat equation with any d > 1.
@ In both cases: Hypothesis A is equivalent to

p(d§)
/Ra 14 jep =
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Existence and smoothness of the density
Let {u(t, x), (t,x) € [0, T] x R} the solution of
u(t, x) = /0 /R T(t=s.x— y)o(u(s,y)) W(ds dy)

+ /t b(u(t—s,x — y))(s,dy)ds.
0 JR4

We aim to prove that, for any (t, x):

@ the law of u(t, x) is absolutely continuous with respect to
Lebesgue measure on R.

@ the probability density of u(t, x) is a C> function.

Carmona and Nualart 88, Bally and Pardoux 98, Millet and Sanz-Solé 99,
Marquez et al. 01, Q-S and Sanz-Solé 04(2), Sanz-Solé 05, Mueller and
Nualart 07.
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Existence of density

Theorem (Nualart and Q-S 07)

Assume that
@ [ satisfies Hypothesis A and

0<// FT(8)(€) Ru(dE)dlt, V6 > 0,

@ o and b are C' functions with bounded Lipschitz continuous
derivatives,

@ there exists ¢ > 0 such that |oc(z)| > ¢, for all z € R.

Then, the law of u(t, x) is absolutely continuous with respect to
Lebesgue measure.

The proof is based on the Bouleau-Hirsch criterion.
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Examples

@ The stochastic heat equation (d > 1) and the stochastic wave
equation (d < 3), under the condition

p(dg)
<
/Ra 1P =%
@ Thus, the same hypothesis as the existence and uniqueness
theorem.

@ For the 3d stochastic wave equation , Q-S and Sanz-Solé 04
imposed, for some 7 € (0,1/2):

p(dg) ~
/Rd (1+ g2y =
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Gaussian context

Let H7 := L?([0, T]; H) and consider the centered Gaussian family
{W(h),h e Hr}:

E(W(h)W(h2)) = (M, h2)2;.

@ The Malliavin derivative is denoted by D.
@ For N > 1, the domain of DN in LP(Q; HEN) is DV,
@ Set D™ = Np>1 Ni>1 DFP.
According to Bouleau-Hirsch’s criterion, if
@ FeD'?and
@ |[DF|3, >0a.s.,

then the law of F is absolutely continuous with respect to Lebesgue
measure.
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Malliavin regularity

@ We make use of the results in Q-S and Sanz-Solé 04 to prove that
u(t,x) e D12

@ The Malliavin derivative Du(t, x) defines a random variable with
values in H1 = L2([0, T]; H).

@ Moreover, we show that

Du(t, x) =o(u(-, =)l (t — -, x — %)

t
+ /0 /Rd F(t—s,x—y)o'(u(s,y))Du(s, y)W(ds, dy)

+ /Ot/Rd b'(u(s,x — y))Du(s, x — y)I(t — s,dy)ds,
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Analysis of the Malliavin matrix

In order to apply Bouleau-Hirsch criterion, it suffices to show that
||Du(t, x)||l+, >0, a.s.

We show that

t
iim P (/ IDsu(t, X)|2,ds < ,1—7) _o.
0

n—oo

Important point:

t
2
[t sx—otets MEasz ¢ [ [ reieputaeas
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Smoothness of the density

Theorem (Nualart and Q-S 07)
Assume that
@ [ satisfies Hypothesis A,
@ there exists v > 0 such that for all T € (0, 1],

Cr < / /R IFT(s)(€)Pu(de)ds (2)

@ o and b are C* functions with bounded derivatives of any order
greater than or equal to one,

@ |0(2)| >c>0,forallz €R,
Then, u(t, x) has a density which is a C*> function.
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Examples

@ The stochastic wave equation with d = 1,2, 3: condition (2) is
satisfied with v = 3.

@ The stochastic heat equation with d > 1: condition (2) is satisfied
forany v > 1.

@ For these particular examples, we improve results of Marquez et
al. 01, Q-S and Sanz-Solé 04:

p(dg) ~
/Rd 1+ gy =

for some 5 € (0, 3).
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Sketch of the proof

@ u(t, x) belongs to D*°,
o E <||Du(t, x)||7_ﬂ) < oo, forall g > 2.

Malliavin differentiability: Q-S and Sanz-Solé 04. Moreover, we have

DNu(t,x) = ZN(t, x)
/ / ~ 5, x— 2)[AN(0, u(s, 2)) + DVu(s, 2)o" (u(s, 2))]W(ds, dz)
Rd

+ / [AN(b, u(s, x — 2)) + DVu(s, x — 2)b/(u(s, x — 2))|I(t — s, dz)ds,
0 JRA
AN(g, X) := DVg(X) — g'(X)DVX,
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Inverse of the Malliavin matrix:

We show that (Nualart 06) for all g > 2, there exists ¢y > 0 such that
for any e < ¢y,

P (/Ot | Dsu(t, x)||5,ds < e) < Cé.
We proceed as in the proof of existence of density:
Du(t,x) = o(u(-, =) (t — -, x — %)
+ /0 t /R T(t—5.x— y)o'(u(s,y))Du(s, y)W(ds, dy)
+ /Ot g b'(u(s,x — y))Du(s,x — y)[(t — s,dy)ds.
We apply that
ey < [ [ 1Fneieruaos

Lluis Quer-Sardanyons (UAB) 23rd December 2007 21/22



References

@ R. C. Dalang Extending the martingale measure stochastic integral with
applications to spatially homogeneous s.p.d.e’s. Electron. J. Probab. 4
(1999), no. 6.

@ D. Marquez-Carreras, M. Mellouk and M. Sarra On stochastic partial
differential equations with spatially correlated noise: smoothness of the
law. Stochastic Process. Appl. 93 (2001), no. 2, 269-284.

@ D. Nualart and LQS Existence and smoothness of the density for
spatially homogeneous SPDEs. Potential Anal. 27 (2007), 281-299.

@ LQS and M. Sanz-Solé Absolute continuity of the law of the solution to
the 3-dimensional stochastic wave equation. J. Funct. Anal. 206 (2004),
no. 1, 1-32.

@ LQS and M. Sanz-Solé A stochastic wave equation in dimension 3:
smoothness of the law. Bernoulli 10 (2004), no. 1, 165-186.

@ M. Sanz-Solé Malliavin Calculus, with Applications to Stochastic Partial
Differential Equations. EPFL Press. Fundamental Sciences,
Mathematics, Taylor and Francis 2005.

Lluis Quer-Sardanyons (UAB) 23rd December 2007 22/22



