
Malliavin calculus applied to the 3-dimensional
stochastic wave equation

Lluís Quer-Sardanyons
INRIA Lorraine

Institut Élie Cartan de Nancy

joint work with Marta Sanz-Solé (Universitat de Barcelona)

Journées de Probabilités Nancy 2005
8 Septembre 2005

Lluís Quer (INRIA-IECN) Journées de Probabilités 2005 8 Septembre 2005 1 / 27



Outline

The 3-dimensional stochastic wave equation
Aim and Gaussian context
Existence of density
Smoothness of the density
Final comments and references

Lluís Quer (INRIA-IECN) Journées de Probabilités 2005 8 Septembre 2005 2 / 27



The stochastic wave equation

We consider the non-linear stochastic partial differential equation(
∂2

∂t2 −∆

)
u(t , x) = b(u(t , x)) + σ(u(t , x))Ḟ (t , x), (1)

(t , x) ∈ R+ × R3 and

u(0, x) =
∂u
∂t

(0, x) = 0, x ∈ R3.

∆ is the Laplacian on R3,
{u(t , x), (t , x) ∈ R+ × R3} is a real-valued process,
b, σ : R → R,
Ḟ is a random perturbation.

We are interested in mild solutions.
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Equation (1) is a particular case of

Lu(t , x) = b(u(t , x)) + σ(u(t , x))Ḟ (t , x), x ∈ Rd

where the fundamental solution Λ of Lu = 0 is a Schwartz distribution.
We want real-valued solutions, thus we need to impose some
spatial correlation on the noise.
{F (ϕ), ϕ ∈ D(Rd+1)} is a L2−valued centered Gaussian process
with

E(F (ϕ)F (ψ)) =

∫
R+

ds
∫

Rd
Γ(dx)

(
ϕ(s, ·) ∗ ψ̃(s, ·)

)
(x).

ψ̃(s, x) = ψ(s,−x) and Γ is a non-negative tempered measure; we
denote by µ its spectral measure.
The noise is white in time and the measure Γ corresponds to the
spatial correlation.
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Mild solutions

Walsh (1986) and Dalang (1999) formulation,
(Ω,F , (Ft)t ,P) filtered probability space,
(Ft)t generated by M, the martingale measure extension of F ,

A predictable stochastic process {u(t , x), (t , x) ∈ [0,T ]× R3}, T > 0,
solves (1) if

u(t , x) =

∫ t

0

∫
R3

S3(t − s, x − y)σ(u(s, y))M(ds,dy)

+

∫ t

0
ds
∫

R3
S3(s,dy)b(u(t − s, x − y)).

S3 is the fundamental solution associated to the wave equation on R3:

S3(t) =
1

4πt
σt ,

σt is the uniform measure on the 3d sphere of radius t .
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Existence and uniqueness of solution

Hypothesis D The fundamental solution Λ of Lu = 0 is a deterministic
function in t taking values in the space of non-negative distributions
with rapid decrease such that∫ T

0
dt
∫

Rd
µ(dξ)|FΛ(t)(ξ)|2 <∞.

Moreover, Λ is a non-negative measure on R+ × Rd of the form
Λ(t ,dy)dt such that sup0≤t≤T Λ(t ,Rd) < +∞.

The stochastic wave equation:

d = 3:
∫

R3
µ(dξ)
1+|ξ|2 <∞⇔ Hypothesis D (Dalang (1999)),

d = 1 Carmona and Nualart (1988),
d = 2 Dalang and Mueller (1998), Millet and Sanz-Solé (1999).
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Aim

For any fixed (t , x) ∈ [0,T ]× R3, we want to show that
the probability law of the random variable u(t , x) is absolutely
continuous w. r. to Lebesgue measure (Q-S and Sanz-Solé
(JFA 2004)),
and that the density is a smooth function (Q-S and Sanz-Solé
(Bernoulli 2004)).

Related references: Carmona and Nualart (1988), Millet and
Sanz-Solé (1999) and Márquez, Mellouk and Sarrà (2001).

We use the techniques of the Malliavin Calculus.
Main difficulty: the fundamental solution of the 3d stochastic wave
equation is a distribution.
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Gaussian context

Let E be the inner-product space of functions ϕ ∈ S(Rd) endowed with

〈ϕ,ψ〉E =

∫
Rd

Γ(dx)(ϕ ∗ ψ̃)(x),

where ψ̃(x) = ψ(−x). Let H denote the completion of (E , 〈·, ·〉E). Then,
HT = L2([0,T ];H) is a real separable Hilbert space.
The Gaussian family is given by

W (h) =

∫ T

0

∫
Rd

h(s, x)M(ds,dx), h ∈ HT .

Then, (W (h),h ∈ HT ) is an isonormal Gaussian process.
We denote by D the Malliavin derivative operator and DN,p the domain
of DN in Lp(Ω;H⊗N

T ), N ≥ 1, p ∈ [1,∞).
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Extension of the stochastic integral

A formal differentiation of the mild form of Equation (1) yields

Du(t , x) = Z (t , x) +

∫ t

0

∫
Rd

Λ(t − s, x − z)σ′(u(s, z))Du(s, z)M(ds,dz)

+

∫ t

0
ds
∫

Rd
Λ(s,dz)b′(u(t − s, x − z))Du(t − s, x − z).

Z (t , x) is some Hilbert-valued stochastic process.
We extend Dalang’s stochastic integral allowing Hilbert-valued
integrands (Q-S and Sanz-Solé (JFA 2004)).
We will need a recently proved existence and uniqueness result
for these equations (Sanz-Solé (2005)).
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Existence of density

Theorem (Q-S and Sanz-Solé(JFA 2004))

Assume that
the coefficients σ and b are C1 functions with bounded Lipschitz
continuous derivatives,
there exists σ0 > 0 such that inf{|σ(z)|, z ∈ R} ≥ σ0,
for some η ∈ (0, 1

2),

sup
y∈R3

∫
R3

Γ(dx)F−1
(

1
(1 + |ξ|2)η

)
(x − y) <∞.

Then, the law of the random variable u(t , x), (t , x) ∈ (0,T ]× R3, is
absolutely continuous with respect to Lebesgue measure on R.
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We apply Bouleau-Hirsch criterion:
u(t , x) ∈ D1,p, for all p ∈ [1,∞) and
the Malliavin matrix ‖Du(t , x)‖HT is non-degenerate.

For the differentiability:

σ and b are C1 functions with bounded Lipschitz continuous
derivatives,
this result is valid for a more general operator L whose associated
fundamental solution Λ satisfies Hypothesis D,

Lemma (Lépingle, Nualart and Sanz-Solé (1989))

Let (Fn)n≥1 ∈ D1,p. Assume that (Fn)n≥1 converges in Lp(Ω) to F and
that supn≥1 E(‖DFn‖p

HT
) < +∞. Then F ∈ D1,p and there is a

subsequence of (DFn)n≥1 converging to DF in the weak topology of
Lp(Ω;HT ).
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Theorem (Q-S and Sanz-Solé (JFA 2004))

For any (t , x) ∈ [0,T ]× Rd , u(t , x) belongs to D1,p, for any p ∈ [1,∞),
and there exists an HT -valued stochastic process
{Z (t , x), (t , x) ∈ [0,T ]× Rd} such that

Du(t , x) = Z (t , x) +

∫ t

0

∫
Rd

Λ(t − s, x − z)σ′(u(s, z))Du(s, z)M(ds,dz)

+

∫ t

0
ds
∫

Rd
Λ(s,dz)b′(u(t − s, x − z))Du(t − s, x − z). (2)

If Λ(t) were a real-valued function, Z (t , x) would be

Λ(t − ·, x − ∗)σ(u(·, ∗)).

Thus, the approach for d = 1,2 does not work.
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Regularisation of Λ(t): Λn(t) = ψn ∗ Λ(t), (ψn)n approximation of the
identity.
In the preceding lemma, we take Fn = un(t , x), where
{un(t , x), (t , x) ∈ [0,T ]× Rd} is the solution to

un(t , x) =

∫ t

0

∫
Rd

Λn(t − s, x − z)σ(un(s, z))M(ds,dz)

+

∫ t

0
ds
∫

Rd
Λ(s,dz)b(un(t − s, x − z)).

We first prove that

lim
n→∞

(
sup

(t ,x)∈[0,T ]×Rd
E(|un(t , x)− u(t , x)|p)

)
= 0.
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To prove the convergence in Lp(Ω), p ∈ [1,∞):
uniformly boundedness in Lp(Ω), for all p ∈ [1,∞), and
convergence in L2(Ω).

Z (t , x) = Lp(Ω;HT )− lim
n→∞

Λn(t − ·, x − ∗)σ(un(·, ∗)).

We show that

sup
n≥1

sup
(t ,x)∈[0,T ]×Rd

E(‖Dun(t , x)‖p
HT

) < +∞.

Hence, we get that u(t , x) ∈ D1,p.
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It remains to show that the Malliavin derivative satisfies Equation (2).
For this, we consider

U(t , x) = Z (t , x) +

∫ t

0

∫
Rd

Λ(t − s, x − z)σ′(u(s, z))U(s, z)M(ds,dz)

+

∫ t

0
ds
∫

Rd
Λ(s,dz)b′(u(t − s, x − z))U(t − s, x − z).

The above equation has a unique solution in Lp(Ω;HT )
(Sanz-Solé (2005)).
We conclude by showing

U(t , x) = Lp(Ω;HT )− lim
n→∞

Dun(t , x).
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For the study of the Malliavin matrix we go back to the 3−dimensional
stochastic wave equation.

Theorem (Q-S and Sanz-Solé (JFA 2004))
Assume that

inf{|σ(z)|, z ∈ R} ≥ σ0, for some σ0 > 0,
there exists η ∈ (0, 1

2) such that

sup
y∈R3

∫
R3

Γ(dx)F−1
(

1
(1 + |ξ|2)η

)
(x − y) <∞.

Then, ‖Du(t , x)‖HT > 0, a.s.

E(‖Du(t , x)‖−p
HT

) < +∞, for some p > 0,
regularisation: Λε−1 = ψε−1 ∗ S3, for ε > 0.
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Using that E(Y ) =
∫∞

0 P{Y > z}dz, it turns out that we have to
find the size in ε of

P{‖Du(t , x)‖2
HT

< ε},

for small ε > 0.
Let ε1, δ > 0 be such that, for all ε ∈ (0, ε1], t − εδ > 0.
We decompose

P{‖Du(t , x)‖2
HT

< ε} ≤ P{
∣∣‖Dt−·,∗u(t , x)‖2

H
εδ
− ‖Zt−·,∗(t , x)‖2

H
εδ

∣∣ ≥ ε}

+ P{‖Λε−1(·, x − ∗)σ(u(t − ·, ∗))‖2
H

εδ
< 6ε}

+ P{‖Zt−·,∗(t , x)− Λε−1(·, x − ∗)σ(u(t − ·, ∗))‖2
H

εδ
≥ ε}.
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We have

‖Λε−1(r , x − ∗)σ(u(t − r , ∗))‖2
H ≥ σ2

0

∫
R3
µ(dξ)|FΛε−1(r)(ξ)|2

≥ σ2
0

(
1
2

∫
R3
µ(dξ)|FS3(r)(ξ)|2 −

∫
R3
µ(dξ)|FS3(r)(ξ)|2|Fψε−1(ξ)− 1|2

)
.

and∫
R3
µ(dξ)|FS3(r)(ξ)|2|Fψε−1(ξ)− 1|2 ≤ 4π

∫
R3
µ(dξ)|ξ||FS3(r)(ξ)|2.
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We need bounds of integrals of the Fourier transform of S3:

FSd(t)(ξ) =
sin(2πt |ξ|)

2π|ξ|
, ξ ∈ Rd .

For this, we consider the hypothesis
(Hη) supy∈Rd

∫
Rd Γ(dx)F−1

(
1

(1+|ξ|2)η

)
(x − y) <∞,

(Hη)
∫

Rd
µ(dξ)

(1+|ξ|2)η <∞.

(Hη) ⇒ (Hη) (Lévêque (2001)),
recently, it has been proved that (Hη) ⇒ (Hη), (Sanz-Solé (2005)).
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For instance, under (Hη) we have that,
for all t ∈ (0,1), (Lévêque (2001))

C1t3 ≤
∫ t

0
ds
∫

Rd
µ(dξ)|FSd(s)(ξ)|2,

for all t ∈ [0,T ],∫ t

0
ds
∫

Rd
µ(dξ)|ξ||FSd(s)(ξ)|2 ≤ C2t2−2η.

In progress (with Nualart): to show that indeed it is enough to assume
that ∫

R3

µ(dξ)
1 + |ξ|2

< +∞.
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Smoothness of the density

Recall that we consider(
∂2

∂t2 −∆

)
u(t , x) = b(u(t , x)) + σ(u(t , x))Ḟ (t , x).

Theorem (Q-S and Sanz-Solé (Bernoulli 2004))
Assume that

σ and b are C∞ functions with bounded derivatives of any order
greater than or equal to one,
inf{|σ(z)|, z ∈ R} ≥ σ0, for some σ0 > 0,
there exists η ∈ (0, 1

2) such that

sup
y∈R3

∫
R3

Γ(dx)F−1
(

1
(1 + |ξ|2)η

)
(x − y) <∞.

Then, u(t , x) has a density which is a C∞ function.
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The proof is based on the criterion of the Malliavin calculus

Proposition
Let F = (F 1, . . . ,F m) be a random vector satisfying the assumptions

F j ∈ D∞, for any j = 1, . . . ,m,
the Malliavin matrix γF is invertible, a.s. and

(det γF )−1 ∈ ∩p≥1Lp(Ω).

Then, the law of F has an infinitely differentiable density with respect
to the Lebesgue measure on Rm.
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Regularity in the Malliavin sense:

Theorem (Q-S and Sanz-Solé (Bernoulli 2004))

Assume Hypothesis D. Then u(t , x) ∈ D∞ and DNu(t , x) satisfies
some stochastic evolution equation in Lp(Ω;H⊗N

T ) with some initial
condition {Z N(t , x), (t , x) ∈ [0,T ]× Rd}, N ≥ 1.

We may consider more general SPDEs,
DN is a closed operator from Lp(Ω) into Lp(Ω;H⊗N

T ),
same regularisation of Λ: Λn = ψn ∗ Λ, n ≥ 1.
the Lp(Ω;H⊗N

T )−random variable Z N(t , x) is defined inductively,
convergences of order p: uniform bound for the p−norm and
convergence for p = 2.
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DNu(t , x) = Z N(t , x)

+

∫ t

0

∫
Rd

Λ(t − s, x − z)[∆N(σ,u(s, z)) + DNu(s, z)σ′(u(s, z))]M(ds,dz)

+

∫ t

0
ds
∫

Rd
Λ(t − s,dz)[∆N(b,u(s, x − z)) + DNu(s, x − z)b′(u(s, x − z))],

∆N(σ,u(s, z)) = DNσ(u(s, z))− σ′(u(s, z))DNu(s, z).
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Malliavin matrix: 3−dimensional stochastic wave equation.

Theorem (Q-S and Sanz-Solé (Bernoulli 2004))
Assume that

σ and b are C1 functions with bounded Lipschitz continuous
derivatives,
inf{|σ(z)|, z ∈ R} ≥ σ0, for some σ0 > 0,
there exists η ∈ (0, 1

2) such that

sup
y∈R3

∫
R3

Γ(dx)F−1
(

1
(1 + |ξ|2)η

)
(x − y) <∞.

Then, for any p > 0,

E(‖Du(t , x)‖−p
HT

) <∞.

Notice that for the existence we proved the above boundedness only
for some positive p.
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Main ingredients for the proof:
Recall that the condition on Γ is equivalent to∫

R3

µ(dξ)
(1 + |ξ|2)η

< +∞,

regularisation of the fundamental solution S3:

Λε−ν = ψε−ν ∗ S3,

with ε, ν > 0,
bounds of integrals of the Fourier transform of S3, as for the
existence of density.
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