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Abstract
In this paper we prove the local Tamagawa number conjecture in the
non-critical case for the motives associated to Hecke characters ¥g : Ax —
K™, where K is an imaginary quadratic field with c/(K) = 1, under cer-
tain restrictions which originate from the Iwasawa theory of imaginary
quadratic fields.

Introduction

The local Tamagawa number conjecture for a variety X over a number field of
Bloch and Kato [3], or, more precisely, for a pure Chow motive M of weight w
over a number field, describes the special values of the L-function in terms of
cohomological data (see for example Kato [17] or Fontaine and Perrin-Riou [9]).

Recall that the special values of an L-function are the leading Fourier coef-
ficients at integer points. Suppose we have a weight w motive M such that it’s
L-function has meromorphic continuation and satisfies the expected functional
equation. Then, we say that an integer m < ¥ is non-critical if L(M,m) = 0
and it is critical if L(M, m) # 0. We extend this definition to the integers
m > % + 1 by saying that m is critical for M if w —m + 1 is critical, and is
non-critical for M if w—m+1 is non-critical. The Tamagawa number conjecture
can be formulated in terms of period maps and regulator maps ([8],[17]), but in
the non-critical situation it can be formulated without the period maps (using
the hypothetical functional equation and good compatibilities).

There are few cases proved in the non-critical situation: for the Riemann
zeta function ([3, §6]), for Dirichlet motives ([4], [15]), for CM elliptic curves
defined over the field of the endomorphism ring ([19]) or defined over Q ([3, §7],
1)).

The weak local Tamagawa number conjecture for an elliptic curve E with
CM defined over the field of the endomorphism, proved by Kings [19], is re-
lated to the weak local Tamagawa number conjecture for the L-function the
Hecke character v, associated to E, over the imaginary quadratic field K. More
precisely, Kings proves in [19] the conjecture for the motive h()(—r) with
r > 0 which corresponds to the special value (non-critical) for the L function
associated to ¢ at —r, where h(3)) is the motive associated to ¥ over K with
K-coefficients. Then, he obtains the conjecture for the Chow motive h!(E)(—r)
when one rewrites the above result with Q-coefficients. Using the functional
equation for E and good compatibilities one should obtain the conjecture for
RY(E)(r 4+ 2). We generalize the methods of Kings to Hecke characters over an
imaginary quadratic field K in the non-critical situation.

Consider 1 a Hecke character over an imaginary quadratic field associated
to an elliptic curve with CM defined over the endomorphism ring and let us
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take the motive associated to z/;aib with a,b > 0, which has weight a + 0. It is
known that the non-critical values for this motive are the integers lower than
min(a,b) (see §3 for the precise statement). Our work is concentrated in this
situation, but note that there are results on the Tamagawa number conjecture
in the critical situation (Harrison [14], Guo [12], Kimura [20], Han [13] and in
big generality by Tsuji [24]).

The aim of this paper is to prove the local Tamagawa number conjecture
(under the formulation in [17]) for all the non-critical values for the L-function
of the motive associated to any Hecke character vy : Ay — K* where K is
an imaginary quadratic field which c¢l(K) = 1, (see [2, Chapter 3] for a more
concrete result only for powers of the Grossencharacter associated to the elliptic
curve F with CM).

The basic ingredients used in the proof of this result are the specialization
of the polylogarithm sheaf and the main conjecture for the Iwasawa theory
for imaginary quadratic fields, as in [19]. The main tool in the proof is a
precise description of the image of some concrete elements in K-theory under
the Soulé and Beilinson regulator maps. Using Deninger proof of the Beilinson’s
conjecture for Hecke characters in [6], we only need to check the p-adic part of
the Tamagawa number conjecture.

Let us finally give a rough sketch of the contents of this paper. In the first
section §1 we recall the formulation of the local Tamagawa number conjecture
for pure motives using Kato’s formulation [17] for some non-critical situation.
In section §2 we define the motives associated to Hecke characters coming from
elliptic curves defined over an imaginary quadratic field K. We prove a general-
ization of a result of Deuring for these motives. In §3 we define the constructible
elements of Deninger [6] for these motives and we reformulate Deninger’s the-
orem in the notation of the local Tamagawa number conjecture. In the next
sections we study the image of these constructible elements for our motives via
the Soulé regulator map. In §4 we define a map from some Iwasawa modules to
the étale cohomology groups that appear in the conjecture. Here the Rubin’s
theorem of the main conjecture of the Iwasawa theory for imaginary quadratic
fields plays an important role. This section follows basically the arguments of
[19, §2] with a definition of elliptic units more useful for us. In section §5 we use
the specialization of the elliptic polylogarithm to compare the image of the map
defined in §4 with the Soulé regulator map. With these ingredients we obtain
the main results of the paper, theorems 5.12 (for K-coefficients) and 5.13 (for
Q-coefficients). In the appendix we study the remaining non-critical values, the
ones in the band of possible poles of bad Euler factors. We modify Deninger’s
projector map to define more convenient elements in K-theory and we reprove
the Beilinson’s conjecture for them. With this modification we can apply all the
techniques of §4 and §5, obtaining the main theorems of §5.
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K. Rubin who clarifies me a doubt on elliptic units.



1 The Tamagawa number conjecture

We formulate the conjecture for the category of Chow motives over a number
field F with coeficients in Q denoted by M(F')q (for a more detailed explanation
we refer to [2, §1.2.3] and [17] [18]). For every M € M(F)g one expects a
decomposition into direct sum of pure Chow motives in this category.

Using Kato’s notation as in [18, §2], a pure motive of weight w € Z over
a number field F' is a finite family of 4-tuples {(X;,m;,r;,€;)} where X; is
a smooth proper scheme of pure dimension d; over F' and r; are integers with
w = m; —2r;, and ¢; is an idempotent in the ring of algebraic cycles on X; x p X;
with Q-coefficients modulo rational equivalence.

We denote by A™(X)(r) the pure motive determined by the tuple (X, m,r, Ax),
where Ax denotes the diagonal, regarded as the identity correspondence. We
interpret {(X,m,r,€)} as the direct sumand of A™(X)(r) corresponding to .
For simplicity we restrict from now on our analysis to pure motives M of the
form (X, m,r, €) which we denote by M,(r).

Fix integers m > 0 and r such that m—2r = w < —3 and r > inf(m, dim(X)).
Let also fix a prime p of Q, p # 2. For every M.(r) let associate the motivic
cohomology

HY T (Me,r) o= (Kop—m-1(Me) @ Q)

which it is the r-th Adams eigenspace of the 2r — m — 1-th Quillen K-theory of
M.. We consider some realizations for the motive which are related via regulator
maps with the above motivic cohomology. Let define Hj, g by

e H

sing

(X xq C, (2m)" Q) T,

a Betti realization, where the upper-script + means the fixed part by the
Gal(C/R)-action acting simultaneously on C and on Q(r — 1). The p-adic
realization for our motive corresponds to

Vp 1= € HG{ (X xp F,Qp(r)) = Hi (Mc xp F,Qy(r))

which is a Gal(F/F)-module, unramified outside a finite set of places of F.
Consider
Hpgz =€e¢H

sing

(X xqC, (2mi)"1Z)*
which satisfy H}j 7z ®z Q = H}, g, and
T, =€ Hi} (X xp F, Zyp(1))

a Gal(F/F)-module such that T, ®z, Q, = V,.. Let S be a set of finite primes of
F' containing the primes lying over p and the ones where T}, is ramified. Let Op
be the ring of integers of F' and write Og := Op[1/S]. Consider j : Spec(F) —
Spec(Og) the natural map and define,

H; = H.,(0s,5.T)).

We omit j, if no confusion is likely. Then, there are regulator maps due to
Beilinson and Soulé,

rp HX/L[H(M&’/‘) Q@ R — th ®z R

Tp H;\”/I'H(M67 r) Qg Qp — H; ®z, Qp.



For any prime p 1 p in O, we have local Euler factors which are defined by
Py(Vp, s) := detq, (1 — FryNp~*|V,[»),

where F'ry is the geometric Frobenius at p and I, is the inertia group at p. For
p | p, they are defined by

Pp(vzm 5) = dEtFo,p(l - ¢;1NP75|D0M3(V])))’

where ¢, is the arithmetic Frobenius, De¢yis(V)) = (Beris,p ® V:,,)Gal(fp/FP) and
Fy,p, means the maximal unramified extension inside F,. Recall that P,(V}, s)
is conjecturally independent of the choice of the finite prime p.

The L-function of X is defined by
LS(‘/IM S) = H Pp(v;?v S)_l'
pES

Conjecture 1.1. (cf. §4[18], conj. 2.2.7in [17] ) Let V,; = Hom(V,,Qy) be
the dual Galois module. Let p # 2, r, m and S be as above. Assume that

Py (V7 (1),0) # 0
forallp € S and that Ls(V,(1),s) has an analytic continuation to all C, then:
1. The maps rp and rp are isomorphisms and Hg 18 finite.
2. dimq(Hpz) = ords=oLs(V, (1), s); write this number [.

3. Let n € detz(Hpz) be a Z-basis. There is an element £ € detq(Ha) such
that

rp(€) = (lim s~ Ls(V;/ (1), ).
This is the “Beilinson conjecture”.
4. Consider r,(€) € detg, (Hy ®z,Qp). Then ry(€) is a basis of the Zj-lattice
dety, (RT(0s,T,))"" C detg, (RT(Os, V,)[—1]).

i.e.

[detz, (H,) : 1p(€)Zy] = #(H;) = detz, (Hy).

As our knowledge of K-theory is limited, we take a weak version of the
conjecture.

Conjecture 1.2. (c¢f. §1.1.1 [19]) With the same hypothesis of the above con-
jecture 1.1, then there is a subspace HSG™'" in Hpq such that:

1. rp and ry, restricted to Hf\flns” are isomorphisms and Hg is finite.
2. dimq(Hp z) = ords=oLs(V, (1), s); write this number [.
3. There is an element & € detq(HSY™") such that

ro(€) = (lim s~ Ls(V; (1), ).

4. The element rp(§) is a basis of the Zy-lattice
dety, (RT(Os,T,)) ™" C detq, (RT(Os, V;)[-1]).



2 The motive associated to Hecke characters

Let K be an imaginary quadratic field and Ok be its ring of integers. Denote
by di the discriminant of K. Let E be an elliptic curve over K with CM by
Ok . In this section we describe some pure motives coming from a self product
of the motive h'(E) and their realizations, and we prove that the L-functions
associated to these motives correspond to Hecke characters. We obtain finally
an analog for these motives of a result of Deuring for CM elliptic curves.

Let p be an odd prime, fixed once and for all, such that E has good reduction
for all primes over p. Let S" be the set of places that divide the conductor of
the elliptic curve f (that are the same places where E has bad reduction) and
the places that divide p.

Consider the category of Chow motives M(K) over K with morphisms in-
duced by graded correspondences in Chow theory. We have then a natural
covariant functor h from the category of smooth and projective varieties over
K to M(K). Then, the motive of an elliptic curve E over K has a canonical
decomposition h(E) = h° E® h' E @ h?E with respect to the zero section, where
hYE = h(Spec(K)) and h?E = h(Spec(K))(—1). We can also consider the cat-
egory Mg(K') which consist with the same object but enlarging the morphisms
tensoring by Q of the category M(K). For an elliptic curve we have also the
above decomposition for h(E)g in Mg(K).

If E is an CM elliptic curve as before, the motive h'E has multiplication
by Ok. Consider then the motive ®“h'E, for w a positive integer, which
has multiplication by O, = ®¥Ok. Then, ®“h'Eg has multiplication by
Ty = ®@gK. If we denote by T = Hom(K,C), observe that T, is equal to
[1y Ts, where 6 runs through the Aut(C)-orbits of Y = Hom(T,,,C) and Ty
are fields. Let ey be the idempotent corresponding to the component Ty of Ty,
and consider the motive

eo(®h' (E)g)-

Then, on the integral motive ®“h'E, considering the idempotent eg as be-
fore, we get that the integral motive eg(®“h!(E)) which has multiplication by
Oy := 9Oy, a ring in Tp.

Remark 2.1. These motives were introduced by Deninger in [6] in a more gen-
eral setting. He constructs a motive for every Hecke character on Ak, coming
from the self product of h*(E) for a particular CM elliptic curve related with a
weight 1 Hecke character. Under the restriction cl(K) = 1, the Hecke charac-
ters on Ak, are the ones which maps to K*, with any Dirichlet character ([6,
Prop.1.3.1]). Then our presentation is the general situation for Hecke charac-
ters over an imaginary quadratic field with cl(K) = 1.

Let ¢ : Ix — K™ be the grossencharacter associated to the elliptic curve F.

Define the CM character
Yo Ix — Ty

by 19 = ep - (®“1)), and denote by fg the conductor of ¥y. Observe that fgl|f
since 1y is a sub-character of ®"1).

The infinity type of this character is obtained as follows: Let fix once and
for all an embedding K — Q like in the last paragraph on [6, p.132]. We have
then a natural embedding

K— QYK —T, — Ty



where the first map corresponds to the diagonal map. For any 9 € 0 =
ONHomg (Typ,C), (6 here means the elements of T* which includes Ty in C), ¥ =
(A, Aw) €YY we set ag = #{i|\; € Homg (K,C)} and by = w—ay. These
numbers do not depend on the element ¥ in 0, and they determine the infinity
type for the Hecke character 1y (cf. last paragraph 1.3 [6]). We will denote
the type of ¥y as (ag,bp) := (ay,by) where ¢ is any element in 6. Moreover,
in our situation, the CM field Ty is the field generated by (A1(K) - ... Ay (K))
which is K, where ¥ = (\1,...,\y) € 0, then ep(®“h'(E)g) € Mg(K) has
multiplication by K. As \; € {\, A} where ) is the fixed embedding of K in C,
and \;(Og) = Ok, we have then that eg(®h!(E)) € M(K) has multiplication
by Ok and we can consider Oy = Ok . We mention also that 6 only contains two
¥, because in T* two embeddings of the same field differ by an automorphism
of C, but the field Ty is K which has only two automorphism then we have that
the other element of @ diferent for ¥ is (A1, ..., Ay).
Let’s denote by
My = ep(@Vh' (E)),

considered as an integral Chow motive ([11, p.57]), that is and element in the
category of M(K), and Mpyq its image in Mg(K). Our objective in this section
is to study the p-adic and Betti realizations of this motive twisted by w, and to
determine its L function in terms of the Hecke character .

The p-adic realization of the motive Myg(w) is, by definition, HY(Mpg X x
K,Q,(w)). We need to choose a lattice on it.

Lemma 2.2. The integral p-adic realization of My(w), HY(My X ¢ K, Zp(w)),
is isomorphic to
69(®prE)

as free ee(®w(’)K)-mgdules of rank 1 with Gg-action, with the Og-action on
eo(QUT,E) given by vy @ Zy,.

Proof. Observe first that T}, E is isomorphic to HY, (h'(E) x x K, Z,(1)) by Kum-
mer theory, but with G g-action given by the complex conjugation by Artin
reciprocity.

The claim that eg(®@"T,FE) is a free module of rank 1 follows because T, E is
a free Og-module of rank 1 and then eg- (T,E®...®T,E) is a free eg - (Ox ®
... ® Ok )-module of rank one.

Now, consider the natural action of G on HYL(hR'(E) xx K,Z,(1)) =
Hom(T,E,Z,(1)). Since G acts on the Tate module by ¢ : Gx — (Ox ®Zp)*,
then it acts on our G g-module via the complex conjugate. Using that

HY((h'(B) xx K)", Zy(w)) = H' (W' (E) xx K,Zy(1))®"
by [10, Prop.2.4.3 a)], and taking our idempotent, we obtain the result. O

We can apply this result to the motive My(w+1+1) for any integer [+1. We
get therefore a Z,-lattice in the p-adic realization of the motive My g(w+1+1).

We are going now to define a submodule in HY,, (E" xqC, Z(2mi)" )" such
that their elements are a Z-lattice in the Betti realization with Q-coefficients
for Mp(w +1+1).

Observe first that H5(E(C),Z(1)) & H5(E xg C,Z(1))* is an Og-module
of rank 1, and hence

% HY(E(C),Z(1))



is a ®"”Og-module of rank 1. By considering now the idempotent ey and taking
the corresponding submodule

eo(®" Hp(E(C), Z(1)) (),

we get a Op := eg(®" Ok )-module of rank 1. This module corresponds to the
Z-module HE(Mpyc, Z(w + 1)), the searched Z-lattice of H* (Mpc, Q(w +1)) for
the Betti realization of our motive in the formulation of the conjecture.

Now, we are going to study the L-function that corresponds to the p-adic
representation HY(Mpg X i K, Q)) of Myg. Let be S the places of K that divide
fo and the places that divide p. Define as usual

Ls(My, s) := | [ detq, (1 — FrobN{1™*|(H4(Myg x x K,Qp))") ™!
¢S

where Frob; means the geometric Frobenius.
Our goal is to compute this determinant and to relate it with the local factors
of the L-function of the Hecke character 1y that is defined by,

Yo (1)

—1
Ne )

Ls(ta,s) = [[(1 -

¢S

Recall that the operation of the decomposition group D, for p { p on
H},(h'(FE)x k K,Q,) is given by the operation of ¢)~! |xs» and hence Dy, operates
on HY%(My7,Q,) via 1, '. On one hand, the inertia group I, acts non-trivially
if and only if p divides the conductor fg. On the other hand, for p t fg, the

geometric Frobenius Fr, at p acts via ¥g(p). We obtain hence the following
result.

Lemma 2.3 (Deninger,§1.3.1[6]). Let [ a finite prime of K not over p, then
detr, 0, (1 — FriNIU5|H% (Mg, Q,)"") = (1 — ¢ () NI~%)
if Lt o, where fo is the conductor of the Hecke character yg.

We fix some restrictions for our motive My(w + I + 1) once and for all. We
suppose —w — 2] < —3. Remember that, with our restriction that E is defined
over K, we have #0| = 2, and in particular we have Ty = K and Oy = Ok.

The L-function for My can be described by using lemma 2.3 and by taking
the norm map.

Lemma 2.4. Let [ a prime of K such that [1fo and it is prime to p. We have
then the following equality

detq, (1 — FrNU*|(H" (Mg, Qp))") = (1 — () NI)(L — ¢ (DNI*).
As a corollary we obtain a generalization of a result of Deuring.

Theorem 2.5. Let S be the set of the primes on K dividing fg and primes
dividing p. Then:

Ls(H"(Mg,Qp),s) = Ls(vg, s)Ls (g, ).



Remark 2.6. The p-adic realization Vy w141 = HY (Moo Xk K, Qp(w+1+1))
of our motive My satisfies that the local Euler factors

Pp(vp*(l)a 1) = Pp(@e, *l)

are different from 0 for all p € S. Hence, it satisfies the hypothesis in the
conjecture 1.2.

To show this fact, suppose first that p|fo. Then, the inertia group acts non-
trivially on Vi w.wti+1, which is a one dimensional Og ® Q-module, and hence

Ly (g, s) =1

for all p|fg, and in particular for s = —I.
If p divides p, then the result follows from the fact that the abelian varieties
with CM satisfy this condition. i.e.

detq, (1 — FryNp'|H (E”,Qp)) # 0,

and therefore, since the different idempotents ep give a direct summand of the
cohomology group HY (Ew7 Qyp),

LP(EQ? _l) 7é 0.

3 The Beilinson conjecture for Hecke characters

In this section we will review briefly the study of the Beilinson conjecture for
the motive Myg(w + !+ 1) done by Deninger in [6]. First of all, recall the main
theorem in [6].

Theorem 3.1 (Deninger, 1.4.1 [6]). Let w = ag + by > 1. Consider an
integer | such that
—l < Min(ap,bg) if ag # by

—l<ag=byg=w/2 otherwise.

Then the L-series L(1y,8) has a zero of order 1 in s = —lI.
Moreover, there exist an element & in Hiy ™" (M, Q(w + 1 + 1)) such that,
under the Deligne requlator map

D H.q/(}/l—i_l(MQvQ(w +1+ 1)) - Hg(Mg,]R(’LU + l))?

has image
. L(vg, s) .
rp(&p) = lzms_)_lsi—l—lna mod T

in the free rank one Ty @R-module Hy ™ (Mg, R(w+1+1) = HE (Mac, R(w+1)),
where ng is a Tp-generator of Hp(Mgc, Q(w +1)).

Observe that the L-series L(1y,5) is equal to the L-function for the dual
Beilinson motive of My, i.e. the same motive but with action by Ty given by its
complex conjugation.

Let’s recall the construction of &y, following the results of Deninger. We
suppose once for all that [ > 0. Remember that S is the set of finite primes

{p € Spec(Ox)lplio or plp}-



Fix an algebraic differential form w € H(E, Qg /K )- Since we have complex
multiplication, we can write the period lattice as I' = QOp, where Q € C*
is the complex period. Fix an element v in H;(E(C),Z) such that it is an
Ok-generator, and satisfies

Q= / w.
¥

By Poincaré duality, we have that to v it corresponds 7., an Og-generator for
H(E(C),Z(1)). Consider now the Op-generator

mo = (2mi)'ea(n, ® .. © 1)

of
HE (Myc, Z(w +1)) = ep (@ Hp(E(C), Z(1)))(1)) -

To construct &y, we will define a divisor on the torsion points of the elliptic
curve; its image by the composition of the Eisenstein map Exq ([5, §8]) with the
Deninger projector map K ([6, (2.8)]) will define our &p.

Remember that fg is the conductor of the Hecke character 1)y associated with
My, and denote by f a generator of fy (it exists since the ideal class group of K
is equal to 1). We have that

Qf tef,'r

and that (Qf~!) gives a divisor in Z[E[fg] \ 0] defined over K (FE][fy]). Since f
is the conductor of ¥ and fg|f, the divisor (2f~1) is defined also over K(E[f]).
We will define our divisor as

Bo = Ng(m/x(QUF71).

If ag # by mod |O%/|, we obtain that ([6, p.142,(2.11)]),

2 Ny of s e (f) ®(f)

-1
TD(,CMSM(HG)) = ( 1) (2l i w)!NK/Q(fQ)H_w (I)(fg)

L/(%» _l)7797

where ®(m) := |(Og /m)*| for any ideal m of Ok.

This is an analog for My(w + 1 + 1) of [19, thm.1.2.2] which corresponds to
hY(E)(1 + 1+ 1). Therefore, it suggests the element that we have to take to
prove an analog for the p-Tamagawa number conjecture for My(w + 1+ 1), that
is, to control the coimage of the p-Soulé regulator by the number of elements of
a second cohomology group.

Theorem 3.2 (Deninger, §2[6]). Suppose that ag # by mod |O%| and that
ag, be,l satisfy the hypothesis of the theorem 3.1 with [ > 0. Define, by using
the previous notation,

o, 1=
21+ w)! Ly (g, —1) ' ®(fo)
2! Ngc ofpte (f)@(F)

where Lp(%, s) is the product of the Euler factors for the primes of K above p.
Then

(—1)1—1( Ko EXT(Be) € Hi™ (Mg, Q(w +1+ 1)),

ro(€o) = L§(ve, —1)ne,
where S are the primes of K that divide fop.



Definition 3.3. For ag # by mod |O%| we define our constructible space
(H3f" . in conjecture 1.2) by

Ro =&, 0K

Remark 3.4. In the situation ag = by mod|O% |, Deninger defines also a divisor
whose tmage with respect to the composition of the Fisenstein map with the
projector map satisfies the above Theorem 3.2 ([6, §5]).

As a consequence of Theorem 3.2, we have that our submodule Ry verifies
the Beilinson conjecture for the motive My(w + [ + 1).

Theorem 3.5. The O -submodule Ry of Hiyf" (Mg, Q(w+1+1)) satisfies that

deto, (rp(Re)) = Ls(ve, —l)deto, (Hj (Mo, Z(w +1))
in deto,or(Hp (Moc, Z(w + 1)) @ R). Here

L5, ~1) = lim Ls(@a,)/(s +1),

and S is the set of primes dividing f9 and primes dividing p.

Proof. Observing that 79 is a O = Oy-base for the free Oyg-module
HE(My @k C,Z(w + 1))
of rank one, the result follows. O

Corollary 3.6. The submodule Ry defined above satisfies the Beilinson con-
jecture inside the p-local Tamagawa number conjecture, that is Ry satisfies the
following conditions:

1. The map rp @ R is a isomorphism when restricted to Rg @ R.
2. dimg(HE(Ms, Z(w +1)) @ Q) = ords=_; Ls(H" (Mp, Q,), s) = 2.
3. We have the following equality
r(dets(Ro)) = Ly(HY(Mp, Q,), ~deto(H (Mo, Z(w +1)))
where LE(HY(My,Qp), —1) means Slin_lng(H:;(Mg,Qp), 5)/(s+1)? (this
makes sense by using theorem 3.1 and theorem 2.5).

Proof. The first and the second conditions are clear for the dimensions of the
spaces involved in the Deligne regulator map, and the theorem 3.5. The third
condition comes from the previous theorem using the fact that, if we multiply
an Oy = Og-module with an element Lg(%, —1) in Oy ® R, the determinant is
multiplied by the norm

NO@@R/R(LE'(%a _Z)) = Lg(%7 _Z)Lg(%v _l) = Lg(%a —Z)LE(W% _l)

Using theorem 2.5, we obtain that this is equal to L% (HY (Mg, Qy), —1). O

10



4 Iwasawa theory

In this section we will define a map that relates the cohomology groups H;;7®w
for the p-adic lattice in the p-adic realization of My(w + 1 + 1) defined in §2,
with some Z,[[X, Y]]-modules in Iwasawa theory.

To simplify the notation, we will denote in this section by
Myz,, (m) = (eg @ Hey(E x i K, Zp))(m)

the p-adic lattice for the p-adic realization of My(m).

Suppose in the following and once and for all that p t #|O%| (if p > 3 this
condition is satisfied). Let K, := K(E[p"™!]) be the field of definition of the
p*H1_torsion points of E, and let K, := liin K, its inverse limit. Denote by O,,

the ring of integers of these fields (respectively Ou). Then A := Gal(Ky/K)
has order prime to p and I' := Gal(K/Kp) is isomorphic to Z2.

Let G be the Galois group Gal(K/K); then G = A x I". Let A,, be the
p-part of the ideal class group of K,,, and let £, be the group of global units O},
of K,. Let U} be the group of local units of K,, ® x K, which are congruent to
1 module the primes above p, where p is a prime of Ok lying over p.

For every prime v of K,, above p, there is then an exact sequence

*
v = LXK, —1

1—=Uyy— Kr*z,

and UP = Dy|pUn,v- Here Uy, , are the local units congruent to 1 modulo v and
kn is the residue class field of K, ,.

First of all, let’s recall briefly the definition of the elliptic units C,, in K.
For every ideal a of K prime to 6 we can define a theta function

0o : E\ ker([a]) — C

which has divisor N(a)(e) — ker([a]) (for the precise definition see [19, (4.2.2)]).
The function 04(z) is in fact a 12-th root of the function defined in [7, I1.2.4].
Let fo be a fixed ideal of O such that O3 — Ok /fe is injective, and suppose
that fg divides the conductor f of the elliptic curve E. Let’s denote by ¢;, a
generator for E[fg]-torsion points as Ox-module, and let a be an ideal prime to
6fg.

Definition 4.1. Let C,, be the subgroup of units generated over Z[Gal(K, /K)]

by
[T 6, +ho),
o€Gal(K(fo)/K)

where a runs through all ideals prime to 6pf, K (fg) is the ray class field defined
by fo and h, is a primitive p™-torsion point (i.e. a generator of the p™-torsion
points of E as O -module). Define the group of elliptic units of K,, as

Cn = Noo(Kn)Cnv
where oo (Ky,) denotes the roots of unity in K.

Denote by &,, and C, the closures of &, NUP respectively C,, N UP in UF.
Define

Ao :=1lim A, o :=lmé,, Cx :=1imC,, U’ = limU?

11



where the limits are taken with respect to the norm maps.

Denote by MP the maximal abelian p-extension of K, which is unramified
outside of the primes above p, and write X2 := Gal(M! /K). Define the
Iwasawa algebra

2,19 = lim Z,[Gal(K,,/K)]

which has a natural action of Z,[A].
For any irreducible Z,-representation x of A, consider

ey 1= #LA Z Tr(x(r)~ € Z,[A]

TEA

and for every Z,[A]-module Z denote by ZX :=e, Z.
We define
A= Z[[G]]X = Ry [[I']

where R, is the ring of integers in the unramified extension of Z, of degree
dim(x).

We denote by A := O,[[I']] where O, = Ok ® Z,. The modules AX and
EX /CX. are torsion AX-modules. The classical theorem for the main conjecture
in Iwasawa theory, using the determinant notation instead of the characteristic
ideal (see [18, Proposition 6.1]), states:

Theorem 4.2 (Rubin, theorem 4.1 in [21]). Let p{ #0O7.
1) Suppose that p splits in K. Then

detax (AX) = detpx (EXJCL).

1) Suppose that p remains prime or ramifies in K and that x is nontrivial on
the decomposition group of p in A. Then

detAx (Aé(o) = detAx (g:o/é)o(o)

Remark 4.3. Rubin uses for the above theorem 4.2 in [21], another definition
for the elliptic units as the ones defined above, but the result remains true with
our definition of elliptic units. Let me briefly explain the reasons for this claim.
The original definition [21] defines C),(F) with F' an abelian extension of K by

{NFK(Q)/FQG(T)“*HT,Q, a as follows, and o € Gal(F/K)},

where g runs any ideal of Ok such that Oj injects into Ok /g, T is an exact g
division point and a be an ideal prime to 6g. Denote by I the augmentation ideal
for Gal(Ko/K) and by S the annihilator in Z,[[X, Y]] of ppe (Ko), the group
of p-power roots of unity in K. Then the elliptic units in [21] are isomorphic
as Zyp[[X,Y]]-modules to IS (cf. [21, thm 7.7]) . We observe, taking invariants
by x, if x is not trivial, that I becomes invertible; this implies that we can
change the Rubin’s definition of elliptic units for another one without multiply
our theta function by ¢ — 1. Our elliptic units are isomorphic to S, then using
the observation by the ideal augmentation we can modify them multiplying by
o — 1. After this modification, our elliptic units are included in the ones of
Rubin in [21], and the AX-determinant remains equal with this modification. If
fo = f the conductor of the elliptic curve, is known by the specialist theorem

12



4.2 is true with the definition 4.1. If fy divides f, we can relate our definition of
elliptic units (4.1) for the fix ideal fg with the definition of elliptic units (4.1)
with f as a fix ideal. We obtain that the one defined by f is exactly multiply
by [I;(o; " — 1) the one with fy, where oy is the Frobenius at [, where [ runs
in the prime ideals of K which divide f but do not divide fg. Then we relate
both definitions multiplying with an element of the augmentation ideal. Then
we have an inclusion:
Coo,f C Coo,fg C Com

because we modify our definition by the augmentation ideal and the element that
multiply belongs to this ideal. Now, we take y-invariant and AX-determinants.
We know that the first determinant coincides with the third one, because the
theorem 4.1 is satisfied in the case fg = f for our definition of elliptic units, then
as consequence the determinant of the middle coincides also with the third one,
obtaining then our claim.

Let X be the Galois group for the maximal abelian p-extension MZ of K,
over K., which is unramified outside of the primes above p. Define also

Uso := U x U,
if p = pp* is split, and
Uso :=UE,

if p is inert or ramified. Similarly, let },, be the p-adic completion of (K, ®Q,)*
and Ve := lim)),,. We have an inclusion U,, C V. Using Class field theory

we have an exact sequence
Oﬁzm/amﬁum/éooﬁXoo—)Aoo—)(), (1)

where Co, is diagonally embedded into U¥, x ug;‘ if p is split.
We can consider moreover the representations y : A — O%. For any topo-

logical group B, we denote by B the completion by the ideal p. Denote then
by
BX:={be B® Okl|ob=x(0)b Vo € A}.

Using this notation, we have also an idempotent
1 _
ey 1= A Z Tr(x(m)7™' € Ok @ Z,[A].
TEA
Using the sequence (1) one gets easily [19, cor. 2.1.5]:

Corollary 4.4. Under the same hypothesis of theorem 4.2, and if XX denotes
exXoo, we have that

detpx (XX) = detax (UX,JCX).

To control the coimage of the inclusion of Uy, C Voo we will use the following
result, [19, lemma 2.1.6].

Lemma 4.5. Let p be a prime such that p { Ngof. If p splits in K, the
inclusion Us, — Yoo s an isomorphism and if p is inert or ramified in K, there
s an exact sequence

0 — Uso = Voo — Zp[A/A,] — 0

where A, is the decomposition group of p in A.
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Recall that Og = Ok[1/S]. Here and in the following S denotes the set of
primes of K which divide f4 plus the primes of K above p, and S’ denotes the
set of primes of K above p and the primes which divide the conductor { of the
elliptic curve E. Denote by S, the set of finite primes over p, and by O, s,
the ring of integers of K,, where all the primes above p are inverted. We define
then Ou 5, 1= liin Ohn,s,- Similarly we define O,, s and O, 5, where the primes

above S are inverted in K, or K, respectively.
After introducing all the above notations, we are going to define a map in
the spirit of Soulé:

ep : Coo @z, (e9 @™ T,E)(1) — H'(Os, (eg " T,E)(I + 1)).

All makes sense because Mpz, (w + ) is unramified outside S and it is consider
as Og-sheaf. Denote in the following by O, := Og ®Z, and by Og ;, := Og R Z,.
Using the definition of Mgz, (w)(l + 1), we have that

H' (05, (eg @" T,E)(1 +1)) =lim H' (Os, (eg @" E[p"'])(I +1)).

Define e, in the following way. Consider (6,), a norm compatible system of
elliptic units and an element (,.), of lim(ep(2VE[p"1]))(I), then we define

ep((0r @ tr),) := (Normpg, k(0 @ t,))r.
It is well defined because 0, ® t, is an element in
055/ (Ors)”" @ (eo(@"Ep™)(1) € H' (0,5, (eg(@" B[ 1)) (1 + 1))

Definition 4.6. The Soulé elliptic elements are the elements in the image of
the map

€p - (éoo ® ]\492]p (w + l))g — Hl(OS, Mgzp (IU + 14+ 1))
where G = Gal(K (E[p™])/K).

We need to find a finite field extension field of K such that Myz, (w + m)
is unramified in all places outside p. We know that the elliptic curve has good
reduction over K at all the places not dividing p. And hence, using Serre-Tate
theorem, the Tate module of the elliptic curve is unramified in those places. In
particular, our tensor product of Tate modules twisted by m, corresponding to
Mpyz, (w 4 m), is unramified in all the places not dividing p in K. Therefore,
K verifies the conditions.

For a G x-module M, we define

H' (Koo ® Qp, M) :=lim H' (Ky, @ Qp, M) = im @, ), H' (Kp,0, M).

Suppose that M is a O, := O ®Z,-module. We will use the following notation:
If M has and action of absolute Galois group Gg of K,

M' := Homo,(M,Qp/Z,(1) @z, Op)
with the natural action of Gk ; and if M has an action of a group G
M* = Homop(M, Qp/Zp ®Zp Op)

with the natural action of G.
We follow closely the argument in [19, §2], but now the p-adic integer real-
ization is Mz, (w) instead of the Tate module of the elliptic curve E.
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Proposition 4.7. There are isomorphisms of O,[[G]]-modules
Xoo Rz, Mezp(w +1) = Hl(ooo,spaMf?Zp(w +1+1))"

Voo ®z, Moz, (w+1) = H' (Ko ® Qp, Myz, (w + 1+ 1)")*.

Proof. See [19, Proof prop. 2.2.3] or [2, Proof prop. 3.4.7].

O
Proposition 4.8. The groups
H?*(Koo ® Qp, Moz, (w+1+1)) and H*(Ou,s,, Moz, (w +1+1)")
are zero.
Proof. See [19, Proof prop. 2.2.4] or [2, Proof prop. 3.4.8].
O

Let’s now recall [19, lemma 2.2.6].

Lemma 4.9. Let M be a perfect complex of A = O,[[[']]-modules. Then here
are canonical isomorphism

M* ®% 0, = RT(T, M)*

where the right hand side is the (continuous) group cohomology of T' and M* =
Hom(M,Qyp/Zp ® Op).

Using this lemma, we obtain the following result.
Corollary 4.10. There are exact triangles

(Yoo ® Moz, (w +1)) @ Op — RT (Ko @ Qp, Moz, (w+1+1))" [~1]

— RD (D, H (Koo ® Qp, Moz, (w+1+1)))" [-1]

and
(Xoo ® Moz, (0 +1)) 85 Op — R(Og,5, ® Qs Mag, (w + 1+ 1)) [~1]

— RT’ (F, HO(OOQSP, Moz, (w+1+ 1)/))* [—1].

If in the definition of e, only take the norm maps to Ky, we get a map of
complexes

ep:Coo ® Mgzp(w +1)— Hl(OO,SP,MQZp(UJ +141))

Recall that, for weight reasons, we have that HO(OO,SP7 Mz, (w+1+1)) = 0.
So, we obtain a map of complexes

ep : (Coo ® Mgz, (w+1)) &% O — RT(Oy,s,, Moz, (w + 1 + 1))[1]

Lemma 4.11. -The following diagram is commutative
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(Coo ® Moz, (w+1)) @k 0, = RT(Oy.s,, Moz, (w+ 1+ 1))[1]
! !
(Voo ® Mgz, (w+1)) @% 0, —  RU(Ko® Qp, Moz, (w + 1 +1)")*[~1]
ol !
(Xoo ® Mgz, (w+1)) @5 0, — RI(Oy,s,, Moz, (w414 1)")*[-1]
where the map o is induced by the natural map Voo /Coo — Xoso-

Proof. See [19, Proof lemma 2.2.8] or [2, Proof lemma 3.4.11]. O

We consider in the following the representation x of the group A given by
the action of A in
Homo, (Moz,(w +1),0p).

We impose that the above representation is irreducible. If (ag,bs) denotes the
infinity type for ¢, then 1y is irreductible if p — 1 1 ag — by and p splits in K or
if p+11ag — by and p is inert in K.

Definition 4.12. A character x of the group A is called a good character if it
is irreducible and it satisfies the Twasawa main conjecture (that is, if x satisfies

that detyx (AX) = detpx (EX,/CX.)), and that
UX =YX

These conditions are always satisfied when the prime p splits in K. If p is
inert or ramified, y is good if x is non trivial on the decomposition group of p
in A (by theorem 4.2(b)) and Z,[A/A X = 0 by lemma 4.5. We impose once
for all that x is not the cyclotomic character and that x is a good character.

Lemma 4.13. Observe that our character x is equal to (Yyr') =t where k is the
cyclotomic character. Suppose that p splits in K and suppose that p—1{ ag+1+1
orp—11bg+1+1o0orp—14ap—by. Then x is not the cyclotomic character.

Proof. Since p is split in K we have that p = pp*, where p is not equal to p*. Let
A, be the Galois group Gal(K(E[p])/K); it is a subgroup of the decomposition
group since p is totally ramified in A,. Observe that ¢y ® Z, = ¥a, & Va,,
since p is split. It is known 1g |a, = & (see for example [10, §2.5]), so we get
that our character is different for x as long as #A, =p—11by +1+1, since
is a generator for the character group of A,.

Using the same kind of argument for p* applied also to the character g,
we obtain the same result but with ag instead of by. Thus, we will obtain the
cyclotomic character only in the case that p—1 |ag+I{+1and p—1 | bg+1+1.

We can also use the same argument for 1q, , obtaining the same simultaneous
arithmetic conditions, i.e. p— 1|l + by + 1 and p — 1]ag + 1 + 1. We refer to [11,
p-220,pp.223-234] for more details on the above characters. O

The goal of the rest of the section is to show that the map e, induces an
isomorphism of O,-modules

deto, ((Cxo ® Mz, (w+1)) @% 0,) = deto, (RT(Og, Mgz, (w + 1 +1))) 7.
Proposition 4.14. With the same hypothesis as above, we have that
deto, (RT(G, H (Ko ® Qp, Moz, (w+1+1)))) = O,
deto, (RT(G, H(Ous.s,, Moz, (w + 1+ 1)) = O,
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Proof. Tt follows from [10, prop. 2.4.6], that the action of G on
Moz, (w+1) = (e(Og ®@---Ok) @ Q) = Oy

is via the character

Py : G — O;’p.

We have hence a surjection of O,-modules p : Op[[I']] — Myz, (w +1). Thus
ker(p) is an ideal of height 2 because I" = Zz2>' We know that detr is determined
by the ideals of height 1 for the ring R (cf. [17, 2.1.4]). This implies that

detop (MGZP (U) + l) ®H(5p[[g]] OP) = OP' (2)
In fact, since A is finite and G = T x A, we have the equality
MOZP (U) + l) ®%)p[[g]] Op = (MGZP (’LU + Z))A ®H-(;)p[[1‘]] Op'

Since we know that ker(p) has height 2, we have deto r))((Mez, (w +1))a) =
O,[[T']] and so deto, ((Mpz, (w +1))a ®H(5p[[r]] Op) = Op. This checks (2). We
conclude by using lemma 4.9.

O

Using the isomorphism
VA U

coming from the property that x is a good character, and applying the derived
functor RI'(A,) to the sequences in corollary 4.10 it proves:

Corollary 4.15.
deto, (U, ©@o0, Moz, (w +1)) @% O) =

deto, (H°(A, RT(Ko ® Q,, Moz, (w + 1+ 1)")*[-1]))

and that
deto, (XX @0, Moz, (w +1)) ok Op) =

deto, (H(A, RT(Og,s, ® Qp, Moz, (w+ 1+ 1)')*[-1]))
So, if we apply the functor RI'(A, ) to the triangle

RT(Oy.s,, Moz, (w + 1+ 1)) — RT(Ko ® Qp, Myz, (w+ 1+ 1))*[~2]

— R (O s,, Mz, (w+1+1))*[-2],
we obtain the following result.

Corollary 4.16. There is an isomorphism of determinants
deto,(H(A, RT(Oq,s,, Moz, (w +1+1)))) ! =
deto, (U, ®o, Moz, (w +1)) @ Op)deto, (XX, ®o, Moz, (w +1)) &5 Op) ™!

We need now to find the relation between Op s, and Op 5.
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Lemma 4.17. The restriction map induces an equality of determinants
deto, (H°(A, RT(Og,s,, Moz, (w + 1+ 1))) =
deto, (H°(A, RT(Og,s, Moz, (w + 1 + 1)))) 2 deto, (RT(Os, Mgz, (w + 1 + 1))).
Proof. Consider the exact triangle
RI'(Oo,s,, Moz, (w + 1)) — RI'(Oo,s, Myz, (w +1))

— Dyes\s, Bl k() (O, Moz, (w +1))[1]

where O, is the local ring at v. Since T),E is unramified at the places of Ky in
S\ Sp, the same is true for eg(RT,E)(l). By purity we have that

RU4(0)(Oy, Moz, (w + 1)) = RT(k(v), Moz, (w +1)).
But we have that
HO(A, @yes\s, R (k(v), Moz, (w + 1)) = 0.
To show this result, observe that

H' (k(v), Moz, (w +1)) = Moz, (w + ) gt nw)

and H° = 0 since we are under the hypothesis that —w — 2 < —3. Now, let v,
be a prime dividing v in Ky and let A,, be the stabilizer of v,. Since I, C A,,
acts non trivially in the coinvariants

Moz, (W +1) gty ko))
because vp|fs, we obtain the result. O

As a consequence we have the main result of this section.

Theorem 4.18. Suppose that p is an odd prime, prime to Ng,qfg and to
#|O0%|. Let x the A-representation on Home,(Mg(w +1),O,) be a good repre-
sentation. Then, the map e, induces an isomorphism of Op-modules

deto, ((Cx, ®o, Moz, (w+1)) &% 0,) = deto, (RT(Os, Moz, (w + 1+ 1))) 7"

Proof. See [19, Proof thm.2.2.12] or [2, Proof thm.3.4.19]. O

5 The comparison between the map r, and ¢, in
the constructible K-elements

Let’s start recalling the result of Kings on the specialization of the elliptic poly-
logarithm sheaf, which is a new key in the proof of the Tamagawa number
conjecture.

Let E be an elliptic curve over a base scheme T, and denote by 7 the
structural morphism, i.e. 7 : F — T which is proper and smooth. Consider
U = E\ e, where e is the zero section of E. There exist on U a lisse pro-sheaf
(i.e. a projective limits of lisse sheaves), which is called the elliptic polylogarithm
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sheaf and denoted by Polg, ([19, §3.2]). Let us consider ¢ a N-torsion point in
E diferent of e. Then are defined too some projections pry and o ( [19, §3.5.1],
[19, §3.5.3] respectively), which define the p-adic k-Eisenstein class associated
to a torsion point ¢ by

(Jkprtt*Pol@p),

for any integer k. This element is defined inside the cohomology group
HY(T, Sym*Hy,),

where Hg, := Homp(R'7.Qp,Q,). The definition of the p-adic Eisenstein
classes is extended by linearity to any divisor formed by N-torsion points ([19,
Def. 3.5.9]). The main part of the result of Kings is the explicit computation
of these Eisenstein classes. He compares this classes with the elements coming
from a connecting map of the cohomology of some tori which appears when we
consider torsors in the elliptic curve. Let us be a little more precise. Consider
H, := ker[p"] as a scheme over T. Let us consider the map multiplication
by p", pn : E, — E, where E, is the elliptic curve E but which has p"-
torsors. Consider the characteristic group I[H,] := ker(p, «Z — Z) which is
the characteristic group to a torus T, . In this situation we have a connecting
map ¢ as follows ([19, (10),84.1]):

§: H(Hpn,Tr,) — H'(Hn, Ta, [p"])- ()
Using this connecting morphism, we can express the Fisenstein classes explicitly.

Theorem 5.1 (Kings, theorem 4.2.9 in [19]). Let p be a prime number,
and let E be an elliptic curve over a base scheme T where p is invertible.
Let 3 be any divisor in E of the form

8= Z n(t)
tEE[N)(T)\e

and consider [a] : E — E any isogeny relatively prime to Np.
Then, for any m > 0, the p-adic Eisenstein class

Na(a®"Na —1)(" Polg,)™ € H' (T, Sym™Hg, (1))

is given by

i%(d Z ne Z ou(_tn){n(gm)n

teBIN|(T)\e  [p"]tn=t

where t,, is the projection of t,, to E[p™] and § is the Sym-extension of the bound-
ary map HY(H,,, Ty,) — H'(H,, Ty, [p"]) where H,, := ker[p"™] is consider as a
scheme over T and Ty, is the torus with character group I[H,] := ker(ppZ —
Z) (3).

The following result relates the image of £} (3) by the Soulé regulator with
the polylogarithmic sheaf.

Theorem 5.2. Let 3 be as in the previous theorem. Then we have that
rp(EX(B)) = —N*"(B* Polg, )™
in H*(T, Sym™Hg, (1)).
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Proof. The same proof of [19, Theorem 1.2.5] with m instead of 2k + 1 works.
See also [2, proof Theorem 3.5.2]. O

We are going to apply these results above to the divisor #g = Ng (), ((t)),
where ¢ := Qf ! is a fg-torsion point. Take N = Nk qofg, m =w +2[, T = Og
and Hg, = T,E ® Q,, using the notations of the previous theorem 5.1. Let
a C Ok be an ideal prime to 6pf, and consider the isogeny given by w(a).
Finally, 8, means the classical theta function.

To simplify the notation, define for any ¢, € E[p"]

V()™ =<ty Vdicty SO
where <, > means the Weil pairing. Our objective is the computation of

Ko €357 (Bo)

Remember that we are under the restriction ag # by mod|O%|.
Considering the diagram [6, (2.8)]

1 id)*
HZFoH (Sym2 4 B, Q(w + 20 + 1)) (Agu) xid) HYF P (B, Q21 + w + 1))

Km | L pr.
H (Mog, Qw +141) S HE (B, QU+ w 1),

with pr the projection in the last w components and Agps 1 E — E x E given
by e — (e,v/dke). We obtain a map in Galois cohomology given by

H'(Og, Sym* ™ Hg, (1)) —
H'(Os, (egSym™ Hy, ) (1 + 1)) = H' (Og, H* (Mg x x K,Qp(w + 1 +1)))
such that
K (1h(a) 220 Sym®  Hg, (1)) = e(@"4(a)) Na' Sym“Hg, (I + 1).

Theorem 5.3. Let p be a prime number such that p + 6Nfg. Let 0 be the
idempotent satisfying #|0] = 2 and such that the infinity type (ag,by) satisfies
ag % bg mod |O%|. For a p" Nfg-torsion point t,., denote by t, its projection to
E[p"]. Then, ift = Qf ™', we have the following equality

Na (¢9(d)Nﬂl+1 — 1) ’I“p(fg,l) =

(=1)'Lp (g, =) "* N1, jafy 7 ®(fo)
2114 (£) ()

pTtr=t

SNk(y/x Y 9a(—tr)®ee(®wt1)®w(t})l>

Proof. Using theorem 3.5 and the theorems above, we have that

(=)' 121+ w)! Ly (g, —1) ' ®(fo)
21=1N7, sofbhe (f)®(F)

_ (_1)1(2l + w)!LP(EQa _l)_lNTe/Qf§l+2w(D(f9) * w21

- 2T () () ol ota, )T

Using the same notation as above, we have

rp(€01) = Km(EXT ()

~ ®2l
’C/\/l(tr® +w

Finally, applying Kings’ theorem 5.1, we obtain the desired identity. O

) = ep(®"t,) @ (L)
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We want to rewrite the previous formula in terms of the norm map of the
extension K (fg) K (F[p™])/K. For technical reasons, we will work with f instead
of fp since then we can use that K(E[p"f]) = K(p"f), the ray class field, because
f is the conductor of E and divides the ideal fp™ ([7, Prop.1.6]).

Fix a prime p of K where E has good reduction, and take m = v (p). Denote
by

H}, = {t, € E[p"f]|x"t, = t}.

We write t, = (t,, 7~ "t) € E[p"f] = E[p"] ® E[f]. Define a filtration of H} as
Fﬁ,t = {tr € Hf,s|7"r7it~r =0}

Theorem 5.4. Let p be as above and t, = (t,, 7 "t) € F) \ F},. Suppose
O* — (O/f)* is injective. Denote the Euler factor of 1 at p evaluated at —I

by Ly(vg, —1). Then

Ly(@g, =) | Neyyxe Y, Oal—5) @ eg(®5,) @9(5,)" | =

p
erHht .

(N (Oa(—tr) @ eg(@"1:) @ 3(E)'))r
in H(Og,eg(T, E(1))(1) ® Qp) for all a relatively prime to pf.
Proof. The identification Homoe, (T,E,0,) = T,E(—-1) is via the conjugate
linear O,-action on the right side. Hence ¢(p)t, = t,_1. We have the equality

(o) /N ™) Nic(priy i (pr—i5) (Ba(—tr) ® e0(®" 1) @ y(t)') =

—1 —i ~

Nic(pri) /(o) (Ba(—tr) ® s (@9 (p) 1) @ 7 (p) £,)') =
(Ni(ory)/x(or—ip) (a(—1r))) ® eo(®t,—i) @ Y(t—1)') =
Oa(—(tr—i, ™ 71)) @ €o(@tr—i) @ Y(t—i)',
where the last equality uses the distribution relation for 6, ([7, II 2.5]).

The Galois group of K (p"~*f)/K(f) acts simply transitively on F}, \ Ff,fl
We get hence that

(Vo) /Np ™)' Nic(oriy i () (Oa(—tr) ® e0(®VE) @ 7(6)') =
S Oal— (T m ) @ eo(@78 ) ()
t,,.fiEijt\F:i,tl

We know by [7, Prop. 11.2.4.ii)] that we have the equality 0, (—(¢,_;, 7 "t)) =
Oa(—(t,—i, 7 "t))% with o, is the Frobenius at p in the Galois group of K (f)/K.
This and the fact that Ng ),k is the sum over all Galois translates, which act
trivially on t,_;, gives that

(o (p)/Np™")' Nic(prp) /i (Ba(—tr) © eo(@"1,) @ 7(L)') =

Nk p/x Z Oa(—(tr—i, ™ "t)) ® €g(®“t,—i) @ Y(tr—i)" | ,

tr_ EFL \FT

Adding this equalities with respect to ¢ and increasing r if necessary we get the
result. O
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Lemma 5.5. Suppose that 0 has infinity type (w,0) or (0, w) and (#|O%|, w)
1. Then

Ok — (Ok/fa)”
18 injective.
Proof. Let u be and element in O%, u # 1 and consider the idele deﬁned by
Too = 1 and x, = u for all finite places p of K. Then ¢"(z) = ¢¥(u"'z) =
u? # 1if (w,|O0%|) = 1. So, by definition of the conductor of 1y, we obtain

that u # 1(m0d fg), hence the result desired for the type (w,0). For the type
(0, w) the proof is the same but with v instead of . O

Corollary 5.6. With the same hypothesis of theorem 5.3 but with pt 6Nf and
if O3 — (Ok/f9)* is injective, we have the equalities
Na(g(a)Na'*t —1)ry (&) =

N 31+2wq) B 5
W(s (N (B () Kba(—tr) © e(@"1) @ (E:)'), =
Nf3l+2w(1)( )

2= 1hg (f)@(F)
8 (N (B K (0)/K0a(—t

|Gal(K(F)/K(fo))|-

r) ® eg(®“t,) @ (L)),

where t,. is a primitive p" fg-torsion point with p"t, =t and a is relative prime
to pf.

Proof. If p is inert or prime the first equality is deduced from the previous
theorem. If p split, it decomposes in a p and a p* part. Putting together the

previous result with p and with p*, we have the first equality.
For the second equality, we have that

Nk (Bp) K §)/KEPDE o) fa(—tr) =

1T Oa(—t,)°

o€Gal(K(H)K(E[pr]) K (p7)/K (fo) K (E[pT]) K (p7))

since K = K(1) and hence K(f) is disjoint with K(p") over K, and we also
know that K(f) = K(FEI]f]) is disjoint with K(E[p"]) over K. Moreover, since
Oa(—tr) € K(f)K(p") = K(fp") and (f,p) = 1, we have that the norm is equal
to
Oa(—t,)".
TEGal(K (p7)/ K (fop™))

But 04(—t,) € K(fop") because —t, is a point of fgp"-torsion. Hence we get the
second equality. O

Now we want to show that the elements
(N (e K (50) /K 8a(tr) @ ea(@) @ y(E:)),

generate (C, ® Myz,(w + 1))r, where a is prime to 6pf and where x is the
representation of A on Homo,(Myz,(w + 1), O,), that we suppose it is a good
representation. Here we use Mpz, with the same notation as in section 4.

We suppose from now on that the natural map O3 — (Ok /fg)* is injective.
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Proposition 5.7. Consider p 1 6Nfy and a an ideal in O,, which is prime to
6pf and such that vp(a)Na*1 # 1(mod p). Then the Op[[T]]-module

C @0, (eo(®“T,E)(1))

is generated by (0q(t,)@eg(@VE,) @7 (t)Y),, where t, is a primitive p §o-division
point.

Remark 5.8. Before we begin with the proof, let’s remark that the existence
of an ideal a satisfying the conditions of the proposition 5.7 is equivalent to the
condition that the A-representation x is not the cyclotomic character (which
is one of the hypothesis that we imposed before for x). To show this fact, just
notice that the Op-action on Op[[T']] is given by complex conjugation because the
Op-action on eg(QVTLE) is given by complex conjugation on O,.

Proof. Let b be another ideal prime to 6pf. Take o4 = [a, K,,/K] and oy =
[b, K,,/K]. Then, by the properties of the theta function, we have that
(0a = Yo(a) Na 1) (05 (tn) ® eg(®"10) @ 7(tn)") =
Po(a)Na (B (tn) 7 N @ e9(@"15) @ Y(tn)') =
Po(a)Na' (Ba(tn)” N @ eg(@“tn) @ Y(tn)").

Now, it is enough show that (o4 — 1g(a)Na'T!) is invertible in O,[[I']] = A,
because C, is a torsion free A-module since Uy, is torsion free ([22, Prop.11.4]),
and we have an inclusion of Cy, in Us.

But the element o, corresponds to 1 on O, /p and thus o4 — ¥g(a)Na'*! is
invertible in A because 1 # vy(a)Na!*! mod p.

It remains prove that eq(,) @7(t,) generates Myz, (w+1). This follows since
Myz, (w) is one dimensional and hence to prove that it generates Z,(l) one can
use the same proof as in [19, p.623]. O

Corollary 5.9. Assume that p > Ngof. Then the image of Re by rp in
H'(Og,e0(@YT,E)(1+ 1)) ® Q, coincides with

ep((C ® eo(" T, E)(D)r).

Proof. As
|Gal(K(5)/K (o) INFs T2 @ (fo) /2" o ()R (F)

is prime to p, it follows from the definition of e, and Corollary 5.6. O
Let’s note the following lemma.

Lemma 5.10. The canonical map
(Coo ® Moz, (w+1)) 8% 116} Op — (Coc ® Moz, (w+1))g = (Coy ® Moz, (w+1))r
is an isomorphism and moreover (Cr, Myz, (w+1))r = O,.

Proof. We observe that the proof of proposition 5.7 shows that é:o 2 AX =
O,[[T] is a free AX-module of rank 1. This implies, as in [19, lemma 5.2.3],
that (CX ® Mz, (w +1))r = Op. The claim follows since the previous module
is induced and hence the higher Tor-terms vanish. O
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As a consequence, we get the part 4 of conjecture 1.2 for the constructible
subspace Rg.

Corollary 5.11. The map

Ry ® Zp — RT(Os, Moz, (w +1+1) @ Q,)[1]
induced by rp, gives an isomorphism

deto,Ro = deto, RT'(Og, Moz, (w + 1+ 1))

This proves, taking Normg g, the conjecture 1.2 under the hypothesis that
the Soulé regulator is not zero for the elements in K-theory constructed for the
motive Mgp(w + 1+ 1). Let us first write the same result but over Og-.

Theorem 5.12. Let p be a prime different from 2 and 3 (hence, in particular,
p 1 #|0%|), and p > Ng qf.Consider I a non-negative integer. Suppose that
Yy has infinity type (ag,be) with ag, by non-negative integers, such that ag #
bg mod|O3| and w = ag + by > 1 verifies —w — 21 < —3. Suppose that OF; —
(Ok /fo)* is injective.

Suppose moreover that the representation x of A in Home,(H"(My X i
K,Zy(w+1)),0,) is a good representation (see the definition in 4.12) which is
not the cyclotomic character.

If we denote by Maz, (w +m) = H* (Mg x ¢ K,Zy(w + m)), then, there is
an O -submodule Ry C H;\”jl(Mg, Q(w+1+41)) of rank 1 such that:

1. deto, (rp(Re)) = L5 (g, —)deto, (HE (Moc, Z(w +1)))
m det@K@R(Hg(Mgc, Z(w +1)) @ R).

2. The map rp, induces an isomorphism
d6t0K®Zp (Rg) = d6t0K®Zp (RF(OKD/S], Mgzp (w +1+ 1))71.

Here .
A . LS(wea 3)
L7 —1) = lim ——~=
5(¥p, —1) = lim =+,
and S is the set of primes of K dividing p and the ones dividing fg.

Moreover, if r, is injective on Ry, the second part can be written as
detOK@)Zp (I'II(OK[I/S}7 Mgzp (w + 1+ 1))/TP(R9)) >~
deto,c ez, H*(Ok[1/S], Moz, (w + 1 + 1)).

Proof. Tt is a direct consequence of the theorem 3.5 and the above corollary
5.11. O

As a consequence we obtain part of the local Tamagawa conjecture 1.2 for
the motive My(w +1+1).

Theorem 5.13. Let p be a prime different from 2 and 3 (hence, in particular,
p 1 #|0%|), and p > Ng/qf. Consider | a non-negative integer. Suppose
that g has infinity type (ag,by) with ag,by non-negative integers, such that
ag # bg mod|O%| and w = ag + by > 1 wverifies —w — 2l < —3. Suppose
O3 — (Ok /fo)* is injective.

Moreover, suppose that x, the representation of A in Home,(Mez,(w +
1),0,), is a good representation which is not the cyclotomic character.

Then, there is a submodule Ry in Hiy™ (M, Q(w + 1 + 1)) such that:
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1. The map rp @ R is an isomorphism restricted to Re @ R.
2. dimg(HE (Moc,Z(w + 1)) @ Q) = ords=—_ 1 Ls(H" (Mpy, Qp), s) = 2.
3. We have the equality
ro(detz(Re)) = Ly(HY (Mo, Qy), ~detz(HE My, Z(w +1)))
where

1 L Héu M7 9
LAV, @), 1) = Jim L 00).0)

and S is the set of places of K that divides p and the places dividing the
conductor fg.

4. We have that
detz, (Ro) = detz, (RT(Ok[1/S], Moz, (w+ 1+ 1))~ "
If rp is injective on Ry, then ry(detz(Re)) is a basis of the Zy-lattice
detz, (RT(Ok[1/5), Mgz, (w + 1+ 1))~
€ detg, (RD(Ox[1/S], My, (w +1+ 1) © Q)[-1)).

Remark 5.14. Theorem 5.13 is part of the local Tamagawa number conjecture
1.2 for Hecke characters. To prove the general conjecture it remains to prove
the finiteness of the second cohomology group and the bijectivity of the p-Soulé
requlator map.

1. The finiteness of H} := H?*(O[1/S], Mz, (w+1+1)) follows from a general
conjecture of Jannsen [16].

Following the argument of Wingberg in [25], is easy to prove that if p is a
regular prime for the field K(E[p]), then this Galois cohomology group is
finite. See [2, Appendiz B] or an incoming preprint of the author.

2. Moreover, on the bijectivity of the Soulé requlator we make the following
remarks.

(a) Deninger proves the Beilinson conjecture for the above Hecke char-
acters. He computes the dimension of the space HE (Mg, Q(w + 1))
which it is mapped the Beilinson regulator map. He constructs ele-
ments on the K-theory group Haq, generating a subspace which has
the same dimension of Hp(My,Q(w +1)). These subspace of con-
structed elements are denoted in the paper by H/C\flm”. It remains to
prove on the Beilinson conjecture on Hecke characters of imaginary
quadratic fields that the K-theory group Haq coincides with HSG'".
On the Soulé regulator map, the image of H{G*'" tensor by Q should
map (if the Soulé regulator map is an isomorphism) to a free group
HY(Ok[1/8S], Moz, (w+1+1)) ®Q of the same rank as H5"*'". We
note that the group H*(O[1/5], Moz, (w+1+1)) @ Q has exactly this
rank when HZ2 is finite, and bigger if not, [16, cor. 1].
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(b) We observe that, if e, is injective, then r, is injective on Ry, because
the image of ey, is an Og ® Zp-module of rank 1 and R is a Og R Zy-
module of rank 1. Let us suppose that Hg s finite. Then, similar
arguments as in [19, §5.2.2] gives the injectivity for e, like in the
situation of a Hecke character of type (1,0) which is made in [19].

As a conclusion, for reqular primes p, we obtain in full generality the conjecture
1.2 for Hecke characters of imaginary quadratic fields.

A The remaining non-critical values

In the main body of the paper, we restricted the study of the Tamagawa number
conjecture to the motives Mg(w + { + 1) with [ > 0, basically because of the
formulation in §1 of the Tamagawa number conjecture (more precisely for the
condition r = w+{+1 > inf(m,X) = w). Deninger proves also the Beilinson’s
conjecture for My(w +1+ 1) without the condition I > 0. Then, the formulation
for the above motives is under this restriction in order to avoid the poles in the
bad Euler factors. But, in our case, there are no poles in the bad Euler factors,
that correspond to primes in S (see remark 2.6). Therefore we can ask which
is the image of some K-theory elements by the regulators maps for values with
[<0and —w— 2] < 3.

The restriction I > 0 for My(w+141) with —w—2] < —3 does not include all
the non-critical values associated to the Hecke character vy (we restrict to the
situation ag # bg(mod|O%|) for simplicity). It remains to study the conjecture
for the motives My(w + 1 + 1) which are related with the non-critical values
associated to 1y for the integers [ such that

0 < =l <min(ag,be)

(see theorem 3.1 for the exact non-critical values up to functional equation).

In this appendix we construct elements in K-theory for Mp(w + 1+ 1) with
0 < —I < min(ag,bg) and computate the Beilinson regulator and the Soulé
regulator in them, obtaining the same result as in the main theorems in §5.

Deninger [6, pp.142-144]constructs also elements in K-theory for the motive
Mp(w + 1+ 1) with [ < 0 and proves the Beilinson conjecture. In this situation
he constructs a projector map K, without using complex multiplication. The
problem of this construction is that in the image by this projector map of the
specialization of the elliptic polylogarithm, the Weil pairing appearing in §5
corresponds to ¥(t,) =< t,,t, > and the arguments in proposition 5.7 does not
generalize. We modify the Deninger’s projector map by Ky, and with use of the
K-theory elements Ky (Ea4(59)), we prove Beilinson’s conjecture. Hence, the
arguments in §4 an §5 apply straightforward in order to obtain a determinant
comparison for the image of the Soulé regulator map of these elements.

We follow the same notation introduced in the paper, and let us follow
the arguments through §3 to §5 with I < 0 but we remain the other hypothesis
appearing. Let us fix w > 1 and ! < 0 such that —w—2[ < —3 and let us consider
the motive My(w-+1+1). With the fixed embedding we have ¥ = (A1,...,\y) €
0 and set I; = {i|]\; € Homg(K,C)} and Ir = {i|\; ¢ Homg(K,C)} and we
have now that 0 < |I| < #I; = ag and 0 < |I]| < #I, = by. Denote by
A =id' xid? : E — E x E the diagonal map and by Acps = id“M x id>“M .
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E — E x E given by e +— (e, (v/df)e) where we understand /dx € End(E).
Let us choose exactly |I| elements in the sets I; and Iy denote it in increasing
order iy,...,iy € Ir and ji,...,j; € I2. Let us define the projector map
pr . EvTl — Ewt2 by the projection of the first w + 2l-components of Ew+
and let us define (id x All) : Ev+l — E* (which it depends of the choice in the
sets I1 and Io) by (€1,. .., €wtals Cwt2ltls - s Cuwil) — (Cays-- -, €a, ) Where eq,
is defined as follows:

e if a; appears in one component of the set of tuples L := {(i1, 1), ..., (i1, Jj1) }
then - . _
L id (ew+21+m) if Qs =1inm
eas - - 72 * . 9
id (6w+2l+m) Zf Qs = Im

e in the other case, then it is defined by en, := eny with 1 < ny < w 4 21
such that as; = ny 4+ > 1 where the sum runs the naturals that appear in
some component of the elements of L and which are lower than .

We define also the map (id x A‘élM) similarly as the map (id x Al'l) but

interchanging id’ by id"“M.
We define the projector map Ky, by

H2E T (Sym® PR B, Quw + 20 + 1)) 2o HAET (B Q21+ w + 1))

Kl 1 (id x Al ).
HYH (Mg, Q(w + 1+ 1)) S HY (RN E)®, Q1 +w + 1))

(Deninger defines ICpq with a similar diagram as above but with the map

(id x Al'l), instead of the map (id x Ag‘M)*). The next result is a modification
of Deninger’s result [6, pp.143-145].

Theorem A.1l. Suppose that ag # by mod |Of| and that ag,bg,l satisfy the
hypothesis of the theorem 3.1 with | < 0. Define, up to + by using the §3
notation,

(Vdg)* (20 + w) Ly (g, 1)~ (o)
27 Ng jafpe(f)®(F)

which belongs to HH (Mg, Q(w + 1+ 1)). Then

TD(f@,l) - LZ’(%, 71)7793

where S are the primes of K that divide fo and p.

6971 = :|: ICQ\A [¢] 5J2él+w(59)

Proof. We will follow closely Deninger’s papers [5] and [6], we follow also for this
proof his notation where his n is our w 4 2I. We need to modify the calculation
in [6, (2.13)Lemmal] for Ky, instead of Cpq, up to a sign because our order of

the factors of the map (id x AlclJM), one obtains (up to sign)

1
(27Ti)w Ew

-1
I n n-+|l
Pevidi ( n+ i = el ) A" et

Kip(€) A d=® =
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(we use the calculation at the top of [5, p.63]). Then we obtain, following the
argument [6, p.143-144] and our conditions of §3 with I < 0,

ro(KiEm(Be)) = taL™ (g, D)o
with ¢y given by (up to sign)

27 Nigjofste () ()
(V) (2 + w)!(fo)

By the remark 2.6 we obtain the result. O

Following §3 we define for I < 0 the constructible space by
Ro = £0,0k,

with &g given by the theorem A.1. Let observe that with this notation we can
follow straightforward all the results and proofs of §3 and §4. In §5 we need
to compute K’y o 5}\72[(59), and for this we only need to observe from the
definition of K',,, our projector has these two properties,

Ky (16(3) 224 Sym2+ g (1)) = e9(2"1(a)) Na SymHg, (L + 1),
and ICM(t~T®2l+w) = eg(®¥t,) @ y(t,)! with v(t,) =< t,, Vdxt, >. After this
observation all the results of §5 and the proof follows straightforward up to a
power of 2 and di. The reader could make these modifications which follow
from our definition of Ry. Therefore we obtain the local Tamagawa number
conjecture with K-coefficients,

Theorem A.2. Let p be a prime different from 2 and 3 (hence, in particular,
p 1 #|0%l|), and p > Nk of. Suppose that e has infinity type (ag,bg) with
ag, by non-negative integers, such that ag #Z by mod|O%| and w = ag + by > 1
verifies —w — 21 < —3 with | < 0. Suppose that O — (O [fg)* is injective.

Suppose moreover that the representation x of A in Homo,(H"(My xx
K, Zp(w+1)),0,) is a good representation (see the definition in 4.12) which is
not the cyclotomic character.

If we denote by Moz, (w +m) = H"(My xx K, Zy(w+m)), then, there is
an O -submodule Ry C H}\“jl(Me, Q(w+1+41)) of rank 1 such that:

1. deto, (rp(Ry)) = Lg(@w —l)deto, (HE(Moc, Z(w +1)))
m det@K@)R(Hg(Mg(c, Z(w +1)) @ R).

2. The map rp, induces an isomorphism

deto, oz, (Re) = deto, oz, (RT(Ok[1/S], Moz, (w + 1+ 1))~

Here

7 . LS(EGH S)
L7 —Il) = lim ——~=
5(¥g, —1) = lim =+,
and S is the set of primes of K dividing p and the ones dividing fg.

Moreover, if r, is injective on Ry, the second part can be written as
detOK®Zp (Hl (OK[l/S}, Mezp (w + 1+ 1))/7”]9(729)) =
deto, oz, H*(Ok[1/S], Moz, (w + 1 + 1)).
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And the local Tamagawa number conjecture with Q-coefficients,

Theorem A.3. Let p be a prime different from 2 and 3 (hence, in particular,
p 1 #|0%l|), and p > Ngof. Suppose that e has infinity type (ag,bg) with
ag,bg non-negative integers, such that ag #Z by mod|O%| and w = ag + by > 1
verifies —w — 21 < =3 with | < 0. Suppose O — (Ox /fo)* is injective.
Moreover, suppose that x, the representation of A in Homo,(Mez,(w +
1),0,), is a good representation which is not the cyclotomic character.
Then, there is a submodule Ry in H}\”AH(MQ,Q(w +1+4+1)) such that:

1. The map rp @ R is an isomorphism restricted to Ry ® R.
2. dimg(H¥E (Mo, Z(w +1)) ® Q) = ords—_ 1 Ls(H" (Mp,Q,),s) = 2.
3. We have the equality

ro(detz(Rq)) = Ls(HY (Mo, Qy), ~)det(Hj (Mo, Z(w +1)))

where

* [ prw . Ls(H%(My,Q,),s)
R

and S is the set of places of K that divides p and the places dividing the
conductor fg.

4. We have that
detz, (Rg) = detz, (RT(Ok[1/S], Moz, (w + 1 + 1)L
If v, is injective on Ry, then r,(detz(Reg)) is a basis of the Z,-lattice
detz, (RT(Ok[1/S], Mgz, (w +1+1))) ™"

C detg, (RT'(Ok[1/S], Mgz, (w + 1+ 1) ® Q)[-1]).
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