PERIMETER, DIAMETER AND AREA OF CONVEX SETS IN
THE HYPERBOLIC PLANE.

EDUARDO GALLEGO AND GIL SOLANES

ABSTRACT. In this paper we study the relation between the asymptotic values
of the ratios area/length (F/L) and diameter/length (D/L) of a sequence of
convex sets expanding over the whole hyperbolic plane. It is known (cf. [3]
and [2]) that F//L goes to a value between 0 and 1 depending on the shape
of the contour. Here, first of all it is seen that D/L has limit value between
0 and 1/2 in strong contrast with the euclidean situation in which the lower
bound is 1/7 (D/L = 1/ if and only if the convex set has constant width).
Moreover, it is shown that, as the limit of D/L approaches to 1/2, the possible
limit values of F//L reduce. Examples of all possible limits F'/L and D/L are
given.

1. INTRODUCTION

In hyperbolic geometry, given a point p exterior to a line [ there are infinitely
many non secant lines. These lines lie between the two so called parallel lines to
l. When the distance from p to [ grows to infinity, the angle between the parallel
lines goes to 0. This fact leads to the ambiguous idea that, in some sense, given a
line I, the probability that a random line meets [ is zero. In order to formalize this
idea let us restrict our attention to the interiors of a sequence (K,,) of convex sets
in the hyperbolic plane expanding to fill it. The probability for a random chord of
K, to meet r inside K,, should go to 0 as n — oo. It can be proved by using the
Cauchy-Crofton formula, that this probability is 26, /L,, where o, is the length
of the chord I N K,, and L,, denotes the length of 0K,. Because the length of the
chord o,, is less or equal than the diameter D,, of K, the study of limo, /L, is
related to the knowledge of the asymptotic value of the ratio D,,/L,, where D,,.

The question of whether the asymptotic value of D/L is zero or not already
appeared in [7]. In the present text we will see that there are many possible val-
ues for this limit and we will find them all. More precisely we will prove that
for every e € [0,1/2] there is a sequence (K,) of hyperbolic convex sets such
that lim D,,/L,, = e. In fact it will be seen that, for convex sets with respect
to equidistants intersecting infinity with angle 6, this limit can take values only
below (sin#)/2.

It must be noticed that in the euclidean case the situation is quite different: any
convex set satisfies 1/7 < D/L < 1/2. The lower bound is reached only by constant
width sets and the upper bound by the segments.

The paper is organized as follows. In sections 2 and 3 we introduce the basic
concepts and notation. In section 4 we find lower and upper bounds for D/L in the
A-convex case, concluding that the asymptotic value of D/L for h-convex sequences
is 0. Section 5 is devoted to the construction of examples showing that the preceding
bounds are the best possible. In section 6 we recall the asymptotic behavior of the
quotient F'/L being F the area of the convex sets. We introduce, in section 7, the
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metric space of hyperbolic convex sets in order to treat an isoperimetric problem.
Finally, in section 8, we give the relation between the asymptotic values of D/L
and F'/L. More precisely, we can state that

li & <4/1 2 li & i

We wish to thank professor A. Reventds for many helpful conversations during the
preparation of this work.

2. THE HYPERBOLIC PLANE

In this section we introduce the hyperbolic plane as well as some basic facts
that will be used later on. The hyperbolic plane, H2, is the unique complete simply
connected Riemannian manifold of dimension 2 with constant curvature —1. Its
geometry corresponds to the one obtained from the absolute geometry given by the
first four Euclid postulates and the Lobachevsky postulate: through every point P
exterior to a line [ pass more than one line not intersecting . It is useful to have
different models for this geometry, we shall describe their points, lines (geodesics)
and rigid motions:

Half-plane model. Tt is the half-plane {(z,y) € R?|y > 0} with the metric yl—z(de +
dy?). The geodesics are half-circles centered in {y = 0} and vertical half-lines.
The rigid motions are composition of inversions with respect to these circles and
symmetries with respect to these lines. This model is conformal since the metric is
a multiple of the euclidean metric.

Disk model. It is the unit disk with the metric W(dﬁﬁz +dy?). This model
is also conformal. The geodesics are the a diameters of the disk and the arcs of

circumference orthogonal to the border. The rigid motions are homographies of the
complex plane fixing the disk.

Projective model. It is the unit disk with the metric 1_—1r2(1_—1702d7“2 +r2d6?) where
(r,0) are the euclidean polar coordinates centered at the origin. The geodesics are
chords of the disk. This fact makes this model become very useful when studying
questions related to convex sets. The rigid motions are the projectivities fixing the

disk.

In the following sections polar coordinates will be useful in the treatment of some
problems. Whatever it is the model we work in, we can parametrize the points of
the hyperbolic plane in the following way. Let O be a point called origin. We
choose in O a direction v € ToH?. For each point P, let r be the length of the
geodesic segment joining O and P, and let 6 be the angle between this segment
and v. Now, H?\ {O} is perfectly parametrized by the coordinates (r,0). It can be
easily checked out that in these coordinates the metric is written as follows.

g = dr® + (sinhr)2d6?.

The volume element will be then sinh rdrdf and the area and perimeter of a cir-
cumference of radius r in H? are

27 T 27
L= / sinhrdf = 2w sinhr, F= / / sinhrd@dr = 2w (coshr — 1).
0 o Jo

We shall need some formulas in hyperbolic trigonometry; proofs can be found in
[5]. Let a, b and ¢ be three sides of a geodesic triangle and let o, 8 and ~ be their
opposite angles. The following identities are then verified:

cosh a = cosh bcosh ¢ — sinh bsinh ¢ cos «,
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sinha  sinhbd _ sinh e

sina  sinf  sinvy’
sinh a cos 3 = cosh bsinh ¢ — sinh b cosh ¢ cos a.
The area of such triangle is
F=rm—(a+0+7).

It is said that the area equals the angular defect.
To end this section we will just state some integral geometric formulas used later
on. The isoperimetric inequality

(1) L? —4nF — F* >0
gives a relation between perimeter L and area F' of an arbitrary compact domain
in H2.

The Cauchy-Crofton theorem expresses the length of a curve in terms of the
measure of lines (counted with its multiplicity) intersecting it. More precisely

2L = / n(r)dr
rNC#0D

where dr is a normalized isometry invariant density of geodesic lines and n(r) the
number of intersecting points of 7 and the curve C' (cf. [6]).

3. CONVEXITY AND A-CONVEXITY

In this section we introduce the concept of A-convexity as well as some basic
known facts about it. For a more detailed introduction see [3].

Definition 3.1. A subset K C H? is said to be convexz if for every pair of points
in K, the geodesic segment joining them is also in K.

Notice that a set in H? is convex if and only if in the projective model it looks
like an euclidean convex set.

Definition 3.2. A closed convex set with nonempty interior is called a convex
domain.

From now on all convex sets will be compact convex domains. If K is a convex
set, then 0K is C? except from, at most, a countable set of points. Moreover, 0K
must have finite length, which is called the perimeter L of K, and the area F of K
must be finite too. The diameter is given by D = max{d(p, q) |p,q € IK}.

Definition 3.3. A sequence (K,,) of convex sets is said to expand over the whole
hyperbolic plane if K,, C K, 1 and Vp € H? there is an n such that p € K,,.

As in the euclidean case we have

Lemma 3.1. A compact domain with piecewise C? boundary is convez if and only
if its geodesic curvature does not change the sign and in the non C? points the
interior angles are not greater than .

Given a geodesic line [ in the euclidean plane, the set of equidistant points to
I are two parallel lines symmetric with respect to [. In the hyperbolic plane this
is no longer true; the set of equidistant points to [ are two smooth curves called
equidistants. If we consider the half-plane model, the equidistant curves to the
hyperbolic line © = 0 are euclidean half-lines passing through (0,0). Indeed any
geodesic arc with center in (0,0) going from z = 0 to y = ma has the same length
because they are (euclidean) homothetic and every homothety with center in the
axis y = 0 is the composition of two inversions with respect circumferences centered
in y = 0 which are hyperbolic isometries. In fact, if m = tan 6 the length of these
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Special curves passing through two points P and Q

FIGURE 1

geodesic arcs is equal to log(cot #/2). In this model (and in the disk model too)
equidistant lines are, in general, arcs of euclidean circles meeting the infinity at two
points. Every equidistant separates the plane in two regions such that only one of
them is convex.

Definition 3.4. A \-geodesic is an equidistant line meeting the infinity with an
angle 6 such that |cosf| = A.

0-geodesic lines are geodesics. It must be noticed that A-geodesics have constant
geodesic curvature +X at every point and the distance to equidistant geodesics is
arctanh(\).

Definition 3.5. An horocycle is a continuous curve orthogonal to a bundle of
parallel lines.

In the half-plane and disk models, horocycles are euclidean circles tangent to the
boundary. It can be easily seen that horocycles have constant geodesic curvature
equal to £1, so when A goes to 1 they can be considered a limit case of \-geodesics.
From now on geodesics and horocycles will be considered as particular cases of
A-geodesic lines.

As A-geodesics are the unique solutions of the ordinary differential equation of
order two k, = £\, given two points there are two and only two A-geodesics passing
through them. The length of these A-geodesic segments will be called the A-geodesic
distance between these points. Similarly, given a direction at a point, there are two
and only two A-geodesic lines passing through it with the given direction. Later
on, we will need the following result

Proposition 3.1. Given a circle C' and p an outer point to C, there are two and
only two tangent A-geodesics to C passing by p and leaving C' in the conver side.

Proof. Let us take a A-geodesic tangent to C' (leaving C in the convex side, cf.
figure 2) . Carrying out a rotation, with respect to the center of C', we can make it
pass through p. With a symmetry with respect to the line joining p and the center
of C, we get the other A\-geodesic. O

Definition 3.6. A set K C H? is said to be A-convez if for every pair of points in
K, the two A-geodesic segments joining them are also in K. When A = 1, K is said
to be convexr with respect to horocycles or h-convez for short.

See [1] for an equivalent definition of h-convexity based on supporting horocycles.



CONVEX SETS IN THE HYPERBOLIC PLANE 5

FIGURE 2

Definition 3.7. For A < 1, a A-lens is the convex domain bounded by two inter-
secting A-geodesics (see figure 3). For A > 1, a A-lens is the convex domain bounded
by two intersecting circles with curvature equal to A. When the intersection points
are at infinity we talk about ideal A-lens.

If A1 < Xy then every As-convex set is Aj-convex. Indeed, the \i-geodesic seg-
ments joining two points lie between the As-geodesic segments joining them. In
particular every A-convex set is convex.

Lemma 3.2. Let K be a compact convexr domain bounded by a piecewise C? curve.
Then K is A-conves if and only if its geodesic curvature satisfies kg > A and in the
angular points the interior angle is less or equal than w.

Proof. Let p € 0K such that kq(p) < A. Let (z,y) be geodesic normal coordinates
such that p is given by (0,0) and 9/0x is tangent to K in p. With respect to these
coordinates, in a neighborhood of p, the boundary is the graph of

1
y = Ske(p)2® + o(a?)
and the A-geodesic curves with direction d/dx are the graph of
1
Y= :|:§/\x2 + o(x?).

The fact that k4(p) < A implies that one of these A-geodesic is locally inside K.
Since a compact domain cannot contain a whole A-geodesic, we have contradiction
with the A-convexity of K.

Conversely, if K is not A-convex there are two points x, y € 0K such that the
A-geodesic between them is not contained in K. By lemma 3.1, K is convex so the
geodesic segment r between x and y is in K. Let 0 < g < A be the supremum
of all nonnegative numbers such that the u-geodesic between = and y is contained
in K. If this p-geodesic touches K in a C* point we should have k, < u < A in
this point, a contradiction. The p-geodesic cannot touch K in an angular point
and if it touches OK in a non-C? but non angular point we have that the lateral
limits for k4 are not greater than p, a contradiction. This implies, because p is the
supremum, that the ;1 geodesic is tangent at x or at y. But then kg < pu < A at x
or at y, a contradiction. O

4. RELATION BETWEEN DIAMETER AND PERIMETER OF A CONVEX SET

In this section it will be shown that, for a sequence of A-convex sets expanding
over the whole hyperbolic plane, the asymptotic value of D/L is not greater than
VI =2

We shall need the following lemma , which was proved in [3].
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FIGURE 3

Lemma 4.1. Given two points in the hyperbolic plane and 0 < A < 1, if d and [
are, respectively, the geodesic and \-geodesic distances between the points, then

2 d
R S V1 — \2sinh &
(2) l Vg arcsinh ( 1 — A2sinh 2) .
If A — 1 then Il — 2sinh (%) .

Proposition 4.1. Let (K,) be a sequence of A-convex sets expanding over the
whole hyperbolic plane. If D,, are their diameters and L, their perimeters, then

D, ) D, 1
(3) OgliminfL—ShmsupL—§§\/1—/\2.

Proof. For each n let p, and ¢, be points in JK, such that the chord p,q, has
length equal to D,,. Let A,, be the A-lens with endpoints p, and ¢,. Since K, is
A-convex, A,, C K, so the perimeter of A, is less than L,. So we get

4 D
\/T—)\Q arcsinh <\/ 1 — AZsinh 7n> < LTL

and

D D,v1— )2 1
lim — < lim = =-V1-\2
n—oo L, ~ n—co 4arcsinh(v1 — A2sinh £=) 2

O

Corollary 4.1. If (K,,) is a sequence of h-convex sets expanding over the whole
hyperbolic plane then

lim =2 =0.

5. A FAMILY OF EXAMPLES

In this section we are going to construct sequences of A-convex sets showing that
inequalities in (3) are the best possible.

Let C be a circumference with radius r centered at a point O. Let s be a geodesic
segment with midpoint O and length 2R (R > r). We call K,(R,r) the smallest
A-convex set containing C' and s (see figure 4). Let us describe the boundary of
Ky(R,r). When r > arctanh()) the boundary of Kx(R,r) is formed by the two
A-geodesic segments tangent to C' leaving C in the convex side union with the arcs
of C' between the tangency points. By lemma 3.1, this curve bounds a A-convex
domain.

We shall see that, for suitable r and R, the quotient D/L can be as close as
possible to any value between 0 and %\/ 1 — A2. Let P be one of the ends of s and
Q@ be the tangency point with C of one of the A-geodesic segments starting at P.
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FIGURE 4

Let d and [ be the geodesic and A-geodesic distances between P and ). Finally, let
a be the angle POQ and (3 be the angle OQP.
We present some interesting formulas in the next lemma.

Lemma 5.1. With the notation as above

(4) tan (5 — 8) = A

2 1/(:0th2 % — A2

5) ; 2 arcsi h\/l)\2 cosh R — coshr
= ———— arcsin .
V1— )2 2  coshr — Asinhr

Proof. The proof of the first formula can be found in [3]. From (4) it follows that

d
(6) cos # = Atanh 5
using the first cosine law on the hyperbolic triangle O PQ
cosh R = cosh r cosh d — sinh 7 sinh d cos 3.

Using (6) and isolating cosh d from the last equality we get

cosh R — Asinhr
coshr — Asinhr

(7) coshd =

Substituting in (2) and bearing in mind that sinh % =4/ % we get the equation
we were looking for. O

Corollary 5.1. If we take R = e*" or R = ae” with a > 0 then

. l 1
MR T OUioe
lima = 0

where, as above, | is the A-geodesic distance between P and @ and « is the angle
POQ.

Proof. Using the fact that log(x) ~ arcsinh(z) when z goes to infinity and formula
(5) we have

lim 1 lim 2 o \/1—)\2 cosh R — coshr
roce R roco Ryl — A2 8 2 coshr — Asinh7’
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then
I 1 . logcosh R — coshr
e TNy R ’
and the last limit is 1.
It remains to prove that the angles « tend to 0. By the first cosinus law applied
to the triangle OPQ

cosh d = cosh R cosh r — sinh R sinh r cos «.

Isolating cos «v in the last expression and using (7) we easily get that

lim cosa = 1.
T—00

O

Proposition 5.1. For every n, let r, = n, R, = ¢®® and K,, = Kx(R,,ry), the
A-convex set described above. If L, and D, are the perimeter and the diameter of
K, then

lim ﬁ = L
i D, VI
Moreover, if we take r, = n and R, = ae™ with a > 0, then
lim Ln = _z + =

n—oo Dn V1= )2 2a

Proof. Using corollary 5.1
i Ly 4(sinhr, (5 —a) + 1) o Ly TIT I
im — = lim =2 lim —_.

O

Then we have found, for every [ between 0 and %\/ 1 — A2, a sequence of A\-convex
sets such that lim % = [. We summarize this result in the following theorem

Theorem 1. Let 0 < XA < 1, for every [ in [0, %\/1 — A\2] there exists a sequence
(Ky) of A-converx sets expanding over the whole hyperbolic plane such that

D
lim = =1
n—oo L,

where Dy, and Ly, are, respectively, the diameter and the perimeter of K,,.

Note that, as it was said in proposition 4.1, %\/1 — A? is the upper bound for
lim D/L.
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6. RELATION BETWEEN AREA AND PERIMETER OF A CONVEX SET

In the euclidean plane, given a sequence (K,,) of convex sets expanding over the
whole plane, if F}, and L, are the area and the perimeter of K, then the quotient
F, /L, always goes to infinity. Indeed, it can be proved that F/L > r;/2 where r; is
the radius of the greatest circumference contained in K (this easily follows from the
expression F' = % [ pds where p is the distance to the origin of the circumference
and the support lines of the convex).

In the hyperbolic plane, for any sequence (K,) of convex sets expanding over
the whole hyperbolic plane, we have that

F,
li <1
im sup I, =
where F,, and L,, are the area and the perimeter of K,. This is a consequence of
the hyperbolic isoperimetric inequality (1). If K, are supposed to be h-convex and
bounded by piecewise C? curves it is known that

F,
lim — = 1.
Ly,
In the general case, it was proved in [2] that for every nonnegative [ < 1 there
exists a sequence (K,) of convex sets expanding over the whole hyperbolic plane
such that

lim == =1

where F),, and L,, are, respectively, the area and the perimeter of K.

Let us recall how these examples were constructed. Let K,, be a regular polygon
formed by 3 -2"~! isosceles triangles inscribed in a circle of radius R,,. If d,, is the
length of the basis of one of this triangles and h,, its area, then F,,/L,, = h,/d,,. If
a, = 27 /(3-2"71) is the opposite angle to d,, then

d, = 2arcsinh (sinh Ry, - sin (%))
and

1
hy, =7 — (an + 2arctan —> .

tan % - cosh Ry,

Taking R,, = n we have that lim h,,/d,, = 0. Taking R,, = log(4/pc,) with g > 0
we have that
lim (tan % - cosh Rn) =lim ——— =

hence,
limh, =7 — 2 - arctan p.

In an analogous way
1
lim d,, = 2 arcsinh —.
I

So we have that
. F, w—2arctanpy
lim— = ———F————
L, 2 arcsinh m
that takes, depending on the parameter u, all values between 0 and 1.
It is interesting to calculate lim D,,/L,, being D,, the diameter of these polygons.
2R,

D
1. _n — 1. _ 0
o L, REERT arcsinh(sinh R,, - sin(%))
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Using the sequences constructed in section 5, we can show in an alternative way
that lim F'/L can take any value between 0 and 1. Indeed, let K, = K)(Rn, )
withr, =n, R, =e?™ and 0 < A < 1. If F,, and L,, are the area and the perimeter
of K, then, by the Gauss-Bonnet formula

. Fy . faK kgds + fBn . faK kg ds
lim — = lim ——— =lim —2—— =
— lim ML, —4ay,sinhr,) + cothr,4da, sinhr, _
L,
4oy, sinh vy, (cothr, —A) .. D,
=\ + lim —2 22 rl(;:’ ! )th—n:A

where (3, are the interior angles in 0K, and 2q,, is the angle described by one of
the arcs of circle in 0K,.

It is interesting to remark that the sequence with lim F//L = 0 is precisely the
sequence with lim D/L = 1/2. This seems not to be casual, D/L goes to 1/2
because the convex sets are “very thin” so it is not surprising that F/L goes to 0.

It seems natural to ask if a sequence of convex sets expanding over the whole
plane with lim D/L = 1/2 must have lim F//L = 0. In the next sections we will
look for bounds 0 < f(I) < g(I) <1 such that if a sequence has lim D/L = [ then

(3) Fb) < 1 7 < g(0)

n
Taking into account the sequences of polygons used above , f(0) must be 0 and
¢(0) must be 1.
A first step, in order to find g, is to find a bound for F'| the area of a convex set
with fixed perimeter and diameter.

7. EXTREMAL VALUES OF THE AREA FOR A GIVEN PERIMETER AND DIAMETER

It is known that, given positive Lo, the compact domain with perimeter Ly and
maximum area is a circle. This is a consequence of the hyperbolic isoperimetric in-
equality (1). If we restrict to compact domains with diameter greater or equal than
a given value Dy and fixed perimeter Lo < 2msinh Dy /2, circles are not allowed.
Then we consider the problem of finding which of these domains has maximum
area. As a first step we have

Proposition 7.1. If K is a compact domain with diameter greater or equal than
Dy, fized perimeter Ly and mazimum area, then K is conver.

Proof. Indeed, if K is not convex there must exist two boundary points = and y
such that the geodesic segment s joining them is in K¢ . Let v be the piece of 0K
between x and y. Performing a reflection with respect to s of v we can construct a
new domain with perimeter Ly and more area than K. O

Let C be the set of all compact convex domains in the hyperbolic plane. If K € C
we define its hyperbolic parallel convex sets at distance e as follows
K= {peH|d(p,K) < ¢}
K “={pe K|d(p,0K) > €}.
In C we define the following distance:
d(K1, K3) = min{e > 0| K{ C Kyand K5 C K3}
Now, C is a metric space and we consider the induced metric topology. Distance

d is the hyperbolic version of Hausdorfl distance for convex sets in the euclidean
plane (cf. for instance [4]). In fact, C can be seen in the projective model as the
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set of euclidean convex domains contained in the unit disk D. If d. is the euclidean
distance and K¢, K. ¢ denote the euclidean parallel convex sets to K, we can define

de(Kl,KQ) = inf{e >0 ‘ (Kl)z C Ksand (KQ)Z C Kl}
where K7 and K5 are convex domains contained in D. If K is a convex subset of
D, the ball B(K,d) = {K’' € C|d(K,K') < d} contains the ball B.(K,d) = {K’' €
Clde(K,K') < ¢} where
e =inf{d.(0K,0K?),d.(0K,0K %)}
Indeed, if K’ € B.(K,d) then K’ € B(K,d) since
KelCK*cK cKic K%

Similarly, every euclidean ball contains a hyperbolic one. Therefore the topologies
defined in C by d and by d. are equivalent.

Let B be the ball in C with radius Ly and center the convex set containing only
the origin. We are interested in convex domains belonging to B because every

convex domain with perimeter Ly can be moved to be in B.
We have (cf. [4]) the following

Theorem 2. [Blaschke Selection Theorem] A bounded infinite family of eu-
clidean conver sets has a sequence converging to some convex set.

Corollary 7.1. B is compact.

Proof. In metric spaces a set A is compact if and only if every infinite subset of A
contains an accumulation point. Since the euclidean and hyperbolic topologies are
equivalent we can use theorem 2 to state that any infinite family in B accumulates
to a convex set. Since B is closed we are done. O

Proposition 7.2. The diameter, D, perimeter, L, and area, F, functions are con-
tinuous over C, the set of all compact convexr domains in the hyperbolic plane with
the Hausdor[f topology.

Proof. Let K € C and let K,, be a sequence of convex domains such that d(K,, K)
tends to 0. By the definition of the distance between two convex sets

K% cK,cK*
where d,, = d(K,,, K). Therefore
D(K) — 2y = D(K_a,) < D(K,) < D(Kq,) = D(K) + 2d,

and lim D(K,,) = D(K). For the perimeter, using the hyperbolic Crofton formula
we have

lim L(K1q4,) = lim/ x{re R|rNKyy, #0}dr=
R
_ / limx{r € R|r Kaa, # 0}dr —
R

:/ x{r € R|rNK # (0}dr = L(K)
R

where R is the set of lines in H? and y is the characteristic function. Therefore
lim L(K,) = L(K). The continuity for the area follows analogously. O

Let S={K € B|D(K)>D L(K)= Lo} = D™Y[Do, Lo/2]) " L7 (Lo) N B.
S is a closed subset of B so it is compact. Then F' must have a maximum and a
minimum over S.

Corollary 7.2. In the set of hyperbolic conver domains with diameter bounded
below by Dy and fixed perimeter Lo the area function attains its mazximum value.
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This proves the existence question. The uniqueness is discussed in the next
theorem.

Theorem 3. Given Dy and Ly < 2msinh Dy/2, the compact convexr domain with
diameter greater or equal than Dgy and perimeter Lo that mazximizes the area is a
A-lens with diameter exactly Dyg.

We need some previous results. Let K be a convex set in B maximizing the
area. Let ¢; and c2 be the endpoints of a diameter of K and v(s) be the curve 0K
parametrized by the arc.

First we see that C! points are locally equivalent.

Lemma 7.1. Let p = v(s) and p’ = v(s’) be two points different from ¢1 and ca.
If v is C' in p and p' then there exists a rigid motion that moves a neighborhood
of p in v onto a neighborhood of p'.

/

Proof. Let v(s) = p and ~(s’) = p’. Let e be small enough to make cj,co ¢
Y([s —€,5+¢€]) and c1,¢c2 ¢ Y([s' —€,8 +€]). For any t € (s,5+ ¢ let ¢ > s be
the first one with d(y(s),v(t)) = d(v(s'),y(t')). Swapping v([s,t]) and y([s,t']) we
obtain the border of a new domain K’ with the same area as K, the same perimeter
and, perhaps, a greater diameter. The angle between +'(s) and v(s)y(¢) is equal to
the angle between 7/ (s") and y(s’)y(#). Indeed, if one of these angles is greater that
the other, in 0K’ there would be an interior angle greater than ; contradicting
the fact that K’ must be convex (cf. lemma 3.1)

So, in polar coordinates with center p and direction v/(s), the curve y([s—e, s+e€])
has the same expression as v([s' — €, 8’ +€]), in polar coordinates with center p’ and
direction 4/(s’). If g is the motion that moves p on p’ and +/(s) on v/(s'), then g
moves the neighborhood of p onto the neighborhood of p’. O

Lemma 7.2. v is of class C' except in c; and cy.

Proof. Since K is convex, 0K must be C! except from, at most, in a countable set
of points. Let v(s) = x # ¢1, ¢a be one of these points. Let (s,) be a sequence such
that lims,, = s and z, = y(s,) are C! points. Let € be such that ci,co ¢ U, =
Y([sn —€, spn +€]) for any n. U, are not geodesic segments so Uy must contain three
non aligned points p; = v(sg + t1), p2 = Y(so + t2) and p3 = y(so + t3). Let g,
be the motion that moves Uy onto U,. The group of rigid motions in H? can be
identified with the set of triangles congruent to p;paps. Since

lim g, (v(so + t;)) = lim~y (s, +t;) =v(s+t;), i=1,2,3
the sequence (g,) converges to a motion g and for every [t| < e

g(v(s0 + 1)) = (lim g,)(y(s0 + 1)) = lim (s, +1) = v(s +1).
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So, g moves a neighborhood of z (in ) onto a neighborhood of z. This contradicts
the fact that, in x, v is not C*. O

Now we can afford the

Proof of theorem 3. Let p = «(s) and p’ = v(s’) be two border points of K such
that neither ¢; nor co are in ([s,s’]). Let r and " be the lines through p and p’,
respectively, orthogonal to v in these points. Two cases are possible, r intersects 7’/
or not.

If r and 1/ intersect in o, let ¢ = y(t) be the point in v([s, s']) such that d(p, ¢) =
d(p’,q) (see figure 7). The argument used in the proof of lemma 7.1 implies that the
angles (pg,7'(s)), (7/(t),pq), (gp’,7'(t)) and (7'(s"), gp") must be equal. Then the
triangles opg and op’q are isosceles with d(o,p) = d(o,q) = d(o,p’). This argument
could be repeated starting with p and ¢ or with ¢ and p’. Repeating it indefinitely
we get a dense subset Q C v([s, s']) at a constant distance from o. By continuity of
the distance, y([s, s']) must be an arc of circle with center o.

If » and " are nonsecant they have a common perpendicular line s. In an analo-
gous way we can see that y([s, s’]) must be a piece of an equidistant of s (see figure
7). Anyway, the curve between p and p’ is C? and has constant curvature. Then,

each piece of 0K /{c1,co}, must be C? with constant curvature. Lemma 7.1 implies
that the curvature must be the same in the two pieces. O

For every pair (Dy, Lg) there exists a unique convex set with diameter Dy and
perimeter L that maximizes the area and it is a A-lens. It is important to remark
that the value of this A is a function on Dy and Ly and that

D
A< 1 if 2DO§LO<4sinh70

D D
A>1 if 4sinh70§L0§27rsinh70.

Notice that in the first case the boundary lines are A-geodesic segments and in the
second case they are arcs of circumference.
Now we can treat the problem of finding the bounds in formula (8).

8. UPPER AND LOWER BOUNDS FOR lim F//L WITH RESPECT lim D/L

As usual, let (K,,) be a sequence of convex sets expanding over the whole hyper-
bolic plane. Let F,, L, and D,, be, respectively, the area, perimeter and diameter
of K,,. Let us suppose that lim D,,/L,, = [ # 0. The domain with diameter D,,
and perimeter L,, of maximum area is a \,-lens with area F'(D,,, L,) and interior
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FIGURE 8
angles (,,. In this case

Notice that we can suppose, for n big enough, A, < 1 and lim \,, # 1. Indeed, if
liminf A, > 1 then L,, > 4sinh D,,/2 for n arbitrarily big. Therefore lim D,, /L,
must be 0 and in this case all values of lim F}, /L,, between 0 and 1 can be attained
(see section 6).

Using (2)

L, 4 D,
lim D_n = lim 1_—)\21) - arcsinh <\/ 1-— )\% sinh T)

n-—n

4 log(sinh %ﬂ) i
= 11m

2
V122 D, V1I=X2

So lim \,, exists and its value is y/1 — (21)2. We can state

= lim

Theorem 4. Let (K,) be a sequence of convex sets expanding over the whole hy-
perbolic plane. Let F,,, L, and D,, denote their area, perimeter and diameter. If
limD,,/L, =1 then

) lim% < VI (@02

n

Sequences constructed in section 5 show that (9) could not be better. Taking
K, = Kx(e?",n) we know that

F,\° 2D, \°
lim<L—> +lim<L > =X+ (1-N)=1

n n

The following proposition shows that the only lower bound for the lim £, /L, is
f(H=o.

Proposition 8.1. For every 0 < 1 < 1/2 and every 0 < X\ < /1 —(21)? there
exists a sequence of convex sets expanding over the whole hyperbolic plane with
limD,,/L, =1 and lim F,,/L,, = \.

Proof. Let K,, be the regular polygon with 3 - 2" ! sides inscribed in a circle of
radius n. Let K, be the polygon K, with two isosceles triangles of height & - 2"n
(k > 0) attached in two opposite sides of K,,. Now, let K, be the domain bounded
by the exterior A-geodesic segments corresponding to each side of K/ (see figure
8). Let F,, L, and D,, be the area, perimeter and diameter of K, respectively.
Let [,, be the length of each side of K,,. Let d,, be the length of the equal sides in
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FIGURE 9. Possible values for lim F},/L,, with respect to lim D,,/L,

the attached triangles. We denote I/, and d/, the lengths of the A-geodesic segments
corresponding to [,, and d,, respectively. Let =, and J,, be the angles between [,
and I/, and between d,, and d/, respectively. Let 3,, be the half part of the interior
angles in 0K, and let 7,, be the value of the two equal angles in each attached
triangle.

The domains K are convex for n big enough. Indeed, 3, and 7, go to 0 and,
taking (4) into account, v, and 4, go to arccos A < w/2. Therefore, for n big
enough, the interior angles of 9K are not greater than 7 and the K\ are convex
domains.

Using hyperbolic trigonometry,

l,, = 2arcsinh (sinhnsin(#)) ~ 2nlog(e/2)
and
d,, = arccosh (cosh [, cosh(k2"n)) ~ k2"n
when n goes to infinity. Using (2) we have

v 2nlog(e/2) J k2™n

Since D,, — 2k2"n < 2n, D,, ~ 2k2"n. Therefore
.on—1 __ ! U
lim Ln _ lim (3-2 2)l;, + 4d;, _ 1 <3log(e/2) +2>

D,  n-oo 2k2mn, ST 2%

which takes, depending on k all the values between 2/4/1 — A2 and infinity.
Finally, using the Gauss-Bonnet formula

n—oo

. AL, + > angles — 27

lim == = 1
n—oo L, n—00 L,
_2n—1_ -2 n n
— a4 dim @ ")(L” O+ 50)) _ 5

Notice that this computations give only the cases 0 < I < 1/2and A < /1 — (20)2.
We can use the examples given in section 5 for [ = 1/2 and A = /1 — (2[)? and
those in section 6 for [ =0 g

So, we have seen that the upper bound g(I) for lim F'/L with respect | =1lim D/L
is the function y/1 — (20)2. This value and all the lower ones are attained for every
I between 0 and 1/2 (see figure 9).



16

(1

(6]

(7]

EDUARDO GALLEGO AND GIL SOLANES

REFERENCES

A.A. Borisenko and V. Miquel, Total curvatures of convex hypersurfaces in hyperbolic space,
Ilinois J. Math. 43 (1999), no. 1, 61-78.

E. Gallego and A. Reventés, Asympotic behavior of convex sets in the hyperbolic plane, J. of
Differential Geometry 21 (1985), 63-72.

E. Gallego and A. Reventds, Asympotic behavior of A-convex sets in the hyperbolic plane,
Geometria Dedicata 76 (1999), no. 3, 275-289.

S.R. Lay, Convez sets and their applications, Wiley Interscience (1982).

J.G. Ratcliffe, Foundations of Hyperbolic Manifolds, Graduate Texts in Mathematics,
Springer-Verlag, 1994.

L.A. Santald, Integral geometry and geometric probability, Enciclopedia of Mathematics and
its Applications vol. 1, Addison-Wesley, 1976.

L.A. Santalé and 1. Yafiez, Averages for polygons by random lines in euclidean and hyperbolic
planes, J. of Applied Probability 9 (1972), 140-157.

DEPARTAMENT DE MATEMATIQUES, UNIVERSITAT AUTONOMA DE BARCELONA, 08193 BELLATERRA

(BARCELONA), SPAIN

E-mail address: egallego@mat.uab.es, solanes@mat.uab.es



