TRANSVERSE STRUCTURE OF LIE FOLIATIONS

BLAS HERRERA, MIQUEL LLABRES AND A. REVENTOS

ABSTRACT. We study if two non isomorphic Lie algebras can appear as trans-
verse algebras to the same Lie foliation. In particular we prove a quite sur-
prising result: every Lie G-flow of codimension 3 on a compact manifold, with
basic dimension 1, is transversely modeled on one, two or countable many Lie
algebras. We also solve an open question stated in [GR91] about the realiza-
tion of the three dimensional Lie algebras as transverse algebras to Lie flows
on a compact manifold.

0. INTRODUCTION

This paper deals with the problem of the realization of a given Lie algebra as
transverse algebra to a Lie foliation on a compact manifold.

Lie foliations have been studied by several authors (cf. [KAHS86], [KAN91],
[Fed71], [Mas], [Ton88]). The importance of this study was increased by the fact
that they arise naturally in Molino’s classification of Riemannian foliations (cf.
[Mol82]).

To each Lie foliation are associated two Lie algebras, the Lie algebra G of the
Lie group on which the foliation is modeled and the structural Lie algebra H. The
latter algebra is the Lie algebra of the Lie foliation F restricted to the clousure
of any one of its leaves. In particular, it is a subalgebra of G. We remark that
although H is canonically associated to F, G is not.

Thus two interesting problems are naturally posed: the realization problem and
the change problem.

The realization problem is to know which pairs of Lie algebras (G, H), with H
subalgebra of G, can arise as transverse and structural Lie algebras, respectively, of
a Lie foliation F on a compact manifold M.

This problem is closely related to the following Haefliger’s problem (see [Hae84]):
given a subgroup I' of a Lie group G, is there a Lie G-foliation on a compact
manifoild M with holonomy group I'?

The present formulation of the realization problem in terms of Lie algebras was
first considered in [Lla88], and [GR91] made a very detailed study of Lie flows
of codimension 3. But a completre classification was not obtained because of the
following open questions:

i) Let G¥ be the family of Lie algebras for which there is a basis {e1, e, e3}
such that

le1,e2] =0, le1,e3] = eq, le2,e3] = kea, k€ [=1,0)U(0,1].

For which k is there a Lie g?-ﬂow on a compact manifold with basic di-
mension 1 7

ii) Let G be the family of Lie algebras for which there is a basis {e;, ez, e3}
such that

[61,62] =0, [61763] = €2, [62763] = —e; +hes, he (032)'
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For which h is there a Lie Gi-flow on a compact manifold with basic di-
mension 1 or basic dimension 2 ?

We solve these problems here, for basic dimension 1, and give a complete char-
acterization in terms of k and h for a given Lie algebra of the families G¥ and G?
to be realizable in the above conditions.

The change problem is to know if a given Lie G-foliation can be at the same time
a Lie G’-foliation, where G and G’ are two non isomorphic Lie algebras. An exemple
of this situation, given by P. Molino, can be found in [GR91]. As far as we know
this problem has no been treated for non-trivial basic dimension. The only a priori
restriction is that the structural Lie algebra H must be a Lie subalgebra of G and
g'.

As a first step in the study of this two problems we consider the case of codi-
mension 3 (the cases of codimension 1 and 2 are trivial). We expect that this study
becomes useful in order to attack the general case.

We begin this paper with some results on abelian and nilpotent Lie foliations,
that we shall use later. We first prove:

Proposition 2.2. FEvery no dense Lie abelian foliation of codimension 8 on a
compact manifold M is also a Lie GE=C-foliation.

We also give an example to show that the converse is not true. But the converse
is true for Lie flows of basic dimension 1 or 2:

Corollary 2.4. Let F be a Lie G=°-flow on a compact manifold M with basic
dimension 1, then F is also a Lie abelian flow.

Corollary 2.7. Let F be a Lie Gt=C-foliation on a compact manifold M with
basic dimension 2, then F is also a Lie abelian foliation. This corollary enable

us to construct a pair of Lie groups (G,T), with T a finitely generated subgroup
of G, T uniform, such that there are no Lie G-flows on a compact manifold with
holonomy group I'. But I is realizable as the holonomy group of a Lie G-foliation
of a compact manifold.

We also prove (Proposition 2.9) that if a given Lie foliation is transversely mod-
eled on two nilpotent Lie algebras, then these algebras are isomorphic.

In §4 we study the realization problem and we obtain:

Theorem 4.1. There is a compact manifold M endowed with a Lie Gl-flow F,
h # 0, of basic dimension 1 if and only if

2In A
Vaw? +1n? )

where X\ and w are two real numbers, with A > 1 and w # kn (k € Z), such that

h =

1
A ﬁ(cosw +isinw) are the roots of a monic polynomial of degree 3 with integer
coefficients.
Theorem 4.4. There is a compact manifold M endowed with a GE-flow F of
basic dimension 1 if and only if

k:M and k € Q

Ina
1

where a, b, = are positive real Toots of a monic polynomial of degree 3 with integer
coefficients.

We devote §5 to the change problem. We obtain a quite surprising result, es-
sentially that each Lie flow of codimension 3 on a compact manifold with basic
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dimension 1 is transversely modeled on one, two or countable many Lie algebras.
Concretely, we prove (see §1 for the description of the algebras G;):

Theorem 5.4. Let F be a Lie flow of codimension 3 on a compact manifold M
with basic dimension 1. Then only three cases are possible:

i) F is transversely modeled exactly on one Lie algebra. This occurs if and
only if the transverse Lie algebra is Gs or G¥.
i) F is transversely modeled exactly on two Lie algebras. This occurs if and
only if these two transverse Lie algebras are Gy and G&=0.
iii) F is transversely modeled on countable many Lie algebras. This occurs if
and only if F is transversely modeled on Qg;éo.
In this case

2In A

V4w? + In? A

a) There exist two real numbers X > 1 and w such that h =

b) F is also transversely modeled on QQ/ for each

21
B = nA (Vk € 2).

\/4(w + 2km)2 + In® A

¢) If F is also transversely modeled on G then G = Qé‘, for some of the
above h'.

1. PRELIMINARIES

Let F be a smooth foliation of codimension n on a differentiable manifold M
given by an integrable subbundle L C TM. We denote by T'F the Lie algebra of
the vector fields tangents to the foliation, i.e. the sections of L. A vector field
Y € X(M) is said to be F-foliated (or simply foliated) if and only if [X,Y] € TF
for all X € TF. The Lie algebra of foliated vector fields is denoted by L(M,F).
Clearly, TF is an ideal of £L(M,F) and the elements of X(M/F) = L(M,F)/TF
are called transverse (or basic) vector fields.

If there is a family {Xi,...,X,} of foliated vector fields on M such that the
corresponding family {X1,...,X,} of basic vector fields has rank n everywhere
the foliation is called transversely parallelizable and {X1,..., X, } is a transverse
parallelism. If the vector subspace G of X (M /F) generated by {X 1, ..., X, }isa Lie
subalgebra, the foliation is called Lie G-foliation and we say that F is transversely
modeled on the Lie algebra G.

We shall use the following structure theorems:

Theorem 1.1. [Mol82] Let F be a transversely parallelizable foliation on a compact
manifold M, of codimension n. Then

a) There is a Lie algebra H of dimension g < n.
b) There is a locally trivial fibration = : M — W with compact fibre F and
dim W =n—g=m.

c) There is a dense Lie H-foliation on F such that :
i) The fibres of m are the adherences of the leaves of F.
ii) The foliation induced by F on each fibre of w : M — W is isomorphic
to the H-foliation on F.

H is called the structural Lie algebra of (M, F), m the basic fibration and W the
basic manifold. The foliation given by the fibres of 7 is denoted by F.
Note that the basic dimension (i.e. the dimension of W) is

dim W = codim F = codim F — dim H.
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Theorem 1.2. [Fed71] Let G be the connected and simply connected Lie group with
Lie algebra G. F is a Lie G-foliation on a compact manifold M if and only if there
exists a homomorphism ® : w1 (M) — G and a covering p: M — M such that

i) There is a locally trivial fibration D : M — G equivariant under the action of
w1 (M), where Aut(p) = Im ®.
ii) The fibres of D are the leaves of the lifted foliation F = p*F of F.

Condition ¢) means that if g, = ®([7]) and 7 is the corresponding element to [7]
in Aut(p), then

DG(x)) =g, D(x)  Vae L.
The subgroup I' = Im @ is called the holonomy group of the foliation.

For a Lie G-foliation the structural Lie algebra H is always a subalgebra of G.
A geometrical characterization of the fact that H is an ideal of G is the following

Lemma 1.3. [L1a88] Let F be a Lie G-foliation of codimension n on a compact
manifold M. The structural algebra H is an ideal of G if and only if there exist a
Lie G parallelism {Y1,...,Y,} such that the foliated vector fields Y1,...,Y; (t =

dim H) are tangent to F at each point.

The basic cohomology H*(M/F) of a foliation F on a manifold M is the coho-
mology of the complex of basic forms, i.e., the subcomplex Q*(M/F) C Q(M) of
the De Rham complex given by the forms « satisfiying ixa = 0 and Lxa = 0 for
all vector field X € T'F.

For a Riemannian foliation it is well known (cf. [KAHS85]) that H™(M/F) =0
or R, where n is the codimension of the foliation. We have the following result

Theorem 1.4. [LR&8] Let F be a Lie G-foliation of codimension n on a compact
manifold M.

i) If H*(M/F) = R then H"(G) = R and H?(G) C H?(M/F). In this case F will
be called unimodular.

it) If H"(G) = R and the structural Lie algebra is an ideal of G then H"(M/F) =
R.

Given a basis {ey,...,e,} of G with structure constants {cf;}, we say that the
foliated vector fields Yi,...,Y,, € L(M,F) are a foliated realization of the basis
{e1,...,en} if the Lie brackets of these vector fields are

Vi, Y;] =Y Vi + TF mod TF.
k=1
We shall use the following classification of the 3 dimensional Lie algebras:
e Gi (Abelian):
[e1,ea] = [e1,e3] = [ea, e3] = 0.
e Gy (Heisenberg):
[e1,e2] = [e1,e3] =0, [ea, e3] = e;.
e G3 (s0(3)):
le1,e2] = €3, [ea,e3] =e1, [es,e1] = ea.
e Gy (sl(2)):
[e1,e2] = e3, [ea,e3] = —e1, [es,e1] =ea.
e G5 (Affine):

le1,e2] =e1, [e1,es] = [e2,e3] = 0.
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[ gﬁi
le1,e2] =0, [er,es] =e1 [ez,e3] = e + €.

e The family g?:
[61, 62] = O, [61, 63] = €1, [62,63] = ]{162 k 7é O

The algebras G¥ and g;“' are isomorphic if and only if k = k' or k = % From
now on we consider that the family is parametrized by k € [—1,0) U (0, 1].
e The family gg:

[61,62] =0, [61, 63] = €9, [627 63} = —e1 + hey h2 < 4.

The algebras G and GI are isomorphic if and only if h = b/ or h = —h/.
From now on we consider that the family is parametrized by h € [0, 2).
Notice that for h? > 4 we obtain an algebra isomorphic to Gg.

The Lie algebras Gy, Ga, G3, G4 are unimodular. The Lie algebras G5, Gg are not
unimodular. The only unimodular Lie algebra of the family G is g;“:*l and the
only unimodular Lie algebra of the family Gg is G2=°.

In §3 we shall need an explicit description of the connected simply connected Lie
groups corresponding to Gs, G¥, G&. These groups are given by

et 0 =z
Gs = 0 1 yl;z,yteR
0 0 1
et 0 =z
Gk = 0 e ™ yl;axyteck
0 0 1
ce(t) cos(p + t) —c(t)sint  x
Gh = c(t)sint ct)cos(p—t) y|; xyt€R
0 0 1
2ePt h
where ¢(t) = —, a=+v4—h? and f = tanyp = —.
a o)

These groups can also be thought as R? = R? x R with the product
(p,t) - (0 t") = (p+ e Np t + 1)

where A depends on the algebra:

FOI‘g57
_ —]. O —At __ et 0
=G =)
For G¥,
o 1 0 —At __ e_t 0
) =)
For GZ,

(0 1 At cos(p + 1) —sint
A(—l h>’ © C(t)< sint cos(p—1t) )"
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The above basis of these Lie algebras are given by:

e = e’52
vt ox
0
for G ey = @ —
5 2 By
e = _9
3 ot
er = e_t%
0
for g;“ ey = e_kta—y
0
T ot
2 0 0
e; = ae_ﬂt(cos(go + t)a—x + sinta—y)
2
for GI ey = Ee_ﬁt(— sin t% + cos(p — t)(%)
o _a9
3 2 0t

2. ABELIAN AND NILPOTENT LIE FOLIATIONS

Many of the problems about Lie foliations are, in fact, problems on Lie groups.
For instance, as a consequence of the following proposition, every Lie abelian foli-
ation without dense leaves is also a Lie G2=C-foliation:

Proposition 2.1. Let H be a proper closed uniform subgroup of the abelian group
(R3,4). Then there is a product ® on R?® such that the Lie group (R3,®) is
isomorphic to GE=0 and

h+g=hog Vh € H, Vg € R3.

Proof. The proper closed uniform subgroups of (R3,+) are isomorphic to
RZx7Z, RxZ* or 73

Thus there are vectors vy, ..., Uq, W1, . .., W linearly independent in R? with a+b =
3 and a # 3, such that H is exactly the set of vectors that can be written in the
form

T1V1 + -+ TV +Y1W1 + -+ YoWy
where z1,...,x, € R and y1,...,y, € Z. With respect to this new basis we define
(2,9,2) © (2,9, 2") = ((z,9) + Ranz(2',y'), 2 + 2)
V(z,y,2), (2", y,2') € R?, where Ry, is the rotation of angle 27z.
Then (R3,®) is clearly isomorphic to G&=°.
Moreover, since z € Z for each (z,y,2) € H, we have
V(x,y,2) € HV(2',y,2') € R3.0J
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Proposition 2.2. FEvery no dense Lie abelian foliation of codimension 8 on a
compact manifold M is also a Lie GE=C-foliation.

Proof. Since F is a Lie abelian foliation we have, by Theorem 1.2, a homomor-
phism s
® : (M) — (R3 +) and a locally trivial fibration D : M — R? equivari-
ant under the action 7 (M). Put ' = Im ®.

Then H =T is a proper closed uniform subgroup of the abelian group (R?,+).

Proposition 2.1 implies that ® also defines a homomorphism 7 (M) — (R3, ®)
with respect to which D is again equivariant.

Thus F is a Lie Gt=-foliation. [J

This proposition is a generalization of the following example given by P. Molino
(cf. [GRI1]) in which the change of the parallelism was explicitely given:

Let us consider the flow given by the fibres of the trivial bundle

T! x T — T3
Let 6°,6%, 02,63 denote the canonical coordinates in T' x T3. The parallelism given
0
SVEl shows that the fibres of this bundle are the leaves of a Lie abelian

by —  —_
Y001 902”96
foliation. But the parallelism given by the vector fields

cos Hli + sin GIi

€1

002 003
eg = —sinfl— Jrcost91i
002 003
o _9
8T 901
is a Lie parallelism with [e1, es] = 0, [e1, e3] = ea, [e2, e3] = —eq, that is, the flow is

also transversely modeled on GE=0.

The converse of Proposition 2.2 is not true in general. That is, there are Lie
Gh=0foliations which are not abelian foliations.

For instance, take the uniform discrete subgroup

I = {(m,n,nt)| m,n,t € Z} C Gh=°

Let M be the compact manifold T'\ G4=°. Then the trivial fibration M x S* —
M is a Lie Gi=%-flow with basic dimension 3 that can not be abelian. In fact any
abelian parallelism of the above flow would induce 3 linearly independent vector
fields on M which pairwise commute, i.e. M would be a 3-dimensional torus T2.
But this is impossible because the fundamental group of M is the non abelian group
.

The converse of Proposition 2.2 is, however, true for Lie flows of basic dimension
1 and for Lie foliations of basic dimension 2.

For basic dimension 1 it is a corollary of the following:

Proposition 2.3. Let G be an unimodular Lie algebra of dimension n. If F is
a Lie G-flow on a compact manifold with basic dimension 1, then F is also a Lie
abelian flow.

Proof. Tt is well known that the structural Lie algebra H of a Lie flow is abelian
(cf. [Car84]). In this case it is a subalgebra of dimension n — 1 of an unimodular
Lie algebra G of dimension n. Then H is an ideal of G. By Lemma 1.3, one can
find a G-parallelism Y7,...,Y,, such that ¥; € TF for i = 1,...,n — 1 and, hence,
Y, ¢ TF at any point.

In this situation we have that F is an unimodular Lie flow, that is H™(M/F) # 0
(cf. [Lla88]). By [MS85] there exist Xq,...,X,,_; foliated vector fields such that
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[X;,Y] € TF for all foliated vector field Y (i.e. the transverse central sheaf has a
global trivialization). Thus, Xi,..., X,_1,Y, is a Lie abelian parallelism. [

Corollary 2.4. Let F be a Lie GE="-flow on a compact manifold M with basic
dimension 1, then F is also a Lie abelian flow.

In the case of basic dimension 2, we have

Proposition 2.5. Let F be a Lie Gi=C-foliation on a compact manifold M with
basic dimension 2, then F is also a Lie abelian foliation.

The proof is based on the following lemma:

Lemma 2.6. Let F be a Lie GE=C-foliation on a compact manifold M with basic di-
mension 2 and let Y 1,Y 5, Y3 be the Lie QE’Z:O -parallelism corresponding to the basis
{e1,ea,e3} given in §1. Then the foliated vector field Y3 is not tangent to F at any
point and there exists a global foliated vector field Y tangent to F which commutes
(modulo TF) with every foliated vector field (i.e., the commuting sheaf is globally
trivial).

Proof. For each point z € M there exists a foliated vector field Zy in a neigh-
bourhood U of x, such that Zy is tangent to F, no tangent to F, and commutes
(modulo TF) with every global foliated vector field. Here we are considering a local
section of the commuting sheaf (cf. [God91], [Mol82]). Moreover if Zy is another
vector field in a neighbourhood V of x with the same property then Zy = aZy
(modulo TF) where « is a locally constant function.

We can assume that the vector field Z;; can be written as

Zy =apY1+byYe +cpyYs

where ay, by, cy are basic functions on U.
Since [Y;, Zy] € TF we obtain the equations:

Yi(ay) =0 Ya(ay) =cy Ys(ar) = —by
Yi(bu) = —cv  Y2(bu) =0  Ys3(by) =av
Yl(CU) =0 YQ(CU) =0 }fg(CU) =0.

We deduce from these equations that ¢y is constant on U.

Since Zy = aZy (modulo TF), with a a locally constant function, if ¢y = 0
then cyy = 0. Then there are only two possibilities:

i) for any point y € M and any neighbourhood W of y we have ¢y = 0 or
ii) for any point y € M and any neighbourhood W of y we have ¢y # 0.

Let us prove that ii) is not possible:

In this case Y7, Y2 are not tangents to F at any point. We take a riemannian
metric and we define Y;¥ as the normal component to F of ¥;. Then Y3 is a
combination of ;¥ and Y3 at each point, i.e., there are basic functions f, g such
that

(Y3N)p = f(p)(YlN)p + g(p)(YQN)p Vp € M.
In this case we obtain

Vi =, )N = Vi)Y 4+ vi(g) vy

=V = V2, V5]V = Yo ()Y + Ya(9)VsY
then Yj(g) is the constant 1 and Y5(f) is the constant —1. This is no possible
because f, g are continuous functions on a compact manifold.

Thus ¢y = 0 in each neighbourhood W and this means that Y3 is not tangent
to F at any point. This proves the first part of the lemma.
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Now we consider o = 7y, 7 *w, where 7 is the basic projection and w is a volume
form on the basic manifold. We take the global basic functions

A= iYQOé, B = 7Z'y104.
As A% 4+ B? # 0, we can consider the foliated vector field Y = aY; + bY5 where

A B

VETE | JVELB
Using that a(Y) = 0 it is easy to see that Y is tangent to F everywhere and not
tangent to F at any point.
It remains to prove that Y commutes (modulo TF) with every global foliated
vector field. Since Y € T'F it suffices to prove that [V;,Y] € T'F.
From the fact that [Y;,Y] € TF we have [Y;, Y] = \;Y + TF and we obtain the
equations
Yi(a) = Ma Ys(a) = dea Yi(a)+b= Asa
Yl(b) = )\1b }/Q(b) = )\Qb Yg(b) —a= )\3()

From these equations we deduce
1 1
i = A\i(a® +b%) = aYi(a) + bYi(b) = 5y;-(a2 +b?) = FYi(1) =0.
Hence the result. [

Proof of Proposition 2.5. By the above lemma there exists a foliated vector
field Y = aY; + bY; tangent to F at any point with a,b basic functions such that
a’? +b?> =1 and Y commutes (modulo TF) with every global foliated vector field.

Let us see that X7 =Y, X5 = —bY;+aYs, X3 = Y3 give a Lie abelian parallelism.
Clearly these vector fields are transversely independent. Using now

Yg((l) +b= )\30, = 0, Y3(b) —a= )\3b =0 and [?,?2] = )\2? =0

we have
X0, X3] = [V,—bY: +a¥a] = —bY, V5] + a[V, 73] = (=bA1 + ara)V = 0
Ko X = [0V + V3. T5] = —(b+ Ya(@)Ta + (a(b) — a)F7 = 0
(X1, X5] = [Y,Y3]=0.

This ends the proof. [

Corollary 2.7. Let F be a Lie GE=C-flow on a compact manifold M with basic
dimension 2, then F is also a Lie abelian flow.

Proof. Tt follows from the above demonstration that it suffices to show that the
commuting sheaf admits a global trivialization. In the case of flows this condition
is true if and only if the flow is isometric (cf. [MS85]).

If the basic manifold W is not orientable we take a double covering D over the
orientation covering of W. Here, by the above proposition, the commuting sheaf is
trivial and, hence, the flow on D is isometric. This implies that the initial flow is
isometric. [

Next corollary is closely related to the Haefliger’s problem.

Corollary 2.8. There is a pair of Lie groups (G,I'), with I' a finitely generated
subgroup of G, T uniform, such that there are no Lie G-flows on a compact manifold
with holonomy group T.
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Proof. Let G be the Lie group G2=° and let T’ be the Lie subgroup
' =((1,0,0),(&0,0),(0,1,0), (0,0, 7)) £¢ Q.

We have fd’éffR x 7?2 because the elements of T' are of the form (a,m,n7) with
a € R and m,n € Z. Moreover T is an uniform not abelian subgroup of GE=°.

Assume that there is a Lie G#=%-flow F on a compact manifold with holonomy
group I' (this implies that F has basic dimension 2). Then, by Corollary 2.7, F
would be also a Lie abelian flow and then I would be abelian, which is not possible.
O Note that the pair (G, T') is realizable, i.e., there is a lie G-foliation of acompact
manifold with the holonomy group I'. The reason is because GE=C is solvable and
T is polycyclic (cf. [Mei95]).

In order to generalize this kind of results to Lie foliations of arbitrary codimension
we consider the case of Lie foliations with nilpotent transverse Lie algebra. In this
category the transverse Lie algebra is canonically associated to the foliation:

Proposition 2.9. Let F be a Lie foliation on a compact manifold transversely
modeled on two nilpotent Lie algebras G and H. Then G and H are isomorphic.

Proof. Again, this is a consequence of a result on Lie groups.

In fact, if p : M — M is the universal covering of M and we fix points zg € M
and Tg € M with p(To) = xo, the developing diagrams are given by the canonical
projection

D:M—s M/pil(]-')
and the holonomy morphisms
O :m(M,x0) — G Oy (M,z9) — H

where G and H are the connected simply connected groups corresponding to G and
‘H respectively. Note that as differentiable manifolds we have:

G~ M/p ' (F)~H.

Since
D(H(x)) = @1([7]) - D(z) = @2([7]) = D(z)
the holonomy groups I'y = @4 (1 (M, x¢)) and T'y = Po(m1 (M, zg)) are related by

Iy =(ra):

where (g ). is the right translation in H with respect to the unit element e of G.
In fact, (rg)e restricted to I'y is a morphism of Lie groups. This implies that the
closures I'; and T’y are isomorphic.

As they are also uniforme subgroups of the nilpotent Lie groups G and H re-
spectively, this two groups are isomorphic as Lie groups (cf. [Rag72]). O

The foliation by points of the quotien of the Heisenberg group N/ /T" (cf. [GRI1])
is a good example of this situation.

3. LIE FLOWS OF BASIC DIMENSION ONE

Let F be a Lie G-flow of codimension 3 and basic dimension 1 on a compact
manifold M. There is a matrix A € SL(3,Z) with an eigenvalue A > 0 and an
eigenvector v, whose components are rationally independents, such that M is the
manifold T? x 4 R (usually called T%) described as the quotient of T? x R by the
equivalence relation (p,t) ~ (Ap,t+ 1). The flow F is the induced by the linear
flow F, (cf. [AMS6], [Car84]).

The basic fibration corresponding to this Lie flow is a T® bundle over T*:

™ -—— M —T!
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The homotopy sequence of the basic fibration gives the exact sequence of funda-
mental groups
0— 23 —m(M)—7Z—0

from which we have that 71 (M) 22 Z3 x 4 Z, i.e., w1 (M) is Z3 x Z with the product
(z,t)(y,s) = (v + A'y,t +5)

This implies, in particular, a certain kind of uniqueness for the matrix A: If A
and B are two elements of SL(3;Z) such that the fibre bundle T% is diffeomorphic
to the fibre bundle T% then A is conjugated to B or to B~ 1.

On the other hand, the only possibilities for the Lie algebra G are

G=G, G=G5, G=GFk¢Q) or G=gh

In fact it is evident that the algebras Gs, G4 are not possible because they do
not have any abelian subalgebra of dimension 2. That the algebras Go, Gg and
G¥ (k € Q) are not realizable as transverse algebras of a Lie flow of basic dimension
1 is proved in [GR91].

When F is an unimodular Lie G-flow then the Lie algebra G is also unimodular.
Hence the only possibilities for an unimodular Lie G-flow of basic dimension 1 are
G=GiorGg= g§=0, and it follows from Proposition 2.2 and Corollary 2.4 that F
is transversely modeled on both algebras.

For a non unimodular Lie G-flow F of basic dimension one the Lie algebra G
is not unimodular (Theorem 1.4), hence the only possibilities are G = G5, G = g;c
or G = gg 79, Notice that in all this cases the connected simply connected groups
associated to these algebras are diffeomorphic to R?. Moreover the matrix A used
in the construction of T% is not the identity matrix because the flow is unimodular
if and only if A =Id (cf. [AMS6]).

The following theorem proves that the matrix A is closely related to the matrix
defining the group structure.

Theorem 3.1. Let F be a non unimodular Lie G-flow of codimension 8 and basic
dimension 1 on a compact manifold M. Then the matriz A € SL(3;Z) defining M
is conjugated to:

A0 0
B = 0 1 0 for G = Gs,
0 0 A
A0 0
B={[0 X 0 for G =G¥,
0 0 XiFk
and
cos(p+A)  —sinA 0
B =¢(\) sin A cos(p — A) 0 ., MNER, forG=gp
0 0 c(A\)3cos™2 o

Proof. Recall that 7y (M) is Z® x Z with the product
(2, 8)(y, s) = (x + A'y,t +5)
Thus the holonomy representation of F is a morphism ® : Z3 x 4 Z — G, where
G is Gs, Glfﬂ or Gg#) and, hence, it is diffeomorphic to R3.
The image of ®, I' = ®(Z3 x4 Z), _is the holonomy group of F and, since the
basic manifold T! is diffeomorphic to I' \ G, we have dim T' = 2.

In spite of the fact that the identity component, T, of T is abelian, T is not
abelian because A #Id and @ is injective.
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For G% and G% it is easy to prove (cf., for example, [GR91]) that for every abelian
subgroup H of the holonomy group T, either H is contained in R2 x {0} (the only
subalgebra of dimension two is, in both cases, the subalgebra generated by eq, e2)
or there is an element a = (ay, a2, as), as # 0, such that H = {a™| n € Z}.

For G5 every abelian subgroup H of I is contained in R? x {0} or there is an
element o = (a1, ag, ag), ag # 0, such that

aq

HcC {(C(lef),y,mc— — }

exs

Using now that the subgroup ®(0x Z) can not be contained in ®(Z? x 0) (because
I is not abelian) and that ®(Z3 x 0) is an abelian normal subgroup of I, an easy
computation shows that in the three cases (Gs, Gl;#, Gg;eo) we have
®(Z* x 0) C R? x {0}.
Let ®(Z3 x 0) = {(p1,0), (p2,0), (p3,0)) and ®(Z) = (®(0,1)) = {(p,d)), ¥ > 0.
Then the normality condition is
(pv 19)(]?2,0)(]77 19)_1 = (p7 7-9)(]71, 0)(_6A19p7 _?9) - (I)(Zz X 0)
Thus , '
efAﬁp,» = Z /\gpj, )\g € Z (1)
Let us consider ¢; € Z3 such that ®((¢;,0)) = (pi,0). Then
(pa ﬁ)(pla 0)(_eA19pa _19) = (I)((O’ 1)(q17 O)(O? 1)_1) =
= 2((0, )(ai, —1)) = B(A(g:),0) = B((D_ X g;,0))

i.e., the matrix (X/) is the matrix A in the basis g;.
Next we consider the vectors vy = (a1, as,a3) and vy = (by, bo, b3) where p; =
(a1,b1), p2 = (ag,b2), ps = (a3, bs). The equation (1) can be written now as:

1) For G = G5

e’ 0\ [a 1 (a1 2 (a2 3 (a3
(o 1) (zh)_ki b ) T b, ) T by

that is Av; = e%vy and Avy = vs.
ii) For G = G%

e 0 i\ _ 1 (o o (a2 3 (a3
( 0 e_kﬂ> (bt> o )\Z (bl +)\Z by +)\2 b3
kv

that is Av; = e Py and Avy = e *p,.
iii) For G = G§7°

cos(p +v) —gin ¥ a;\ 1 (a1 o (az 5 (as
C(ﬂ)( sin ¢ cos(p —9) ) \ b; =\ by +A Do +A bs

that is Avy = ¢(9)(cos(p+1)v1 —sin Yvs) and Ave = ¢(¥)(sin Yvy +cos(p —
7.9)’()2).
Set A = e~?. Completing vy, vs to a basis {v1,v2,v3} the matrix A is equivalent
to

0 0
1 0 for G = G5
0 A

0
0 for G = GF
1
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and
cos(p + A) sin A 0
B=c(\)| —sinA cos(p—A) 0 for G = G&
0 0 c(A\)3cos™2p

Hence the result. O

Corollary 3.2. Let F be a Lie G-flow of basic dimension 1. Assume that F is also
a Lie G'-flow.
1) ]fg = 95 then g/ = g5.
i) If G = g? then G' = Q? .
iit) If G = Gl then G’ = GI.

Proof. The manifold M is diffeomeorphic to T% by the existence of a Lie G-flow,
and is also diffeomorphic to T% by the existence of a G’-flow. Then A and B or B~}
are conjugated matrices of SL(3,Z). By the above theorem we have the following
3 cases:

i) The matrix A has three real eigenvalues A\, 1,A~!. Then 1 is also an
eigenvalue of the matrix B. The only possibility is G’ = Gs.

ii) The matrix A has three real eigenvalues A, \*, A\=(*+1) with X\ # 1. Then
the matrix B has also three real eigenvalues not equal to 1. The only
possibility is G’ = g7'.

iii) The matrix A has two complex eigenvalues. Then the matrix B has also
two complex eigenvalues. The only possibility is G’ = gg/’. O

We improve this result in §5.

4. THE REALIZATION PROBLEM WITH BASIC DIMENSION ONE

The realization problem that we consider is the following:

Given a Lie algebra G of codimension 3 and an integer ¢, 0 < ¢ < 3, is there a
compact manifold endowed with a Lie G-flow of basic dimension ¢ ?

This problem has been studied in [L1a88] and [GRI1], but two cases remains still
open: namely the cases corresponding to the family of Lie algebras G, h # 0, for
¢ =1,2, and to the family G¥ for ¢ = 1.

In this paper we solve the case ¢ = 1. In fact we give, for ¢ = 1, a necessary and
sufficient condition, in terms of h (rep. k), for an algebra of the Gi-family (resp.
gé) to be realizable.

Theorem 4.1. There is a compact manifold M endowed with a Lie G -flow F,
h # 0, of basic dimension 1 if and only if

2In A
VAdw? +1n® A

where A and w are two real numbers, with X > 1 and w # kn (k € Z), such that

b=

1
A, ﬁ(cosw tisinw) are the roots of a monic polynomial of degree 3 with integer

coefficients.

Observe that +w is determined except an additive multiple integer of 2.

Proof. First assume that F is a Lie Gl-flow, h # 0, on a compact manifold M
with dim W = dim M/F = 1.

Let {e1, ea,e3} be the basis of gg described in §1. Since F is a riemannian flow
its structural Lie algebra H must be abelian (cf. [Car84]) and it is a subalgebra
of G#. The only abelian subalgebra of G% is the generated by ey, ez, which is an
ideal. Then, by Lemma 1.3, we can find a transverse Lie parallelism {Y1,Y2,Y3}
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associated to the basis {e1, es, e3} such that Y7, Y5 are tangent to F at any point.
Hence Y3 is not tangent to F at any point.

Recall that there exists a matrix A € SL(3,Z) with an eigenvalue A > 0 and a
eigenvector v, whose components are rationally independents, such that M is the
manifold T4 and the flow F is the induced by the linear flow F,,. If necessary, we
take the matrix A~! for A to be > 1.

It follows from Theorem 3.1 that the roots of the characteristic polynomial p(x)
of Aare ), z = i(cosw +isinw) and z = —

VA VA

We can find a basis {v, uy,us} of R? such that Au; = up and Auy = —%ul +aus,

2
where o = —= cosw.
oy

We define the vector fields of T3 x R
Xipty = (u1,0), Xogpt) = (u2,0) € T,T? & T,R.

(cosw — isinw).

The transverse vector fields Y1, Y5, Y3 are the projection of the transverse vector
fields of T3 x R given by:

Zipny = aO)Xaipa + () Xap
Zowy = ()Xia +dt) X
Zspy = (0, k%) (k € R, constant)

The reason is as follows. -
Observe that each transverse vector field Y; is the projection of some transverse
vector field Z; of T3 x R, and the these transverse vector fields are of the form:

= 0
Zi(Pvt) :F(p, )Xl(Pt) + G (p7 )X2pt) +fz(p7 )6t

The fact that Y; is a foliated vector field implies that the functions F;, G;, f; does
not depend on p. Since Y;,Y5 are tangent to F, the corresponding vector fields
71, Z5 must be tangent to T2 in T? x R, this means that f; = f, = 0.

Therefore the transverse vector fields Z; are of the form

Zipry = a(t) X 1(p,t) + b(t) X o(p,1)
Zat) = D)Xy +dO) X
Zapny = F3O)Xip +Gs(O) X + (05

with f(t +1) = f(t) (because Z3 is projectable) and f(t) # 0 (since Y3 is not
tangent to F at any point).
Observe that

2.7 = Zuf05] (=12
Then ?1:7'(*(71), ?2:7'(*(7) ( (

{e1,e2,e3}.
Finally, if f is not constant, we can take the reparametrization of R given by:

Jo 7 d= !
s(t)y = =12 Wherek:/—dx
=" ) 7@

)aj) are also a realization of the basis

a9 0
to obtain f(t)a = ka— and s(t+ 1) = s(t) + 1.
s
The identification (z,t) ~ (Az,t + 1) is equivalent to (z,s(t)) ~ (Az,s(t) +1)
and the projection of the transverse vector fields 71@ s) =af(s )Yl(p 5)+b(s )Yg(p75),
72(p,s) = C( )Xl(p s) + d( )XZ (p,s) and Zd(p s) — (0 k ) glve Y17Y27Y3
It can be shown that the constant k is always # 1 (cf Remark 4.3).
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Thus we can assume that the transverse vector fields Z; are of the form:
71 = a()X 1 + b(1) Ko, 7o = c()X1 + d(t)Xs, Zs— k%

The condition that the Z; are projectable is equivalent to

a(t +1) = —%b(t) bt + 1) = a(t) + ab(t)

{ (1)
=) dt+1) =c(t) + ad(t)

c(t+1)
On the other hand,
c)X1+dt)Xo =Zo = [Z1,Z3) = —kd' (t) X1 — kb' ()X
he(t) X1 + hd(t) X — a(t) X1 — b(t)Xo = hZy — Z1 = [Z2, Z3]
= —kd ()X, — kd' (t) X2
Then a(t),c(t) and b(t),d(t) are two independent solutions of the system of

y(t) = —ka'(t) }
hy(t) — (t) = —ky'(1)
Therefore, a(t),b(t) are solutions of the differential equation

k2" (t) + kha'(t) +2 =0

differential equations:

then )
a(t) = e~ 2r(Aj cos Ot + Ay sin 0t)
b(t) = e~ 2! (By cos Ot + By sin 0t)

(2) c(t) = —kad'(t) = %a(t) — ke~ 2kt (—0 Ay sin 0t + A, cos 1)

d(t) = —kv/(t) = Sb(t) ke~ 2%t (—0 By sin 0t + 0By cos 6t)

where Ay, As, By, Bo are constants, 6 =

By substituing this values in (1) we obtain:

/4 — h2
% and AlBg - AQBl 7& 0.

(3 ].
e~k (Agcosf — Ay sinf) = *XBQ
1
e 3% (Ajcosf + Agsinf) = _XBI (3)
% (Bicosf + Bysinb) = Ay + Bia
e~k (Bacost — Bysinf) = As + Boa

Then (A;, As, B, Bs) is a non trivial solution of the homogeneous system equa-

tions whose matrix of coefficients is:

\ \ 1
—e~ 3 sinh ek cosf 0 Y
1
e~ 2k cosf) e 2 sinf Xh 0 (4)
1 0 a—e 2k cos 0 —e~ %% sinf
0 1 e~ sin 6 o — e~ 3% cos 0
The determinant of this matrix must be zero.
Therefore
_h g _h _n 1 _n 1 1
e” ko —2e” 2k cosf(e k+)\)a+( Z X) +4)\e % cos?f =0

Then « is a real root of the polynomial:

—_

1 ,
q(sc):e_%xQ—?e %cosﬁ(e_%—i—x)m—&—(e_% X) —|—4>\e % cos? 0
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h
k

Lo
—)* <0.
/\) - )
Since sin § # 0 (otherwise A; By — A By = 0), the only possibility is A = e* and,
hence, a = 2e~ 2k cos 6.
Then we have

C . . _n
whose discriminant is — sin® fe ™% (e

_h 2 _n
2e7 2k cost) = o« = — cosw = 2e” 2k cosw

NG
VITR?

hence cosw = cosf. Since A = e# and 6 = T taking the argument of the

complex roots w = 6 we have
2In A

Vaw? +1n? )

h =

as stated in theorem.

Finally, we prove the converse:
Let p(z) be the polynomial z* — ma? +nx — 1 (m,n € Z) with only one real
root A (A > 1). Recall that p(x) has only one real root if and only if
m3+n® m*n? am 1

27 108 7?+Z>O’

and this root is # 1 if (m,n) # (0,0),(1,1),(2,2).
One can consider the matrix

0 0 1
A=(1 0 —n
01 m
whose characteristic polynomial is p(z). A computation shows that the root A is

irrational and the components of an eigenvector v are rationally independent.

If we define k = L, 0 = w and a = 2~ 2k cos 0, then the determinant of the

n
matrix (4) is zero and the system (3) has non trivial solutions. Let A, Ao, By, By
be one of these solutions. Observe that A; By — A2 B; # 0 (because sin 6 # 0).

We consider the functions a(t), b(t), c(t),d(t) as in (2). Note that
a(t) - d(t) — b(t) - c(t) = —kfe™ ' (A, By — AyBy) # 0.
Let {v,u1,uz} be the basis of R? such that
1 2
Av =X v, Auy =us, Aus=——ui; + —— coswa.

A VA
The vector fields

0
Zl(p,t) = a(t)u1 + b(t)u% ZQ(p7t) = c(t)u1 + d(t)ug, Zg(p,t) = ka

are projectable by construction and their projection gives a foliated realization of
the basis {ej, ez, ez} of GI.

Observe that if we make the same construction taking 6 = w + 2k7 then the
same flow is also a Lie G’ -flow with

W 2ln A Zh O

\/4(w + 2km)2 + In® A

Corollary 4.2. Only a numerable set of algebras of G are realizable on a compact
manifold as transverse algebras to a basic dimension 1 Lie flow.
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Remark 4.3. Let F be a Lie GI'-flow, h # 0, of basic dimension 1. We have seen
in the proof of Theorem 4.1 that for a foliated realization Y7, Y5, Y3 of the basis

e1, ea, ez the vector field Y3 is the projection of the vector field (0, k‘a) of T3 x R.

The constant k is always # 1.

The reason is as follows.

Assume that k£ = 1. Following the proof of Theorem 4.1 and using the same
notation we have that there is a basis {v,u1,u2} of R? such that

1
Av = v, Auy = uo, Aug = _Xul + aus

with A = e and o = 2¢~ % cosf. Therefore the characteristic polynomial of A is
equal to

1 9 1 03
p(z) = x3—()\+a)x2—|—(oz/\+x)m—1 = xd—(eh+2e*}5 cos 9)x2+(2e}5 cos +e Mz —1

Hence e (h € (0,2)) is a solution of the system
\ V4 — h?
m = el 4+ 2% cos <2>
m,n € 7Z
N V4 —h2 n
n = 2e2 cos — +e

But it can be shown, after a quite long computation, that this system has no
solutions for h € [0, 2].

Theorem 4.4. There is a compact manifold M endowed with a G¥-flow F of basic

dimension 1 if and only if
Inb
k=12 andkgQ
Ina
where a, b, ﬁ are positive real roots of a monic polynomial of degree 3 with integer
coefficients.

Proof.
Let F be a Lie G¥-flow of dimension 1 on a compact manifold M. Then M =
T3 x 4 R. By theorem 3.1, the matrix A € SL(3,Z) has the three real roots

a=e Vb= c=e"*t) 9>

and k ¢ Q (cf. [GRII]).

Conversely:
Let 23 — ma? + nz — 1 a polynomial with real roots a, b, ¢ such that
Inb
b= Ina £ Q.
Let us consider the matrix
0 0 1
A=(1 0 —-n| eSL(3,2)
01 m

As the eigenvalues of A are not in Q, the components of the eigenvectors of A are

rationally independent.
If we define ¢ = —Ina, then we have that the roots of the polynomial p(z) are
e? o=k It

Let {v1,v2,v3} be a basis of eigenvectors of A:

A(vr) = e o1, A(va) = ey, A(vg) = €”*H Doy,



18 BLAS HERRERA, MIQUEL LLABRES AND A. REVENTOS

Then F the linear flow on T? given for the vs vector induces a flow F on M = T4.
The vector fields on T2 x R

)gl(p7 t) = e_tﬁ(vho)
Xo(pt) = e %(v2,0)
- 10
X t) = - —

are projectable on M because X, (p,t+1) = A()Z’Z (p,t)). The projections X1, X9, X3
of these vector fields are foliated vector fields transverse to the flow such that

[X17 XQ](PJ) = [67“9 (Ulv(g)a eitkﬁ (U27 0)] =0
1
(X1, Xs]pty = [e7"7 (v1,0), 5&] =e (v1,0) = Xipt)
10
[X2)X3](p,t) = [e_tw(vm 0), 5&] = kX?(p,t) U

Corollary 4.5. Only a numerable set of algebras of G¥ are realizable on a compact
manifold as transverse algebras to a Lie flow with basic dimension 1.

5. THE CHANGE PROBLEM

The aim of this section is to prove that a Lie G-flow of codimension 3 on a
compact manifold with basic dimension 1 can be transversely modeled on one, two
or countable many Lie algebras.

Proposition 5.1. Let F be a Lie GE-flow of basic dimension 1 on a compact
mamnifold M transversely modeled on another Lie algebra G. Then G = g#' and k'
is one of the values

1 k 1+k

1
! . 1 _ I
K=k o 4 —1-k

TThR R
Proof. By Corollary 3.2 the Lie algebra G is Q?l. Then the matrix A € SL(3;7Z)

defining M has the eingenvalues a,a®,a='~* and also b,b¥ b1~ . As they are
the same, we have 3! = 6 possibilities that imply directely the result. O

Remark 5.2. If F is a Lie G¥-flow on a compact manifold M, then we also have
on M a Lie G- ' "-flow and a Lie Q;k/Hk—ﬂow.

To see this, let w1, us, us3 be the eigenvectors of A with eigenvalues a,a”,a=1*
respectively.
The vector fields on T3 x T!
> > > = 1 d
X1 =a'uy, Xo = duy, X3 =a Ry, Xo=—"—+
Inadt

are invariant for A, so they induce vector fields on M = T3 x 4 T!, that we denote
by X1, X3, X3, Xo, respectively.

1
The foliation induced by X; admits Xs, X3, _mXO as transverse parallelism
and
[Xo2,X3] =0 [X LX]—X [X. LX]— LX
2, A3| = 8T 0 T A Lo N T T
i.e., it is a Lie g;k/(l+k)—ﬂow.

The foliation induced by X5 admits X, X3, X as transverse parallelism and
(X1, X5]=0  [X1,Xo]=X1  [X5 Xo]=—(1+Fk)Xs,

i.e., it is a Lie g;lfk—ﬂow.
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The foliation induced by X3 admits X7, X5, X as transverse parallelism and
[X1,X2] =0 (X1, Xo] = X3 [Xs, Xo] = kXo,
i.e., it is a Lie g?-ﬂow.
It follows from this remark that it is not possible to deduce from Theorem 3.1 if

a Lie Q?—ﬂow of basic dimension 1 is at the same time a Lie Q?l—ﬂow with k # k.
A priori the six cases of Proposition 5.1 are possible. Nevertheless we have

Proposition 5.3. Let F be a Lie flow of basic dimension 1 on a compact manifold
M transversely modeled on two Lie algebras, G¥ and g’;’, of the family G;. Then
GE =gl
Proof. Assume that the flow is transversely modeled on two Lie algebras, G¥
and Qé"/, of the family G;. Since the structural Lie algebra is abelian and the only
abelian subalgebra of Gz is the ideal generated by e1, e2 we have two Lie parallelisms
Yl, Y27 Y3 and Zl, ZQ, Zg with products
(1) [Y1,Y5] =0, [Y1,Ys] =Y, [Y2,Ys] = kY.
(2) [Z1,Z5) =0, (Z1,Z3) = Z1, (Z2,Z3) = k' Zy
such that the foliated vector ﬁeLdS Y1,Ys and Z;, Z, are tangent to F everywhere.
The transverse vector fields Z; are

Zy = fiY1+ Y,
Zy = [3Y1+ f3Y,
Z3 = f§?1+f§?2+f§’?3

with f/ basic functions.
By substitution of this values in the equations (2) we have the equations:

fl=11F - £Ys(f)
fi=kfif5 = f5Ys(f7)
Kfy = faf3 = £3Ya(f3)

K f3 =kfif3 — f3Y3(f3)
(observe that as Y7, Y, are tangent to F, then Yy (f7) = Ya(f/) = 0.)

Note that f3 is not zero at any point. Then all these equations are of the form
Y =g(z)y.

By interpreting this system of differential equations on the basic manifold S,
we have the solutions:

—f® 1
I fgdt

fi = Cre%e
J2 = Cpehre” o 75
f4 = Cgeme” o e
72 = Cyokre™ Ji I
Then there exist periodic solutions with fif? — f2f+ # 0 if and only if k = &’
or k= % ]

Now we are in the position to prove the main result of this section.

Theorem 5.4. Let F be a Lie flow of codimension 3 on a compact manifold M
with basic dimension 1. Then only three cases are possible:
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i) F is transversely modeled exactly on one Lie algebra. This occurs if and only if
the transverse Lie algebra is Gs or GE.

i) F is transversely modeled exactly on two Lie algebras. This occurs if and only
if these two transverse Lie algebras are Gy and QE};:O.

1) F is transversely modeled on countable many Lie algebras. This occurs if and
only if F is transversely modeled on g{;?ﬁo.

In this case
2In A

V4w? + 1n? /\.

a) There exist two real numbers A > 1 and w such that h =

b) F is also transversely modeled on GI' for each

21
B = nA (Vk € 7).

VA + 267)2 + In® A

¢) If F is also transversely modeled on G then G = QQ' for some of the above
h.

Proof. Assume that F is a Lie G-flow of codimension 3 on the compact manifold
M with basic dimension 1. Then G is one of the following Lie algebras: G, Gs, g§
or G&.

i) If G = G5 then by Corollary 3.2 F is not transversely modeled on any other

Lie algebra.
If G = G¥ then by Proposition 5.3, F is not transversely modeled on any
other Lie algebra.

ii) If G = G; then by Proposition 2.2, F is also transversely modeled on G’ =
G40,
Conversely if G = G#=0, Corollary 2.4 proves that F is also a Lie abelian
flow.

iii) It only remains the case that G = ggio.

a) We have, by Theorem 4.1, that

2In A\
Vaw? +1n? )

1
where A, ﬁ(cosw +isinw), A > 1, are the roots of a polynomial of

integer coefficients.
b) Theorem 4.1 also proves that F is also a Lie ggl—ﬂow with

B 2In A
VA + 26m)2 + In® A

c) If F is also a Lie G’-flow, it follows from Corollary 3.2 that G = g;;’.
Again, by Theorem 4.1 we have that

2In N

\/4W)2 4 1n? N

But using Theorem 3.1 is easy to see that X' = X and ' = w + 2km.

h =

h/

for any k € Z.

h' =

([l
REFERENCES
[AMS86] R. Almeida and P. Molino, Flots riemanniens sur les 4-variétés compactes., Tohoku
Math. Journ. (1986), 313-326.
[Carg4] Y. Carriere, Flots riemanniens., Astérisque, (1984), Journées S.M.F. sur les structures

transverses,.



TRANSVERSE STRUCTURE OF LIE FOLIATIONS 21

[FedT1] E. Fedida, Sur les feuilletages de Lie, C. R. Acad. Sci. Paris (1971), 999-1002.

[God91]  C. Godbillon, Feuilletages. Etudes géométriques, Institut de Recherche Mathematique
Avancée. U.L.P. (1991), Birkh&user.

[GR91] E. Gallego and A. Reventés, Lie flows of codimension 3, Trans. Amer. Math. Soc.
(1991), 529-541.

[Hae84]  A. Haefliger, Grupoide d’holonomie et classifiants, Astérisque (1984), Journées S.M.F.
sur les structures transverses.

[KAH86] A. El Kacimi-Alaoui and G. Hector, Décomposition de Hodge basique pour un feuil-
letage riemannien, Ann. Inst. Fourier (1986), 207-227.

[KAHS85] A. El Kacimi-Alaoui, G. Hector, and V. Sergiescu, La cohomologie basique d’un feuil-
letage est de dimension finie, Math. Z. (1985), 593-599.

[KAN91] A. El Kacimi-Alaoui and M. Nicolau, Structures géométriques invariantes et feuil-
letages de Lie, Indag. Mathem. (1991), 323-334.

[L1a88] M. Llabrés, Sobre les foliacions de Lie, Publicacions UAB (1988), Tesis.

[LR88] M. Llabrés and A. Reventés, Unimodular Lie foliations, Ann. Fac. de Sc. de Toulouse
(1988), 243-255.

[Mas] X. Masa, Cohomology of Lie foliations, Research Notes in Mathematics.

[Mei95] G. Meigniez, Exemples de feuilletages de Lie resolubles, Ann. Fac. Sci. Univ. Toulouse
(1995), 801-817.

[Mol82] P. Molino, Géométrie globale des feuilletages riemanniens, Proc. Kon. Nederl. Akad.
(1982), 45-76.

[MS85] P. Molino and V. Sergiescu, Deuzx remarques sur les flots riemanniens, Manuscripta
Math. (1985), 145-161.

[Rag72] M. S. Raghunathan, Discrete subgroups of Lie groups, Springer-Verlag (1972).

[Ton88]  P. Tondeur, Foliations on Riemannian manifolds, Springer-Verlag (1988).

DEPARTAMENT DE MATEMATIQUES, UNIVERSITAT AUTONOMA DE BARCELONA, 08193-BELLATERRA
(BARCELONA), SPAIN



