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“...puedo amar a una piedra, a un árbol o a su corteza. Son objetos que
pueden amarse. Pero no a las palabras. Por ello, las doctrinas no me sirven,
no tienen dureza, ni blandura, no poseen colores, ni cantos, ni olor, ni sabor, no
encierran más que palabras. Acaso sea eso lo que te impide encontrar la paz, quizá
sean tantas palabras. También redención y virtud, lo mismo que sansara y nirvana
son sólo palabras. Fuera del nirvana no existe nada más: únicamente palpita el
vocablo nirvana.”

Siddhartha, Herman Hesse

“What’s in a name? That which we call a rose, by any other name would
smell as sweet.”

Romeo and Juliet, William Shakespeare

“...a mathematician, experiences in his work the same impression as an artist;
his pleasure is as great and of the same nature.”

Henri Poincaré
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Agräıments

Un llarg camı́ m’ha portat fins aḉı, però no ha sigut un camı́ que haja caminat
a soles. Tots i cadascú de vosaltres heu sigut totalment necessaris per a que haja
arribat a aquest punt. Cada vegada tinc més clar que l’únic que té sentit en aquesta
vida i l’únic objectiu que té sentit perseguir és ser feliç. Tot lo altre son etiquetes
buides que ens distrauen e impedixen ser feliços. Bé, les matemàtiques em fan feliç,
i vosaltres m’haveu permés, motivat i entés el que les faça.

En qui estic més endeutat és, sense cap dubte, amb els meus pares. Gràcies a ells
sóc el que sóc. Em brindaren l’oportunitat de estudiar i em recolzaren en tot moment
per elegir el camı́ que jo volguera, ensenyant-me que sense esfroç no hi ha victória.
La meua germana ha sigut clau en tots els moments de la meua vida. La meua
famı́lia en general. La meua directora de tesi, ja que sense ella no existiria aquest
escrit, i per haverme introduit en el món de les singularitats. El meus companys del
grup d’investigació que m’han guiat i ajudat en aquestos primers passos, soportant
les meues preguntes i regalant-me discusions fruct́ıferes. Els meus companys de la
carrera, en els que vaig tindre el plaer de descobrir qué són les matemàtiques, que
em van ajudar quan vaig tindre dubtes i amb els que he compartit eixa passió que
ens uneix. La meua escola i la seua gent, entre la qual em vaig fer a mi mateixa i
per tant em van predisposar per a el que hui faig. Els meus amics i amigues que han
fet que cada dia de la meua vida siga com ha sigut, i per a això no hi ha agräıment
suficient.

Això marca el final d’una etapa, però necessàriament marca el principi d’un al-
tra, que ocuparà la resta de la meua vida. Una etapa en la que espere el privilegi
de compartir amb tots vosaltres les meues victories i els meus fracasos. Gràcies.

Special thanks

A long journey has brought me here, but it hasn’t been a journey that I’ve walked
alone. Each and every one of you have been totally necessary for me reaching this
point. Each time it is clearer for me that the only thing which makes sense in this
life and the only goal which makes sense pursuing is being happy. All the rest are
just empty tags which distract us and prevent us from being in a state of happi-
ness. Well, mathematics make me happy. And you have allowed, motivated and
understood that I do them.

With whom I am most indebted is, with no doubt, my parents. Thanks to them
I am what I am. They gave me the opportunity of studying and supported me in
every moment to choose whichever path I wanted, teaching me that without effort
there is no victory. My sister has been decisive in every moment in my life. My
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family in general. My PhD supervisor, without whom this book would not exist and
who introduced me in the world of singularities. My colleagues in the research group
who have guided and helped me in these first steps, bearing my questions and giving
me as a present many fruitful discussions. All the researchers who have helped with
their discussions and critiques to make this thesis better. My classmates during
undergraduate, with whom I had the pleasure of discovering what mathematics is,
who helped me when I had doubts and with whom I share this passion that unites
us. My school and its people, amongst who I made myself and therefore predisposed
me to what I do today. My friends, who have done that every day of my life be as
it has been, and for that there isn’t enough thanks.

This is the end of a stage, but it necessarily is the beginning of another one,
which will occupy the rest of my life. A stage in which I hope to have the privilege
of sharing with all of you my victories and my failures. Thank you.
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Chapter 1

Introducción-Introduction

1.1 Introducción en castellano

El estudio de las aplicaciones estables se remonta a 1955 cuando Whitney publicó
la clasificación de aplicaciones estables del plano en el plano en [Whi2], determinando
que el germen de una aplicación en cada punto era equivalente a un punto regular,
un punto de pliegue o una cúspide. Desde entonces, grandes matemáticos como J.
Mather o R. Thom han dado un fuerte empuje al estudio de las aplicaciones estables
de Rn en Rm. Posteriormente el estudio de aplicaciones (o singularidades) estables
se extendió para estudiar singularidades menos frecuentes, que aparecen en estratos
de codimensión positiva en el espacio de aplicaciones. Cabe destacar la clasificación
de singularidades simples de funciones de Rn en R que Arnol’d completó en [A3] pero
cuya semilla se encontraba ya en la Teoŕıa de Catástrofes de R. Thom ([T]). Desde
entonces se ha trabajado mucho en esta ĺınea y a d́ıa de hoy conocemos clasificaciones
para bastantes pares (n,m), de hecho se puede encontrar las singularidades estables
para ciertos casos en libros de texto de nivel postgraduado como es el caso de [Mar],
[Gib] o [GoGu]. Y a nivel de investigación conocemos la clasificación de aplicaciones
del plano en el plano gracias a Rieger ([Rie]), Mond clasificó las singularidades de
gérmenes de aplicación de R2 en R3 en [Mond], Goryunov y Marar & Tari abordaron
la clasificación de aplicaciones de R3 en R3 en [Gor2] y [MT] respectivamente, etc.
Recientemente se están realizando clasificaciones más generales como el caso de Rn

en R2n ([KPR]) o Rn en Rn+1 ([CMW]) y sigue siendo objeto de estudio activo. Pero
todo este estudio es a nivel local (o multilocal). En el caso en el que el dominio sea
compacto se torna interesante el estudio desde el punto de vista global.

A principios de la década de los 90, Vassiliev en [V2], desarrolló un método
para la obtención de invariantes de isotoṕıa semi-locales en espacios de funciones.
La técnica se basa en el estudio de la estructura del subconjunto discriminante
∆ formado por todas las aplicaciones no estables (se puede aplicar para distintos
criterios de estabilidad). Se trata de estratificar el discriminante en estratos de
distintas codimensiones y obtener aśı invariantes de distintos órdenes dependiendo
de las codimensiones de los estratos que hayamos usado. Un invariante de orden r
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se anula sobre todos los estratos de codimensión mayor que r. Vassiliev lo aplicó
para el caso de nudos (aplicaciones estables de S1 en R3). Estos invariantes son de
gran importancia para la clasificación de nudos, que está estrechamente relacionada
con la clasificación de 3-variedades. De hecho es una pregunta abierta a d́ıa de hoy
si los invariantes de Vassiliev de orden finito son una base de invariantes completa
para nudos (es decir, que distinguen todas las clases de isotoṕıa), en cuyo caso,
se daŕıa como consecuencia la Conjetura de Poincaré, dando un prueba puramente
topológica de ésta (vease el trabajo de Eisermann [Ei]). Ha trabajado también en
esta ĺınea Joan Birman (vease [Bir1] y [Bir2]) entre otros.

Algunos investigadores se han interesado en aplicar la teoŕıa de Vassiliev en
distintos ámbitos. Aśı, en el caso de las aplicaciones A-estables, hoy conocemos los
invariantes de Vassiliev de primer orden para:

i) Curvas planas inmersas (Arnol’d en [A1] y [A2]).

ii) Aplicaciones estables de superficies en R3 (Goryunov en [Gor1]).

iii) Aplicaciones estables de superficies en el plano (Ohmoto y Aicardi en [OA]).

iv) Aplicaciones estables de 3-variedades cerradas en el plano (Yamamoto en [Ya]).

El caso estudiado en esta tesis es, pues, la continuación natural de este programa:
invariantes de Vassiliev de primer orden de aplicaciones estables de 3-variedades no
orientadas en R3. Tanto en los casos arriba citados como en este, es estudio se
ha restringido a los invariantes de primer orden. Aparte del caso de nudos, se ha
trabajado en invariantes de orden mayor en otras situaciones como las inmersiones
de Sk en R2k−1 (Ekholm, [Ek]), inmersiones de superficies cerradas en R4 (Kamada,
[Ka]) o superficies en R3 (Nowik, [No]), pero en todos estos casos, los invariantes se
obtienen como polinomios sobre los invariantes de primer orden, aśı que, como dice
Yamamoto en [Ya], no se conoce ningún invariante esencial de orden mayor que uno
cuando la dimensión del espacio dominio es mayor que uno.

También se ha estudiado acerca de invariantes de Vassiliev en espacios de apli-
caciones usando otros criterios de estabilidad, como es el caso de F. Aicardi, que
estudió los invariantes de primer orden para el espacio de aplicaciones Legendrianas
estables en el plano en [Ai], es decir, invariantes de la imagen del conjunto singular
de éstas, los frentes de ondas planos. La particularidad de este espacio es que, a
diferencia de los anteriores, es no simplemente conexo, hecho topológico crucial en
la aplicación del método de Vassiliev. Siguiendo esta ĺınea, en esta tesis también
se ha trabajado con otro criterio de estabilidad relacionado con éste último, se ha
obtenido los invariantes de primer orden de aplicaciones Lagrangianas estables de
superficies Lagrangianas en el plano, o de caústicas uno-dimensionales.

Los invariantes de Vassiliev son una familia muy importante de invariantes, pero
no se sabe si son un invariante completo. De hecho, como veremos en este trabajo
para el caso de que la variedad dominio sea de dimensión mayor que uno, puede haber
aplicaciones distintas en distintas clases de isotoṕıa estable pero con los mismos
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invariantes de Vassiliev, y esto se debe a que pueden hasta tener el mismo conjunto de
ramificación (imagen del conjunto singular). Es por esto que es importante también
introducir un invariante global que codifique la información topológica del conjunto
singular y regular en la variedad dominio. Siendo aśı, y siguiendo el objetivo de
clasificar aplicaciones estables de 3-variedades en R3, se han estudiado los grafos.

Los grafos se han usado en distintos contextos donde han demostrado ser her-
ramientas muy potentes. Partiendo del problema de los puentes de Könisberg de Eu-
ler hasta situaciones más sofisticadas como por ejemplo, la descripción a nivel global
de flujos, donde se usan los grafos de Lyapunov ([RF]) o los grafos de Peixoto ([Pe]),
siendo este último un invariante topológico completo para flujos estructuralmente
estables en superficies cerradas. Arnol’d analiza en [A6] los grafos regularmente
ordenados definidos en términos de los conjuntos de nivel de aplicaciones de Morse.
Estos grafos son un invariante topológico completo para funciones de Morse sobre
la esfera, y en particular para las de tipo polinómico cuyo estudio, según Arnol’d,
está relacionado con el problema 16 de Hilbert.

D. Hacon, C. Mendes de Jesus y M.C. Romero Fuster en [HMR1], [HMR2]
y [HMR3] definieron grafos como invariantes globales en el caso de aplicaciones
estables de superficies en el plano. Su definición de grafo dual al conjunto singular
con peso en los vértices se puede generalizar a la situación de esta tesis pero con peso
en los ejes también. Esto despierta preguntas naturales como qué grafos pueden ser
el grafo de una aplicación estable y se puede relacionar con cuestiones como qué
subconjuntos de una variedad dada puede ser el conjunto singular de una aplicación
estable con dominio esa variedad. En esta parte del trabajo se ha hecho hincapié
en las aplicaciones de pliegues, aquellas cuyas únicas singularidades son de tipo
pliegue, que han sido objeto de estudio para muchos autores como [El] o [Sa]. Es
posible también relacionar cuestiones acerca de estos grafos en el caso de aplicaciones
estables de 3-variedades en R3 con cuestiones acerca de clasificación de 3-variedades,
pero esto se deja para un futuro trabajo.

Aśı, pues, los invariantes de Vassiliev junto con los grafos suponen un estudio
extensivo acerca de aplicaciones estables de 3-variedades en R3 y suponen un paso
al frente en la tarea de clasificación que, entre otras cosas, las matemáticas, y en
concreto la Teoŕıa de Singularidades, ambiciosamente pretenden.

1.1.1 Organización del trabajo

El caṕıtulo 2 es una colección de resultados preliminares de Topoloǵıa Diferencial.
Se explica el lenguage de jets, topoloǵıas de Whitney, Teoremas de Aproximación,
Transversalidad, Estabilidad y otros conceptos básicos necesarios para entender el
planteamiento del problema. Es, de alguna manera, el lenguaje mı́nimo necesario
para empezar a trabajar en la Teoŕıa de Singularidades de Aplicaciones Diferencia-
bles.

El caṕıtulo 3 empieza con una explicación general acerca de subconjuntos dis-
criminantes en espacios de aplicaciones. A continuación se explica detalladamente
la técnica de invariantes de Vassiliev de primer orden, y finalmente, se pone como
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ejemplo el trabajo hecho por Goryunov en [Gor1] acerca de invariantes locales de
primer orden de superficies en R3.

En el caṕıtulo 4 se aplica la técnica de Vassiliev para obtener los invariantes de
primer orden de aplicaciones Lagrangianas en el plano, entre los que destacan:

i) ICM
, el número de cúspides de tipo máximo.

ii) ICm , el número de cúspides de tipo mı́nimo.

iii) Id, el número de puntos dobles.

iv) I`, la mitad del invariante de Bennequin del levantamiento Legendriano de la
caústica a PT ∗R2.

Se da una introducción a la Teoŕıa de Aplicaciones Lagrangianas y aplicaciones de
Gauss. Al final se habla acerca de invariantes no locales y se da una nota acerca del
caso bidimensional. También hay una discusión acerca de la topoloǵıa del espacio,
que afecta al número de invariantes linealmente independientes que pueda haber.
Aunque cronológicamente este trabajo se hiciera después del del próximo caṕıtulo,
al ser más breve, aparece aqúı como aperitivo del núcleo central de la tesis, aunque
los resultados son nuevos y no se conoćıan hasta el momento.

En el caṕıtulo 5 se obtienen los invariantes de Vassiliev para aplicaciones estables
de 3-variedades no orientadas en R3 que resultan ser:

i) Is, el número de colas de golondrina.

ii) IA1A2 , el número de intersecciones aisladas de ejes cuspidales con superficies
de pliegues.

iii) It, el número de puntos triples.

iv) Iχ, la caracteŕıstica de Euler del conjunto de ramificación.

v) I`, el número de autoengarce del levantamiento Legendriano del conjunto de
ramificación a ST ∗R3.

En una primera sección se habla acerca de (singularidades de) aplicaciones de R3

en R3, con resultados conocidos, algunos clásicos, otros más recientes, y con técnicas
propias. Se hace un estudio detallado de singularidades estables y hasta codimensión
2, tanto de gérmenes como de multigérmenes (en el caso de multigérmenes, sólo de
corrango uno, luego se verá que las de corrango dos no son necesarias para obtener
invariantes independientes). En la segunda sección se aplica la técnica de Vassiliev
paso por paso. Finalmente se habla de invariantes no locales y de aplicaciones de
pliegues.

En el caṕıtulo 6 se introducen los grafos como invariante topológico global. Se
prueba que todo grafo con pesos en aristas y ejes puede ser el grafo de una aplicación
estable de una 3-variedad en R3, es decir, que toda colección de superficies cerradas
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y orientables puede ser el conjunto singular de alguna aplicación estable de alguna
3-variedad en R3. Se definen una serie de técnicas para demostrar este resultado y
otros, como las transiciones, ciruǵıas de aplicaciones estables y los bloques básicos de
construcción que permiten trabajar con los grafos de manera constructiva e intuitiva.
Se habla acerca de algunas 3-variedades concretas y finalmente se da una nota acerca
de aplicaciones de pliegues y se relacionan con descomposiciones de Heegard.

El caṕıtulo 7 contiene problemas abiertos derivados de la tesis en modo de con-
clusión.
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1.2 English introduction

The study of stable maps goes back to 1955, when Whitney published the clas-
sification of stable maps from the plane to the plane in [Whi2], determining that
the germ of a map at each point is equivalent to a regular point, a fold point or a
cusp. Since then, great mathematicians such as J. Mather or R. Thom have given
a strong impetus to the study of stable maps from Rn to Rm. After that, the study
of stable maps (or singularities) was extended to study less frequent singularities,
which appear in strata of positive codimension in the space of maps. We must point
out the classification of simple singularities of functions from Rn to R which Arnol’d
completed in [A3] (although the seed of this was already in R. Thom’s Catastrophe
Theory, [T]). Since then lots has been done in this line of research, and today we
know the classification for many pairs (n,m), in fact, the stable singularities for
certain cases may be found in postgraduate level textbooks such as [Mar], [Gib] or
[GoGu]. At research level the classification of maps from the plane to the plane
is known thanks to Rieger ([Rie]), Mond classified the singularities of map germs
from R2 to R3 in [Mond], Goryunov and Marar & Tari dealt with the classification
of maps from R3 to R3 in [Gor2] and [MT] respectively, etc. More recently, more
general classifications have been done such as the case of Rn to R2n ([KPR]) or Rn

to Rn+1 ([CMW]) and it is still an active field of research. But all this work is at a
local (or multi-local) level. In the case where the source of the map is compact, it
becomes interesting to study these maps from a global point of view.

At the beginning of the 90’s, Vassiliev developed a method to obtain semi-local
isotopy invariants in map spaces in [V2]. The technique is based on the analysis
of the discriminant subset ∆ formed by all the non stable maps (it may be done
for different criteria of stability). It consists on stratifying the discriminant in dif-
ferent codimension strata and obtaining different order invariants depending on the
codimension of the strata considered. Order r invariants vanish over every strata
of codimension greater than r. Vassiliev applied this method to the case of knots
(which can be seen as stable maps from S1 to R3). These invariants are of great
importance in the classification of knots, which is closely related to the classification
of 3-manifolds. In fact, it is an open question if the set of finite order Vassiliev in-
variants are a complete basis of invariants for knots (i.e. they distinguish all isotopy
classes), in which case, we would have as a consequence the Poincaré Conjecture,
giving a purely topological proof for it (see the work done by Eisermann [Ei]). Also
in this line is the work of Joan Birman (see [Bir1] and [Bir2]) amongst others.

Some researchers have been interested in applying Vassiliev’s theory in different
fields. So it is, for the case of A-stable maps, today we know the first order Vassiliev
invariants for:

i) Plane immersed curves (Arnol’d in [A1] and [A2]).

ii) Stable maps from surfaces to R3 (Goryunov in [Gor1]).

iii) Stable maps from surfaces to the plane (Ohmoto and Aicardi in [OA]).
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iv) Stable maps from closed 3-manifolds to the plane (Yamamoto in [Ya]).

The case studied in this thesis is therefore a natural continuation of this pro-
gramme: first order Vassiliev invariants of stable maps from non oriented 3-manifolds
to R3. Both for the cases mentioned above as for this one, the research has been
restricted to first order invariants. Besides the case of knots, higher order invariants
have been studied in other situations such as immersions of Sk in R2k−1 (Ekholm,
[Ek]), immersions of closed surfaces in R4 (Kamada, [Ka]) or surfaces in R3 (Nowik,
[No]), but in all these cases the invariants are obtained as polynomials over the first
order invariants, so, as Yamamoto says in [Ya], it is not known whether there are
any essential higher order invariants when the dimension of the source manifold is
higher than one.

Vassiliev invariants in map spaces with different stability criteria have been stud-
ied too, as is the case of F. Aicardi, who studied the first order invariants for the
space of stable Legendrian maps from Legendrian surfaces to the plane in [Ai], or
invariants of the image of the singular set of these maps, that is, plane wavefronts.
This space is special because, unlike the previous ones, it is not simply connected,
crucial topological fact in order to apply Vassiliev’s method. Following this ap-
proach, we have also studied a map space with a different stability criterion related
to this latter one, which is the first order invariants for Lagrangian maps in the
plane, or one-dimensional caustics.

Vassiliev invariants are a very important family of invariants, but they may not
be a complete set of invariants, as we will see later on in this thesis for the case where
the source manifold is of dimension greater than one. There might be different maps
in different stable isotopy classes but with the same Vassiliev invariants, in fact they
might have the same branch sets (image of the singular set). This is why it is
important to introduce a global invariant which codifies the topological information
of the singular and regular sets in the source manifold. Therefore, following the goal
of classifying stable maps from 3-manifolds to R3, we have studied graphs.

Graphs have been used in many different contexts where they have shown to be
very powerful tools. Starting from Euler’s Könisberg Bridges problem to more mod-
ern and sophisticated situations such as the global description of flows on manifolds,
where Lyapunov graphs are used ([RF]) or Peixoto graphs ([Pe]) which are a com-
plete topological invariant for structurally stable flows on closed surfaces. Arnol’d
analyses in [A6] the regularly ordered graphs defined in terms of the level sets of
Morse functions. These graphs are a complete topological invariant for Morse func-
tions on the sphere. In particular the study of the polynomial ones is, quoting
Arnol’d, related to Hilbert’s 16th problem.

D. Hacon, C. Mendes de Jesus and M.C. Romero Fuster in [HMR1], [HMR2] and
[HMR3] defined graphs as global invariants in the case of stable maps from surfaces
to the plane. Their definition of a graph dual to the singular set with weights in its
vertices can be generalised for the situation in this thesis with weights in the edges
too. This definition arises some natural questions such as what graphs can be the
graph of a stable map from 3-manifold to R3 and can be related to problems such as
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determining what subsets of a given manifold can be the singular set of a stable map
with that manifold as the source manifold. In this part of the work, we make special
emphasis on fold maps (i.e. maps whose only singularities are of fold type), which
have been studied by different authors such as Eliashberg ([El]) or Saeki ([Sa]). It is
also possible to relate problems about these graphs in the case of stable maps from
3-manifolds to R3 with problems in the classification of 3-manifolds, but this is left
for future work.

Therefore, Vassiliev invariants together with the graphs are an extensive study
about stable maps from 3-manifolds to R3 and are a step forward towards the classifi-
cation task which, amongst other things, mathematics, and in particular Singularity
Theory, ambitiously pursues.

1.2.1 Organization of the work

Chapter 2 is a collection of preliminary results on Differential Topology. It ex-
plains jet language, Whitney topologies, Approximation Theorems, Transversality,
Stability and other basic concepts necessary to understand the setting of the prob-
lem. It is, in a way, the minimum necessary language in order to start working in
Singularities of Differentiable Maps.

Chapter 3 begins with a general explanation about discriminant subsets in map
spaces. Next a detailed explanation of the technique of first order Vassiliev invariants
is given, and finally, the work done by Goryunov in [Gor1] about first order local
invariants for stable maps from surfaces to R3 is given as an example.

In Chapter 4 Vassiliev’s technique is used to obtain the first order invariants of
Lagrangian maps to the plane, which include:

i) ICM
, the number of maximum type cusps.

ii) ICm , the number of minimum type cusps.

iii) Id, the number of double points.

iv) I`, one half of the Bennequin invariant of the Legendrian lift of the caustic to
PT ∗R2.

An introduction to the Theory of Lagrangian maps and of Gauss maps is given.
At the end there are sections on non-local invariants and the two-dimensional case.
There is also a discussion on the topology of the space of Lagrangian maps which
affects the number of linearly independent invariants that there may be. Although
chronologically this piece of work was done after the one in the next chapter, being
shorter, it appears here as an aperitif for the central nucleus of the thesis, although
the results are new too and were not known up to now.

In Chapter 5 Vassiliev invariants of stable maps from non oriented 3-manifolds
to R3 are obtained. They are:

i) Is, the number of swallowtail points.



1.2. English introduction 17

ii) IA1A2 , the number of isolated intersections of cuspidal edges with fold surfaces.

iii) It, the number of triple points.

iv) Iχ, the Euler characteristic of the branch set.

v) I`, the self-linking number of the Legendrian lift of the branch set to ST ∗R3.

In the first section we talk about (singularities of) maps from R3 to R3, with
known results, some of them classical, other more recent, and with new techniques
developed for this thesis. A detailed study of stable singularities and up to codimen-
sion two, both for germs and multigerms is done (in the case of multigerms, only for
corank one since we prove later on that, in this case, the corank two singularities
are not needed to obtain independent invariants). In the second section Vassiliev’s
technique is applied step by step. Finally we talk about non-local invariants and
fold maps.

In Chapter 6 the notion of graphs is introduced as a global topological invariant.
We show that any graph with weights in its edges and vertices can be the graph of
a stable map from a 3-manifold to R3, which means that any collection of closed
orientable surfaces can be the singular set of a stable map from a certain 3-manifold
to R3. A series of techniques are defined in order to prove this result and others, such
as transitions, surgeries of stable maps and building blocks which allow us to work
with the graphs in a constructive and intuitive way. We talk on some particular
3-manifolds and finally give a note on fold maps and relate the graphs to Heegard
splittings.

Chapter 7 contains open problems arisen from the thesis as a conclusion.



18 Chapter 1. Introducción-Introduction



Chapter 2

Preliminary results in Differential
Topology

In this chapter some basic definitions and results in Differential Topology will
be given. This will be the minimum vocabulary necessary to speak in the language
of Singularity Theory form the Differential Topology point of view. These results
may be found in different books in the bibliography such as [Gib], [GoGu], [Mar],
which are the very first references one should read when beginning in Singularity
Theory. Most of the results may be found in [Hir] too, in fact some of them, such as
the Approximation Theorems, do not appear in the other three mentioned above.
I will mainly follow [GoGu], chapters II (for results on jets, Whitney topologies
and transversality) and III (for stability), and the notes taken at the PhD course
“Differential Topology” taught by Prof. Ma del Carmen Romero Fuster.

All the manifolds and maps will be C∞ unless the contrary is stated.
Given two manifolds X and Y , we will use the following notation:

i) Cr(X,Y ):= space of Cr maps from X to Y with the Cr-Whitney topology (this
topology will be defined later in this chapter). If Y = X, we will write Cr(X).

ii) C∞(X, Y ):= space of C∞ maps from X to Y with the C∞-Whitney topology
(this topology will be defined later in this chapter). If Y = X, we will write
C∞(X).

2.1 Jet Language

Definition 2.1. Let Xm, Y n be differentiable manifolds and x ∈ X. Given two
maps f, g : (X, x) → (Y, y), with f(x) = y = g(x).

i) We say that f and g have order of contact 1 at x if dfx = dgx as maps
from TxX → TyY . We denote it as f ∼ g

ii) We say that f and g have order of contact k at x if df : TX → TY has
order of contact k − 1 with dg at every point in TxX. We denote it as f ∼k g

19



20 Chapter 2. Preliminary results in Differential Topology

Remark. Equivalently, let U be an open subset of Rm and p be a point in U . Let

f, g : U → Rn be smooth maps, then f ∼k g at p if and only if ∂|α|fi

∂xα (p) = ∂|α|gi

∂xα (p) ∀α
multi-index such that |α| ≤ k, where fi and gi are the coordinate functions of f and
g with 1 ≤ i ≤ n and x1, ..., xm are the coordinates of p in U . In other words,
f ∼k g at p if and only if f and g have the same Taylor expansion of order k. For an
analogous characterization for x ∈ X and y ∈ Y with X, Y differentiable manifolds,
it is enough to consider adequate charts and through them get to the previous case.

This defines an equivalence relation over the set Cr
x,y(X,Y ) of r times dif-

ferentiable maps from X to Y , such that the image of x is y. We will denote
Jk,r

x,y(X, Y ) = Cr
x,y(X,Y )/ ∼k. For r = ∞, we will write Jk

x,y(X, Y ). Let Jk,r(X,Y ) =⋃
(x,y)∈(X×Y ) Jk,r

x,y(X,Y ) and Jk(X, Y ) =
⋃

(x,y)∈(X×Y ) Jk
x,y(X,Y ).

Definition 2.2. We will call the elements of Jk(X,Y ) k-jets.

Definition 2.3. Let σ = jkf(x) ∈ Jk(X,Y ) be a k-jet, where f is a representative
of the equivalence class of σ in Jk

x,f(x)(X, Y ), we call x ∈ X the source of σ and

y = f(x) the target of σ. We have respectively the source map α : Jk(X,Y ) → X
and the target map β : Jk(X, Y ) → Y , given by α(σ) = x and β(σ) = f(x).

Let Ak
m denote the space of polynomials of degree less or equal to k in m variables,

with coefficients in R and that are 0 at the origin. We have that Ak
m ≈ RN , with N =

d(m, k)+d(m, k−1)+. . .+d(m, 1) where d(m, k) = (m+k−1)!
(m−1)!k!

. Using this isomorphism

Ak
m can be considered as a smooth (C∞) manifold. Analogously, Bk

m,n = ⊕n
i=1A

k
m is

also a smooth manifold, whose dimension is dimBk
m,n = n · dimAk

m = n ·N .

Theorem 2.4. Let X and Y be C∞-manifolds such that dimX = m y dimY = n.
Then Jk(X, Y ) is a C∞-manifold of dimension m + n + dimBk

m,n and the maps α
and β are submersions.

In fact, the source and target maps are fibrations over X and Y respectively, and
the projection to the first two components (x, f(x)) is a fibration over X×Y . On the
other hand, jkf : X → Jk(X,Y ) is a section of the fiber bundle (Jk(X,Y ), α, X).

Consider now the map αs : Jk(X,Y )s → Xs.

Definition 2.5. We define the fiber bundle of s-multi k-jets as sJ
k(X,Y ) =

(αs)−1(X(s)), where X(s) = {x1, . . . , xs ∈ Xs : xi 6= xj ∀i 6= j}. In another way,

sJ
k(X, Y ) = {(σ1, . . . , σs) ∈ Jk(X,Y )s/ α(σi) 6= α(σj) ∀i 6= j} =

= {(jkf(x1), . . . , jkf(xs))/ xi 6= xj ∀i 6= j}.
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Remark.

a) X(s) is open in Xs and is therefore a submanifold of dimension s times the
dimension of X.

b) sJ
k(X, Y ) is open in Jk(X, Y )s and is therefore a smooth manifold of dimension

s times the dimension of Jk(X, Y ).

Definition 2.6. Given f : X → Y Cr, we define the s-multi k-jet of f as the map

sj
kf : X(s) →s Jk(X,Y ) given by

sj
kf(x1, . . . , xs) = (jkf(x1), . . . , jkf(xs)).

2.1.1 Notation

The jet space Jk(X, Y ) can be identified locally with X × Y × Bk
m,n, so a k-jet

σ, with f a representative of it, can be expressed by σ = (x, f(x), ∂|α|fi

∂xα (x)) with
α ∈ Nn multi-index. Similarly, an s-multi k-jet can be expressed as

(x1, f(x1),
∂|α|fi

∂xα
(x1), ..., xs, f(xs),

∂|α|fi

∂xα
(xs)).

2.2 The Whitney topologies

Definition 2.7. Let X,Y be smooth manifolds and let G ⊆ Jk(X,Y ). We define

Mk(G) = {f ∈ C∞(X, Y ) : jkf(X) ⊆ G}.

Lemma 2.8. Consider Jk(X,Y ) equipped with the topology induced by the differen-
tiable manifold structure on it. The family of subsets

B = {Mk(G) ⊆ C∞(X, Y ) : G is open in Jk(X, Y )}

is a basis for some topology over C∞(X, Y ).

Definition 2.9. We call this topology the Whitney Ck-topology over C∞(X, Y ),
with k < ∞ and we denote it by Wk.

Definition 2.10. We define the Whitney C∞-topology over C∞(X, Y ) as the
one whose basis is given by W =

⋃∞
k=0Wk.

This definition is topological, it may be convenient to give another characteriza-
tion in more analytical terms which may allow the reader a further insight to this
topology, or at least to its neighbourhoods.
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Definition 2.11. Let Φ = {φi, Ui}i∈I be a family of locally finite charts for X;
Ψ = {ψi, Vi}i∈I a family of charts for Y ; K = {Ki}i∈I a family of compact sets in
Y such that Ki ⊆ Ui ∀i ∈ I; and ε = {εi}i∈I real numbers. Given f ∈ Cr(X, Y )
such that f(Ki) ⊆ Vi ∀i ∈ I, define a neighbourhood of f as follows:

N r(f ; Φ, Ψ, K, ε) ={g ∈ Cr(X, Y ) : g(Ki) ⊆ Vi and

‖ Dj(ψifφ−1
i )−Dj(ψigφ−1

i ) ‖≤ εi, j = 0, ..., r, ∀i ∈ I}

Varying f , Φ, Ψ, K and ε we obtain a base for a certain topology. This topology
is known as the strong topology over Cr. The strong topology on C∞ (i.e. the
Whitney topology) is the union of the induced strong topologies over Cr for finite r
on C∞.

Once we have a topology over C∞(X, Y ), we can talk about dense and residual
subsets of it.

2.3 Approximation Theorems

Theorem 2.12 (Basic approximation theorem). Let X,Y be Cs-manifolds, 1 ≤ s ≤
∞. The space Cs(X, Y ) is dense (its closure is the total space) in Cr(X, Y ), ∀r such
that 0 ≤ r < s.

In particular, C∞(X, Y ) is dense in Cr(X,Y ), ∀r such that 0 ≤ r < ∞. This
result is very important, amongst other reasons, because it justifies why we study
the space of C∞ maps only.

Definition 2.13. Let X be a topological space and G ⊂ X. G is called residual if
it is the countable intersection of open dense sets.

Definition 2.14. A space is said to have the Baire property or to be a Baire
space if every residual subset is dense.

Theorem 2.15. Let X,Y be smooth manifolds. The space C∞(X,Y ) endowed with
the Whitney C∞-topology is a Baire space.

Definition 2.16. A property is said to be generic if it is satisfied by a residual
subset.

Due to the above theorem, in our case, generic properties will be satisfied by
dense subsets.

2.4 Transversality

If W is a submanifold of a manifold Y , we will denote its codimension as codY W .
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Definition 2.17. Let X and Y be smooth manifolds and f : X → Y a smooth map.
Let W be a submanifold of Y and x ∈ X. Then f is transversal to W at x
(ftxW ) if either

i) f(x) /∈ W

ii) f(x) ∈ W y Tf(x)Y = Tf(x)W + dxf(TxX)

Let A ⊆ X.

i) We say that f intersects W transversally over A (ftAW ) if ftxW
∀x ∈ A.

ii) We say that f is transversal to W (f t W ) if ftxX, ∀x ∈ X.

Proposition 2.18. Let X and Y be smooth manifolds and W a submanifold of Y .
Suppose dimX < codY W . Then, given a smooth map f : X → Y , it is verified that
f t W ⇔ f(X) ∩W = ∅.

The following theorems can be found in pages 53 and 57 of [GoGu].

Theorem 2.19. Let X and Y be smooth manifolds, W a submanifold of Y and
f : X → Y a smooth map, such that f t W . Then, f−1(W ) is a submanifold of
X and codX f−1(W ) = codY W . In particular, if dimX = codY W , f−1(W ) is a
collection of isolated points.

Lemma 2.20 (Basic transversality lemma). Let F : X × P → Y be a family

of smooth maps from X to Y . Let {Qi}k
i=1 be a collection of submanifolds of Y .

Suppose F t Qi, ∀i = 1, . . . , k. Then, ∃S dense in P such that ∀s ∈ S, Fs t Qi,
∀i = 1, . . . , k.

Theorem 2.21 (Elementary Transversality Theorem). Let X and Y be smooth
manifolds and let Wi ⊂ Y be a collection of submanifolds, i = 1, . . . , n. The space
CW1,...,Wn = {f ∈ C∞(X,Y ) : f t Wi, i = 1, . . . , n} is dense in C∞(X, Y ) with the
Whitney C∞-topology. Moreover if the Wi are closed, ∀i, then CW1,...,Wn is open in
C∞(X, Y ).

Theorem 2.22 (Thom Transversality Theorem). Let {Qi}r
i=1 be a collection of

submanifolds of Jk(n, p) = Jk(Rn,Rp). The subspace ΩQ1,...,Qr = {f ∈ C∞(Rn,Rp) :
jkf t Qi, i = 1, . . . , r} is dense in C∞(Rn,Rp) with the Whitney Ck-topology.

Theorem 2.23 (Multijet Transversality Theorem). Let X and Y be smooth mani-
folds and W a submanifold of sJ

k(X, Y ). Consider TW = {f ∈ C∞(X, Y ); sj
kf t

W}
(a) TW is residual in C∞(X, Y ) with the Whitney C∞-topology.

(b) If W is compact, then TW is open.
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Remark. The theorems above, except for the one on multijets, have been stated
with a family of submanifolds {Qi}r

i=1 instead of with an only Q to be able to apply
them to stratified sets which are not necessarily submanifolds. A map is said to be
transversal to a stratified set when it is transversal to all of the different strata in
it. A stratified set in a manifold is a subset which allows a locally finite partition
in submanifolds. Moreover if the considered manifolds are 2AN (admit a countable
basis of open sets) then sJ

k(X,Y ) will also be 2AN and therefore the partition will
have, at most, a countable number of strata. Following the above notation, we will
have that TW =

⋂∞
i=1 TWi

will still be a residual subset (it is a countable intersection
of residual subsets). This is why a) in the multijet theorem is satisfied for stratified
sets too. In order for b) to be satisfied it is necessary to consider more hypothesis,
but we will not explain that here.

During this thesis we will use these theorems for algebraic sets, i.e. {x ∈ Rm :
fi(x) = 0, ∀i = 1, . . . , n}, where fi : Rm → R are polynomial functions.

2.5 Stability

Definition 2.24. Consider f, g ∈ C∞(X,Y ), with X, Y smooth manifolds. f is
A-equivalent to g, f ∼A g, if ∃h : X → X and ∃k : Y → Y diffeomorphisms, such
that the following diagram

X
f−−−→ Y

h

y
yk

X −−−→
g

Y

commutes.

Definition 2.25. Given two smooth maps f, g between smooth manifolds X and Y
defined on neighbourhoods U and V of x ∈ X respectively, consider the equivalence
relation given by f ∼ g if there exists a neighbourhood W of x contained in U ∩ V
such that f|W = g|W . The equivalence classes are called germs of maps.

Map germs are mainly used to study local properties of maps. We can locally
take adequate charts so that f can be seen as a germ f : (Rn, 0) → (Rp, 0).

Definition 2.26. We shall call rank of a map germ to the rank of the Jacobian
matrix of a representative of the germ.

Definition 2.27. A map germ with maximal rank is called regular. Otherwise, it
is called singular.

Definition 2.28. We shall call corank of a singular map germ to min{n, p}−r,
where r is the rank of the singular germ.
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Obviously, this means that a germ is singular if its corank is positive.
One can define in an analogous way A-equivalence between map germs. The

codimension of the A-class of a certain singular map germ in the jet space is called
the A-codimension of the singularity. If the map germ is singular then it has a
positive A-codimension.

Let En be the ring of function germs f : (Rn, 0) → R, and Mn its maximal
ideal consisting of those germs f with f(0) = 0. The En-module of monogerms
f : (Rn, 0) → Rp is denoted by E(n, p) and its submodule of germs with f(0) = 0 by
MnE(n, p). Let S = {x1, . . . , xr}.

Definition 2.29. A multigerm f : (Rn, S) → (Rp, y) is an equivalence class of

C∞ maps f̃ : U → Rp, where U is an open neighbourhood of S and f̃(S) = {y},
such that two maps are equivalent if they are equal on an open neighbourhood of S.

Without loss of generality we can consider y = 0. In this case, the set of all
multigerms is isomorphic to ⊕r

1MnE(n, p) and so a multigerm can be denoted as
(f1; . . . ; fr), where fi : (Rn, 0) → (Rp, 0). The integer r is the multiplicity of the
multigerm and the fi are its branches.

Definition 2.30. Two multigerms are A-equivalent ((f1; . . . ; fr) ∼A (g1; . . . ; gr)) if
there exist germs of diffeomorphisms h1, . . . , hr : (Rn, 0) → (Rn, 0) and H : (Rp, 0) →
(Rp, 0) such that

(f1; . . . ; fr) = (H · g1 · h1; . . . ; H · gr · hr).

Definition 2.31. A multigerm is said to be singular if:

i) Case n < p ⇒ If | S |> 1.

ii) Case n ≥ p ⇒ If y is a critical value.

From the previous definition one can deduce that in the case of n < p a multigerm
may be singular even if all the germs that form it are regular points. For example a
triple point in a surface is a singular point. And in the case n ≥ p for a multigerm
to be singular it is enough that one of the germs involved is singular.

One of the main goals in Singularity Theory is the classification of the singulari-
ties of map germs, giving canonical or normal forms (usually the simplest expression
out of all the representatives of the class). A complete classification is usually not
possible, but there has been lots of work done which classify up to a certain codi-
mension. For example, Arnol´d obtained a classification of simple singularities of
functions from Rn to R in [A3], Rieger classified maps between surfaces in [Rie],
Mond for maps from R2 to R3 in [Mond], Goryunov and Marar & Tari for maps
from R3 to R3 in [Gor2] and [MT] respectively, etc.

Definition 2.32. A map f ∈ C∞(X,Y ) is said to be A-stable if ∃W neighbourhood
of f in C∞(X,Y ) with the Whitney C∞-topology such that f ∼A f ′ ∀f ′ ∈ W .
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Remark. A map f ∈ C∞(X, Y ) is A-stable if and only if its orbit under the
A-equivalence is open in C∞(X, Y ), or, equivalently, it is of codimension 0. We may
talk about stable properties as those which are satisfied by an open subset.

Definition 2.33. Consider f : X → Y , f ∈ C∞(X, Y ), f (s) : X(s) → Y s, y sea
∆Y s = {(y, y, . . . , y)|y ∈ Y }. We say that f is a map with normal crossings if
f (s) t ∆Y s, ∀s > 1.

The following are examples of stable maps:

a) All submersions are stable.

b) Consider f ∈ C∞(X,R), X compact
f stable ⇔ f is a Morse function with different critical values.

c) f ∈ C∞(X, Y ) and X compact, then injective immersions are stable.

d) f ∈ C∞(X, Y ), X compact, and dimY > 2dimX + 1
f stable ⇔ f is an injective immersion.

d1) Knots in R3 are stable maps from S1 to R3.

e) f ∈ C∞(X, Y ), X compact, y dimY > 2dimX
f stable ⇔ f is an immersion with normal crossings.

e1) Let’s observe in particular the case of plane curves. In figure 2.1 it may
be seen how having a triple point or a tangency is not stable (i.e. it is
not enough to be an immersion or a regular curve to be stable).

Figure 2.1: Non-stable plane curves (left) and stable ones (right)

Stable maps are not always a dense subset. J. Mather showed in [Ma1] and [Ma2]
for what dimensions of X and Y , stable maps are dense. In our case, stable maps
are dense, as can be seen in page 163 of [GoGu].

Throughout this chapter, besides giving the minimum necessary vocabulary to
be able to work in Singularity Theory, we have justified why the research has been
done in the space of stable C∞ maps, since, in this case, stable maps are dense in
C∞ and C∞ is dense in Cr, ∀r ≥ 0.



Chapter 3

First order Vassiliev invariants

In this chapter we will explain Vassiliev’s technique to obtain stable isotopy
invariants. This method was introduced by Vassiliev in his 1990 paper [V2] where
he used it to obtain knot invariants. He then explained the method in a more general
setting in [V1]. His method has been applied in different map spaces since then.
Arnol’d used it for plane curves in [A1], Goryunov for stable maps from surfaces to
R3 in [Gor1], Ohmoto & Aicardi for stable maps from surfaces to the plane [OA]
and M. Yamamoto in his thesis for stable maps from closed 3-manifolds to R2 and
later published in [Ya]. This method not only gives invariants but gives a basis of
the space of invariants. We will concentrate mainly in first order invariants.

3.1 Discriminants

Vassiliev’s method studies the cohomology of the complement of the discriminant
in map spaces. It is worth understanding what this discriminant is and giving some
examples.

Historically the term “discriminant” was used to name what distinguished the
multiple roots in polynomials, for example, in the case of degree two real polynomials
(i.e. polynomials of type ax2 + bx + c with a, b, c ∈ R), b2 − 4ac is the discriminant.
Heuristically speaking, nowadays, discriminant is used for any subset of elements in
a certain space which have a certain particularity. By particularity we may refer to
many things, this is why a general definition of discriminant cannot be given, it has
to be defined in each case.

Definition 3.1. Hn(p) is the space of homogeneous polynomials of degree n in p
variables.

Example. Many spaces which have been studied thoroughly can be seen as the
complement of a discriminant in a bigger space, such as the following:

a) Non-degenerate homogeneous polynomials of certain degrees can be seen as
the complement of homogenous polynomials with roots having multiplicity
bigger than one in Hn(p) where n or p are equal to two.

27
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b) Knots can be seen as the complement of non-embeddings in C∞(S1,R3).

c) Stable maps in C∞(X, Y ) are the complement of maps with non-stable singu-
larities.

In our case we can define the discriminant as follows:

Definition 3.2. The discriminant of C∞(M,R3) where M is a closed (compact
without boundary) 3-manifold is the subset of non-stable maps. It will be represented
as ∆.

3.1.1 H2(2)

The space of homogenous polynomials of degree two in two variables is:

H2(2) = {f(x, y) = ax2 + 2bxy + cy2 : a, b, c ∈ R}.
We define the discriminant as:

∆ = {f(x, y) ∈ H2(2) : f has roots with multiplicity greater than one}.
It is easy to see that f has roots with multiplicity greater than one if and only
if b2 = ac. Identifying each polynomial with the point (a, b, c) in the space of
parameters (R3) we obtain that ∆ is represented by the cone in Figure 3.1.

b

c

a

Figure 3.1: Cone b2 = ac

In the volume enclosed by the cone there are polynomials with two complex
conjugate roots, and outside it there are polynomials with two different real roots.
From the binary quadratic forms point of view, inside the cone, in the right hand
side are the positive definite quadratic forms, in the left hand side, the negative
definite ones, and outside the cone, the indefinite ones. The regular points in the
cone correspond to forms of rank one and the vertex to the zero form of rank zero.
Later on we will speak about the stratification of the discriminant.
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3.1.2 H3(2)

H3(2) = {f(x, y) = αx3 + 3βx2y + 3γxy2 + δy3 : α, β, γ, δ ∈ R}
are the homogenous polynomials of degree three in two variables or the ternary
quadratic forms. The discriminant is defined as in the previous subsection. Let Hf

be the Hessian form associated to the polynomial f . Ternary forms are divided into:
elliptic (Hf is positive or negative definite) if the polynomial has three different real
roots, hyperbolic (Hf is indefinite) if it has one real root and two complex conjugate
roots, parabolic (Hf is degenerate of rank one) if it has two different real roots one
of which has multiplicity two, symbolic (Hf is degenerate of rank zero) if they have
a triple real root.

Identifying each ternary form with (α, β, γ, δ) ∈ R4 we have that

∆ = {(α, β, γ, δ) ∈ R4 : 4(αγ − β2)(βδ − γ2)− (αδ − βγ)2 = 0}.
To visualize this object we can do the following: If we multiply a ternary form

by a positive constant it will still have the same roots, so it is enough to consider
∆ ∩ S3. Here each point represents a line from 0 to infinity. In this representation
the symbolic form corresponding to (0, 0, 0, 0) ∈ R4 does not appear. The next
step is to use the stereographic projection S3\{(0, 0, 0, 1)} → R3 and we obtain the
umbilic bracelet, which is constructed by a translation and rotation of the deltoid
and which is also known as the tricuspidal hypocycloid (see Figure 3.2).

Figure 3.2: Umbilic bracelet

In this bracelet, the cuspidal edge corresponds to symbolic forms, the rest of
the surface corresponds to parabolic forms, the interior to elliptic forms and the
exterior to hyperbolic ones. The orbits in R4\{(0, 0, 0, 0)} are the cones over the
orbits in S3\{(0, 0, 0, 1)}. Here, there is a natural stratification of the discriminant
once again.

3.1.3 Stratification of the discriminant

Before stratifying a space, the space has to have a certain structure.
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Definition 3.3. Let V be a topological vector space, i.e. a vector space where the
sum and the product are continuous maps. Consider | · | : V −→ R continuous and
satisfying for all x, y ∈ V :

a) |x| ≥ 0

b) |x| = 0 iff x = 0

c) |x + y| ≤ |x|+ |y|
d) |x| = | − x|

We can now define a metric d over V by establishing d(x, y) = |x − y|. If V is
complete (all Cauchy sequences converge) for this metric, then the space is a Fréchet
space.

Remark. Every Banach space is a Fréchet space, but this is not true in the other
direction since a Fréchet space may not satisfy that |λx| = |λ||x| for all λ ∈ R.

Definition 3.4. A Fréchet manifold is a manifold where the charts are local home-
omorphisms with open subsets of a Fréchet space.

Theorem 3.5. ([GoGu], pg 76) C∞(X,Y ) is a Fréchet manifold for X,Y smooth
manifolds with X compact.

Definition 3.6. A stratification of a subset S ⊂ M , where M is a Fréchet mani-
fold, is a decomposition of the space as a union of Fréchet submanifolds of different
codimensions {Si}i∈I such that adSi = Si ∪

⋃
j∈J⊂I Sj where codSj > codSi ∀j ∈ J .

Definition 3.7. We say that the codimension of a stratified set is the codimension of
the lower codimension strata. In order to apply Vassiliev’s technique it is necessary
that cod∆ = 1. This implies that the set of stable maps is dense, which means that
we are in the nice dimensions in Mather’s sense.

As we have seen, the discriminant includes all the elements of a space with a
certain degree of degeneracy, so it makes sense to stratify the discriminant according
to the degree of degeneracy (in the case of binary or ternary forms this was the rank
of the form, while in our case it will be the codimension and type of the singularity).
In order to obtain topological information about the complement of the discriminant
it is important to know how the strata are sorted amongst themselves. In the cases
seen up to now, this does not seem too hard, but when the space is of infinite
dimension it can be very complicated. We will use now jet language to identify
what elements will be in the discriminant and what codimension their strata will
have.

When dealing with stable maps f in C∞(X, Y ), we consider its multijet exten-
sion:
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sj
kf : X(s) −→ sJ

k(X,Y )

(x1, . . . , xs) 7−→ (x1, f(x1),
∂|α|fi

∂xα
(x1), . . . , xs, f(xs),

∂|α|fi

∂xα
(xs))).

To know if a certain singularity appears generically or not we do the following:
The type of singularity T can be translated into equations over the components
of sJ

k(X, Y ), (a1, b1, . . . , as, bs, . . .). Depending on the number of equations, they
define an algebraic submanifold S in sJ

k(X, Y ) (if we are working with a singular
multigerm, otherwise s = 1). A map f will have singularities of type T if and only
if sj

kf(X(s)) ∩ S 6= ∅. If sdimX = dimX(s) < cod
sJk(X,Y )(S), by theorem 2.18 we

have that jkf t S if and only if sj
kf(X(s))∩S = ∅. By the Multijet Transversality

Theorem TS = {f ∈ C∞(X,Y );s jkf t S} is dense, and combined with the above
result, TS = {f ∈ C∞(X, Y ); sj

kf(X(s)) ∩ S = ∅}, so, generically, maps in this
space will not have that type of singularity. In jet language, a generic f satisfies

sj
kf(X(s)) ∩ S = ∅, and this means that maps with singularity type T are in the

discriminant.
Now, the maps which are in the discriminant, with singularities which don’t

appear generically, can be divided or placed into different strata depending on the
degree of degeneracy or codimension. For this we do the following: If we construct a
family of maps with parameters enough for dimX(s) +dimU = cod

sJk(X,Y )(S) where

U is the space of parameters, then we might have sj
kF (X(s)×U)∩ S 6= ∅ where F

defines a generic family with dimU -parameters:

sj
kF : X(s) × U −→ sJ

k(X, Y )

(x1, . . . , xs, u) 7−→ (x1, Fu(x1),
∂|α|Fui

∂xα
(x1), . . . , xs, Fu(xs),

∂|α|Fui

∂xα
(xs)))

i.e., ∃u ∈ U such that Fu has the singularity T . This way we will know the minimum
number of necessary parameters so that in a generic family with that number of pa-
rameters their is at least one map with that type of singularity. This number is what
we will call the codimension of the singularity (or we will say that that singularity
only appears in families with that number of parameters). This is precisely the
codimension of the stratum of all maps with that type of singularity in C∞(X,Y ).
These strata are part of A−orbits, but their codimension is not the same as the
A−codimension of any of the elements in that strata. More will be said about this
later on.

All this will be clearer with an example:

Example. Consider F = C∞(R) and let M be the subspace of Morse functions
(functions with non-degenerate critical points and different critical values). Here
the discriminant is ∆ = F\M. ∆ is a stratified set where 2 functions f and g are in
the same stratum if their exists a biunivocal correspondence η between the critical
points of each one, a biunivocal correspondence µ between the critical values and
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(f, x) ∼A (g, η(x)) for all x critical point of f . Let Σ1 be the set of all functions
with an inflexion point (in the usual sense) and with all other critical points being
non-degenerate and at different heights.

It is clear that f ∈ Σ1 if and only if its 3-jet extension

j3f : R −→ J3(R,R)

x 7−→ (x, f(x), f ′(x), f ′′(x), f ′′′(x))

verifies that there exists an x ∈ R such that f ′(x) = f ′′(x) = 0 and f ′′′(x) 6= 0. If
the coordinates of J3(R,R) are (x, y, a, b, c), these equations define a subspace S of
codimension 2 in J3(R,R) formed by all the points such that a = b = 0. If we take
a generic function f ∈ F, by Thom’s Transversality Theorem, j3f t S and using
theorem 2.18 we have that j3f t S ⇐⇒ j3f(R) ∩ S = ∅. As f ∈ Σ1 if and only if
j3f(R) ∩ S 6= ∅ we have that belonging to Σ1 is not a generic property. But if we
take generic 1-parameter family

j3F : R× R −→ J3(R,R)

(x, u) 7−→ (x, Fu(x), F ′
u(x), F ′′

u (x), F ′′′
u (x))

j3F will be able to intersect S at isolated points, i.e. ∃u ∈ R such that Fu ∈ Σ1.
We therefore have that cod(Σ1) = 1.

In the same way, let Σ1,1 be the space of functions with non-degenerate critical
points and two of them at exactly the same height (same critical value). f ∈ Σ1,1 if
and only if when we consider

2j
1f : R(2) −→ 2J

1(R,R)

(x1, x2) 7−→ (x1, x2, f(x1), f(x2), f
′(x1), f

′(x2))

and considering (x1, x2, y1, y2, a1, a2) as the coordinates of 2J
1(R,R) we have that

2j
1f(R(2)) intersects the subspace generated by a1 = a2 = 0 and y1 = y2. This sub-

space has codimension 3 in 2J
1(R,R) and since dimR(2) = 2 we need a 1-parameter

family and cod(Σ1,1) = 1.

Now that we know how to classify the different strata in the discriminant, we
want to know how they are disposed amongst them.

3.1.4 Unfoldings

Definition 3.8. Given a C∞ map germ f : (Rm, 0) → (Rn, 0), we say that a k-
parameter unfolding of it is a C∞ map germ

F : (Rm × Rk, 0) → (Rn × Rk, 0)

such that

a) F (x, u) = (f(x, u), u), where u ∈ Rk, x ∈ Rm and f(x, u) ∈ Rn (which is called
a deformation of f)
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b) f(x, 0) = f(x), ∀x ∈ Rm.

Definition 3.9. Two unfoldings F and G of f with the same number of parameters
are isomorphic if there exist diffeomorphism germs Φ and Ψ such that G = ΨFΦ,
where

Φ : (Rm × Rk, 0) −→ (Rm × Rk, 0)

(x, u) 7−→ (φ̃(x, u), u)

where φ̃(x, 0) = x and the same holds for Ψ.

Definition 3.10. Let F be a k-parameter unfolding of f and let h : (Rl, 0) →
(Rk, 0)), h(v) = u, be a C∞ map germ. Then

G = h∗F : (Rm × Rl, 0) −→ (Rn × Rl, 0)

(x, v) 7−→ (f(x, h(v)), v)

is a l-parameter unfolding of f . G is called the pullback of F by h.

Definition 3.11. Two unfoldings F and G of f are equivalent if G is isomorphic
to h∗F , where h is a germ of diffeomorphism between the parameter spaces of F and
G.

Definition 3.12. An unfolding F of f is universal (or miniversal) if every un-
folding of f is isomorphic to h∗F for some map h.

This analytic-algebraic idea of a universal unfolding can be thought of in a more
geometric way with the following equivalent definiton:

Definition 3.13. Given f : Rm → Rn we say that F : Rn×Rk → Rm is a transverse
deformation if:

i) F (x, 0) = f(x) ∀x ∈ Rn

ii) F̂ : Rk → C∞(Rn,Rm), F̂ (y) = Fy is transversal to all A-orbits over
C∞(Rn,Rm).

Remark. The notion of transverse deformation can be extended to that of a trans-
verse unfolding (only change the target space), and it makes sense to talk of a
minimal transverse unfolding when it has the minimum number of parameters. In
[Gib] it is proved that given a smooth action of a Lie group on a smooth manifold,
all of whose orbits are smooth submanifolds, then an unfolding is miniversal if and
only if it is minimal transverse.

Condition ii) assures that F̂ intersects ∆ transversally and, therefore, if we take

f ∈ ∆ in a codimension k stratum, what F̂−1(∆) looks like in a neighbourhood of 0
in Rk gives an idea of what ∆ looks like in a neighbourhood of f in C∞(Rn,Rm). In
fact, that is what the intersection of ∆ with a k-dimensional subspace transversal
to the orbit of f in C∞(Rn,Rm) looks like. We will come back to this.
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3.2 Vassiliev’s Theory

We shall give some definitions first. Let X and Y be smooth submanifolds with
X compact.

Definition 3.14. Consider f, g ∈ C∞(X, Y ), we say that they are stably isotopic
if there exists a C∞ map (called stable isotopy)

F : X × R −→ Y

such that
i) Ft is A-stable ∀t ∈ R
ii) F0 = f
iii) F1 = g
Equivalently, f and g are stably isotopic if they are in the same connected com-

ponent of the set of stable maps in C∞(X,Y ).

Stable isotopy classes are similar to A-classes, in fact the former are contained in
the latter. If two maps are stable isotopic then they are A-equivalent. The reason
to consider this equivalence relation is that A-classes may be non-connected while
stable isotopy classes are, and this will be necessary for Vassiliev’s method.

Definition 3.15. Let R be a unitary commutative ring, a stable isotopy invari-
ant is a map

V : C∞(X,Y )\∆ −→ R

such that if f and g are in the same stable isotopy class (they are stably isotopic)
then V (f) = V (g). Remember that C∞(X, Y )\∆ is precisely the set of stable maps.

I.e. a stable isotopy invariant is a locally constant function over the connected
components of the stable maps, which are the stable isotopy classes. By definition,
the set of stable isotopy invariants with values in R is given by the R-module

H0(C∞(X,Y )\∆, R).

Proposition 3.16. A generic path in C∞(X, Y ) intersects transversally every codi-
mension one strata and does not intersect any higher codimension strata.

Proof. This can easily be seen using the Elementary Transversality Theorem for
maps γ ∈ C∞(R, C∞(X, Y )), since a path in C∞(X,Y ) is a map

γ : R −→ C∞(X,Y )

t 7−→ γt

and T∆ = {γ ∈ C∞(R, C∞(X, Y )) : γ t ∆} is dense. Although really, since
C∞(X, Y ) is a Fréchet space, we cannot apply the transversality theorem, but taking
into account that C∞(R, C∞(X,Y )) is isomorphic to C∞(R × X, Y ) we solve the
problem.
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Now let S be a stratum such that codS ≥ 2. To see that a generic path does
not intersect such strata, we apply theorem 2.18 since 1 = dimR < codim(S) and
therefore γ t S if and only if γ(R) ∩ S = ∅.

To each codimension one stratum we assign a coorientation, which consists
on giving a criterion to distinguish when a path (transversal to the stratum) in
C∞(X, Y ) is crossing the stratum in a positive or a negative way.

There are infinite connected components in the set of stable maps (i.e. infinite
stable isotopy classes), so instead of assigning the value of the invariant to each
one of them, Vassiliev suggested to assign to each codimension one stratum S ⊂
∆ a transition index ξS with values in R (the ring). This index represents the
jump of an invariant when crossing that stratum with a positive or negative sign
depending on wether the crossing is done in the positive or negative direction of
the coorientation respectively. A linear combination of indices with coefficients in
R determines a Vassiliev order one cocycle provided it satisfies the following
compatibility condition: evaluating the cocycle over a generic closed path around
any codimension two stratum, the result must be zero. If the map space being
studied is non-contractible, then non-contractible closed paths must be considered
too, since any closed path can be written as a combination of closed paths around
codimension two strata and non-contractible closed paths. All the compatibility
conditions together form the coherence system .

In order to evaluate an invariant associated to a given Vassiliev order one cocycle
on a given map f ∈ E(M, N) (i.e. a stable map) we

a) choose a distinguished map, f0, in the same pathcomponent of C∞(M, N) as
f and associate to it some value, say 0 ∈ R. This map can be a standard embedding,
for example.

b) consider a generic path γ joining f to f0. This induces a generic homotopy
between f and f0.

c) the value of the invariant over f is given by:

V (f) :=
∑

i

(n+
i − n−i )ξSi

(V ) + V (f0)

where n+
i and n−i are the number of times γ crosses the stratum Si in a positive or

negative way respectively, and ξSi
(V ) is the index of the stratum Si for the invariant

V .
Clearly, the compatibility condition guarantees that the result of this procedure

does not depend on the chosen generic path.
These invariants are semi-local in the sense that their jumps are determined by

the diffeomorphism type of the local deformation of the image of the map (this is
if dimM < dimN , otherwise, of the image of the singular set) at the moment of
crossing the discriminant. We call them semi-local instead of local as Goryunov or
Ohmoto & Aicardi do because of the multi-local character at multigerms, and in fact
the invariants we obtain turn out to be global invariants too. Arnol’d’s invariant
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St ([A1]) for plane curves is not semi-local (or local) in this sense, since in order to
coorient the triple point stratum which is involved in the associated Vassiliev cocycle
he uses global information about the curve, not only the diffeomorphism type of the
local deformation.

Remark. The map space being studied may not be connected, for example certain
subspaces of C∞(X, Y ), such as immersions from X to Y . In Arnold’s case ([A1]),
for example, plane curves are the Imm(S1, R2). There are a countable (infinite)
number of connected components (as many as possible indices for the curve, see
Whitney’s paper [Whi]) so instead of choosing one only distinguished map f0, he
must choose one in each connected component.

The description given is of first order Vassiliev invariants, since only codi-
mension one and two strata are being considered. An analogous procedure can be
done in order to obtain higher order Vassiliev invariants. Higher order invariants
have been studied in the case of knots, where a slightly different definition of the
invariants is given but it is not hard to see that both definitions imply the same
compatibility conditions defined here. Other work has been done on higher order
invariants of immersions of Sk into R2k−1 (Ekholm, [Ek]), immersions of closed sur-
faces in R4 (Kamada, [Ka]) or surfaces in 3-space (Nowik, [No]), but in all cases,
the invariants are obtained as polynomials of first order finite-type invariants, so,
as Yamamoto points out in [Ya], there aren’t any essential second or higher order
invariants when the dimension of the source manifold is strictly greater than 1.

Definition 3.17. In the case of knots, the codimension n strata are those with knots
with n tangential double points. When having a non-transverse double point, there is
a regular homotopy such that at one moment of the homotopy it is representing the
knot with the tangential double point. Before and after this moment, the equivalence
class is unperturbed and any representative is called a positive and negative desin-
gularization respectively. The value of an invariant over a codimension one knot, is
defined to be the value over the positive desingularization minus the value over the
negative desingularization, and this definition can be extended to any codimension.
An invariant which vanishes over all codimension n strata, but not over all n − 1
codimension strata is called a finite order invariant of order n.

The compatibility condition can be reinterpreted to say that the sum of the
indices of all the codimension one strata incident to a certain codimension two
strata must be zero. Since these indices represent the jump or variation of a certain
invariant when crossing the corresponding stratum, it makes sense that the sum of
these variations must be zero when we get to the initial point of the closed path
again. In order to know what codimension one strata incide in what codimension two
strata, we use the versal deformations, which give bifurcation diagrams, a graphic
representation in a neighbourhood of 0 ∈ R2 (which represents the codimension two
stratum) with curves representing the codimension one strata.

However, this method is not practical in the sense that finding a path from a
certain map f to the chosen distinguished map f0 is usually very hard, if not almost
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impossible. So it is equally important to obtaining the order one Vassiliev cocycles
to be able to give a topological or geometrical interpretation which allows
you to calculate the value of an invariant over a certain map without the need of
finding the path, calculating it directly from the properties of f . To obtain these
interpretations one must take into account that if dimX < dimY it makes sense to
speak about invariants of the image of f , this means that the interpretations will
be looked for in f(X), but when dimX ≥ dimY what we study is the image of the
singular set of f (the branch set), that is f(Σf ) where Σf is the singular set. When
dimX > dimY besides Vassiliev’s technique it is necessary to use other techniques
like the topology of fibers developed by O. Saeki and M. Yamamoto in [Ya].

3.3 Stable maps from surfaces to R3

As an example it may be interesting to see what has been done in the case of
closed (compact and without boundary) surfaces in three-space. In fact, this work is
related to the case of 3-manifolds to R3 which will be studied here in a later chapter.

In his paper “Local invariants of mappings from surfaces into 3-space”, V.V.
Goryunov ([Gor1]), follows the described method to obtain the invariants. Stable
maps from surfaces to R3 may have curves of double points, isolated triple points
and cross-caps or Whitney umbrellas (and obviously, regular points!). This is a
classical result by Whitney which can be found in [Gib] or [GoGu] for example.

Figure 3.3: Singularities of stable maps from surfaces to R3.

Goryunov gives a list of codimension one strata in the discriminant and he coori-
ents them. These are: a cross-cap with a plane, an elliptic tangency, a hyperbolic
tangency, tangency of a curve of double points and a plane, quadruple points and
two monogerms in which two cross-caps are born which he calls B and K.

In Figure 3.4 the transitions of one parameter families of maps can be seen, the
pictures to the left and to the right represent the image of stable maps, while the
one in the center corresponds to the moment where the family is intersecting the
discriminant ∆. This means that if the space of parameters is ] − ε, ε[, Fε/2, for
example, is a stable map, and its image is the picture in the right hand side, but
F0 ∈ ∆. All of them are cooriented form left to right. Usually the criteria used to
coorient are things such as the direction in which the number of triple points grows
(see T in the figure) for reasons which will become obvious when interpreting the
invariants.

Next, Groyunov subdivides each strata depending on the coorientation of the
planes involved (for example B+ and B− from B; E0, E1 and E2 from the elliptic
tangency E, where the superscript represents the number of sheets pointing towards
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Figure 3.4: Codimension one strata cooriented form left to right. Original diagrams
by V.V. Goryunov.

the interior of the newly created component in the complement of the image of the
singular set after the transition; or C++, C+−, C−+ and C−− from C which represent
the four possibilities if we vary the coorientation of the two branches involved). Do
not mistake this coorientation with the coorientation of the strata. Finally he gives a
list with all codimension two strata, and using their versal unfoldings, he obtains all
the compatibility conditions. Solving the coherence system he obtains the following:

V (f) = (b++k++h−+e2−e0+c+++c+−+t)B++(b−+k−−h−−e2+e0−c++−c+−−t)B−

+(c++ + c+− + c−+ + c−− + 2t)T + V (f0),
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where b+, for example, represents the number of times a path intersects the substrata
of B, B+, or in our earlier notation b+ ≡ nB+ .

Calling

∆I1 = b+ + k+ + h− + e2 − e0 + c++ + c+− + t,

∆I2 = b− + k− − h− − e2 + e0 − c++ − c+− − t,

∆I3 = c++ + c+− + c−+ + c−− + 2t,

what Goryunov has proved is that I1, I2 and I3 are generators of H0(C∞(M,R3)\∆,Q),
where M is a surface, and that the jump of any first order invariant will be a linear
combination of these generators.

The last step is to give a geometrical interpretation to these linear combinations.

Theorem 3.18 (Goryunov). The space of local invariants with values in Q of stable
maps from oriented surfaces to R3 has dimension three. The basic invariants are:

i)It = I3 = 2T + C
ii)Ip = I1 + I2 = B + K
iii)I∫ = I1−I2 = 2E2−2E0+2H−+C+++C+−−C−+−C−−+B++K+−B−−K−

where T, C, B, K represent the sum of all of their corresponding substrata (i.e. C =
C++ + C+− + C−+ + C−− for example). Forcing the invariants to be zero over a
standard embedding of the surface, It(f) is the number of triple points in the image of
f , Ip(f) is the number of pairs of cross-caps and I∫ is an invariant whose geometrical
interpretation will be given later.

Remark. It = 2T +C means that, considering a generic path in C∞(M,R3) joining
a distinguished map f0 (a standard embedding) with f , each time that this path
crosses the stratum T in the positive direction of the coorientation, the value of the
invariant will increase by 2, and each time it crosses stratum C, it will increase by
1.

Remark. That It and Ip are the number of triple points and the number of pairs
of cross-caps is obvious by analyzing the sum of the strata in each invariant. T and
C are the only strata which create new triple points (and T does it in pairs), while
B and K are the only strata which create new cross-caps, and they both do it in
pairs.

The interpretation of the third invariant needs some more work.

3.3.1 Goryunov’s integral invariant

Given a map f : M2 → R3, where M2 is a closed surface, we choose a point u ∈
R3\Imf and we take a 2-sphere of radius ε centered in u with an outer coorientation.
We denote deg(u) to the degree of the radial projection from M to that sphere. This
number is constant over each connected component of R3\Imf so it makes sense
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to denote it deg(D) where D is the connected component. Next the degree at a
triple points, deg(t), is defined as the mean value of the degrees of the 8 connected
components of R3\Imf at a neighbourhood of the triple point, and the degree of a
cross-cap, deg(p), as the mean value of the 3 connected components of R3\Imf in
a neighbourhood of the cross-cap.

Goryunov proves that

I∫ =
∑
D

deg(D)χ(D)−
∑

t

deg(t)− 1

2

∑
p

deg(p)

where D spans all the connected components of R3\Imf , t for the triple points, p
for the cross-caps and χ(D) is the Euler characteristic of D. This formula follows
the idea of Oleg Viro in [Vi], where he uses the Euler characteristic as a measure of
integration (although it may be written as a discrete sum as shown here).

In a similar way, Ohmoto & Aicardi obtain first order invariants for stable maps
from surfaces to the plane. This case is closely related to the case of 1-dimensional
caustics, which can be seen as a subspace of the former. And is also related to the
case of 3-manifolds to R3 since it is an equidimensional case too. Their work will be
commented in the following chapter.



Chapter 4

First order local invariants of
one-dimensional caustics

We consider here a particular case of stable maps between surfaces consisting of
Lagrangian maps from surfaces to the plane. The local classification of Lagrangian
maps is mainly due to V. I. Arnol’d and V. M. Zakalyukin ([A4, A5], [Za]). Such
classification of Lagrangian maps relies on the theory of versal deformations of func-
tions, that give rise to the so-called generating families of Lagrangian maps whose
bifurcation sets are known as caustics. It is a well known fact that for the case of
maps between surfaces, stable maps and stable Lagrangian maps have the same types
of singularities (folds along curves and isolated cusp points). Nevertheless, the sin-
gularities of codimension 1 and 2 differ from one case to the other (see [A4]). On the
other hand, there is a distinction between two types of cusp points in the Lagrangian
case, due to the fact that the natural equivalence relation between Lagrangian maps
depends on the P-R+-equivalence of their generating families, whereas the general
case of stable maps are studied under the A-equivalence relation.

Consider Lagrangian maps from surfaces to the 2-sphere. These are associated
to the Lagrangian immersions of surfaces in the cotangent bundle T ∗S2 (not all
Lagrangian fibrations over the sphere are its cotangent bundle) with its natural
symplectic structure. This case has a particular geometrical interest, for it is well
known ([Wa]) that Gauss maps of orientable surfaces behave as Lagrangian maps
from the viewpoint of their singularities, providing thus an important source of
examples of Lagrangian maps from closed (compact without boundary) surfaces to
the 2-sphere.

In Section 1 we include the basic definitions and results on Lagrangian maps
that shall be needed along the paper. We also include in this section a description
of the singularities of Lagrangian germs and multigerms up to codimension 2, in
comparison with the corresponding ones for the general class of maps between sur-
faces as described by Aicardi and Ohmoto in [OA]. Section 2 starts with a brief
introduction to Vassiliev’s theory of invariants for Lagrangian maps. This allows us
to obtain a set of generators for Vassiliev’s first order invariants, whose geometrical
interpretation is discussed in Section 3.

41
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It is important to notice that the space of Lagrangian immersions may not be
simply connected. This is known for the case of Legendrian immersions, and it is the
reason for F. Aicardi to consider non-contractible paths in this space when studying
the Vassiliev cocycles to obtain the first order invariants of planar wave fronts in
[Ai]. In our case, not knowing the topology of the space, we give a possible non-
contractible path, which adds a compatibility condition and then we prove that the
resulting invariants are linearly independent, and therefore, any compatibility con-
dition arising from other possible non contractible paths in the space of Lagrangian
immersions would be redundant.

We observe that the apparent contours in the Lagrangian case are their corre-
sponding caustics, therefore the obtained invariants can be seen as stable isotopy
invariants for 1-dimensional caustics. As a result we can prove that any first order
semi-local isotopy invariant of 1-dimensional caustics, is, modulo order 0 invariants
(constants), a linear combination of:

i) Id, the number of double crossings.

ii) ICm , the number of (positive) cusps corresponding to minima in the generating
family.

iii) ICM
, the number of (negative) cusps corresponding to maxima in the generat-

ing family.

iv) I`, one half of the Bennequin invariant of the Legendrian lift of the caustic to
PT ∗R2.

v) a fifth invariant which could be a linear combination of the previous four.

This, compared with Aicardi-Ohmoto’s result, tells us that the only difference
between them resides in the distinction between the two cusp types. This should
not be confused with the distinction between cusps due to the orientation when
considering stable maps between orientable surfaces. In fact, in such case, we ob-
tain 4 different types of cups for the Lagrangian maps, leading to 4 different local
invariants.

Finally, we propose in Section 4 a set of generators for the stable isotopy in-
variants of 2-dimensional caustics, which is based in our results on the first order
Vassiliev invariants for stable maps from 3-manifolds to 3-space (next chapter and
may also be seen in [OR]) and the comparison methods between isotopy invariants
for 1-dimensional apparent contours and 1-dimensional caustics developed in this
chapter.

4.1 Lagrangian maps

We begin by recalling some definitions and basic results. A symplectic manifold
(M,ω), is an even dimensional manifold with a closed nondegenerate 2-form (called
a symplectic structure).
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Theorem 4.1. (Darboux) Let ω be a nondegenerate 2-form on an even dimen-
sional manifold. ω is closed if and only if there exists a chart (U,ϕ) at each point
m ∈ M such that ϕ(m) = 0 and if ϕ(u) = (x1(u), ..., xn(u), y1(u), ..., yn(u)) then
ω|U =

∑n
i=1 dxi ∧ dyi. These charts are called symplectic charts and the component

functions xi and yi are called the canonical coordinates. ω expressed in that way is
called the canonical symplectic structure.

Corollary 4.2. All symplectic manifolds of the same dimension are locally symplec-
tically diffeomorphic (i.e. there is a diffeomorphism between the manifolds whose
pullback sends one symplectic structure to the other).

Example.

i) The canonical symplectic structure over the plane (x, y) is the area element
dx ∧ dy.

ii) (R2n,
∑n

i=1 dxi ∧ dyi)

iii) The canonical symplectic structure over T ∗M is
∑n

i=1 dqi ∧ dpi, where qi are
the coordinates of a point q ∈ M and pi are the coordiantes of a covector at q
αq (i.e. (qi, p

i) are the coordinates of T ∗M).

A Lagrangian submanifold L of a symplectic manifold is a submanifold of maxi-
mal dimension on which the symplectic structure vanishes, i.e. given an immersion
i : L ↪→ M , dimL = 1

2
dimM and i∗w = 0 (i is called a Lagrangian immersion).

A Lagrangian fibration of a symplectic manifold is a fibration where all fibers are
Lagrangian submanifolds. Given a Lagrangian submanifold L immersed by i in
a Lagrangian fibration (which can locally be thought of as T ∗Rn due to the above
Corollary), the composition of the immersion with the projection π to the base space
of the fibration (π◦i) is called a Lagrangian map. The space L(L,Rn) of Lagrangian
maps can be thought of as a subspace of C∞(L,Rn). The image of the singular set
of a Lagrangian map is called its caustic.

A Lagrangian equivalence between two Lagrangian maps g1 = π1 ◦ i1 : L1 ↪→
E1 ³ B1 and g2 = π2 ◦ i2 : L2 ↪→ E2 ³ B2 is a symplectomorphism between E1 and
E2 which transforms one immersion into the other and one Lagrangian fibration into
the other, i.e. a diffeomorphism σ : L1 → L2, a diffeomorphism τ : E1 → E2 which
sends a symplectic structure to the other, and a diffeomorphism υ : B1 → B2, such
that τ ◦ i1 = i2 ◦ σ and π2 ◦ τ = υ ◦ π1. Caustics of Lagrangian equivalent maps are
diffeomorphic. A Lagrangian map f is said to be Lagrangian stable if there exists a
neighbourhood (in the induced Whitney C∞-topology in L(L,Rn)) such that every
map in that neighbourhood is Lagrangian equivalent to f .

Generating families: Consider the Lagrangian fibration π : T ∗Rn → Rn with
canonical coordinates (x1, . . . , xn, p1, . . . , pn) = (x, p) for T ∗Rn. Let F : Rk×Rn → R
be an n-parameter unfolding of a function. We call

C(F ) = {(q, x) ∈ Rk × Rn :
∂F

∂qi

(q, x) = 0 for i = 1, . . . , k}
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the catastrophe set and

BF = {x ∈ Rn : ∃(q, x) ∈ C(F ) such that rk(
∂2F

∂qi∂qj

(q, x)) < k}

the bifurcation set. It can be seen that BF is the critical value set of πn : Rk ×
Rn → Rn restricted to C(F ). Now, we say that F is a Morse familiy of functions
if 4F = ( ∂F

∂q1
, . . . , ∂F

∂qk
) : Rk × Rn → Rk is non-singular. In this case, C(F ) is

a smooth submanifold and we have a map L(F ) : C(F ) → T ∗Rn, L(F )(q, x) =
(x, ∂F

∂x1
, . . . , ∂F

∂xn
) which turns out to be a Lagrangian immersion.

Furthermore, we have the following:

Theorem 4.3. ([Wa]) Any Lagrangian submanifold of T ∗Rn (and therefore La-
grangian maps) can locally be constructed in the above way.

F is called a generating familiy of L(F ) and the critical value set of π ◦ L(F ) is
BF , the caustic.

Two families of functions F, G : Rn × Rk → R are said to be P-R+-equivalent
if there exists a diffeomorphism Φ : Rn × Rk → Rn × Rk of the form Φ(x, u) =
(Φ1(x, u), φ(u)) and a function h : Rk → R such that G(x, u) = F (Φ(x, u)) + h(u).
Moreover, F and G are stably P-R+-equivalent if when adding new variables yi to
the xi and nondegenerate quadratic forms Q1 to F and Q2 to G we have that F +Q1

is P-R+-equivalent to G + Q2.
Now we can state the following result ([A5], pages 304 and 325) that says that

given F and G Morse families, we have that:

Theorem 4.4. 1) The Lagrangian maps L(F ) and L(G) are Lagrangian equiva-
lent if and only if F and G are stably P-R+-equivalent.

2) L(F ) is Lagrangian stable if and only if F is an R+-versal deformation of F
restricted to Rk × 0.

This means that the classification of Lagrangian germ singularities is equivalent
to that of smooth families of function germs. So from classical results (Thom’s
seven elementary catastrophes [Bro]) one has that the only generic singularities of
Lagrangian maps (i.e. the singularities that a stable Lagrangian map will present)
from a 2-dimensional Lagrangian manifold to R2 are:

a) fold points, whose generating family can be written as F (x, q) = ±x3 + q1x
and is denoted by A2,

b) cusp points, whose generating family can be written as F (x, q) = ±x4 +q1x
2 +

q2x and is denoted by A3.

The two folds (± in A2) are Lagrangian equivalent but the two cusps (± in A3)
are not, we will therefore talk of two types of Lagrangian cusps: A+

3 and A−
3 , the

first one corresponding to a local minimum and the second one to a local maximum
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for the function Fq, q = (q1, q2). On the other hand, the caustic can also have
transverse self-intersections of fold curves, denoted as A2

2. These singularities are
the same that you can find in a stable C∞ map from R2 to R2.

Clearly, anyA-invariants of the singular set (as a curve in the Lagrangian surface)
or of the caustic (as a curve in the plane) will also be a Lagrange equivalence-
invariants.

From a global viewpoint, interesting examples of Lagrangian maps are given by
the Gauss maps on closed oriented surfaces embedded in 3-space. Given a closed
oriented surface M and an an embedding f : M → R3, we have the associated height
functions family,

λ(f) : M × S2 −→ R

(x, v) 7−→ 〈f(x), v〉 = fv(x).

We can view this as the (global) generating family for the Gauss map Γf : M → S2

associated to the embedding f in the following sense. The catastrophe set of the
family λ(f),

C(λ(f)) = {(q, v) ∈ M × S2 : v ⊥ Tf(q)f(M)}
is the unit normal bundle of f(M) in R3. Moreover, the map ν : M → C(λ(f))
defined by ν(q) = (q, Γf (q)) determines a diffeomorphism of M into one of the
two connected components C(λ(f))+ of its unit normal bundle C(λ(f)). Then we
have that Γf = χλ(f) ◦ ν, where χλ(f) : C(λ(f)) → S2 is the catastrophe map of
deformation λ(f). We can say now that Γf is R+-equivalent to the Lagrangian map
determined by the Lagrangian immersion L(λ(f)) : C(λ(f)) → T ∗S2 as in the above
local case. We recall that for a residual subset of immersions of any surface M , the
germ of the family λ(f) at any point (x, v) ∈ M × S2 is a R+-versal deformation of
the germ of the height function fv at x ([Lo], [Mont]) and so the corresponding Gauss
maps are stable as Lagrangian maps. We include in Figure 4.1 some examples of
Gauss maps on the 2-sphere for which the singular (parabolic) curve is shown in the
upper sphere and the corresponding caustic in the lower one. All of them represent
stable Gauss maps and, according to the above comments, can be interpreted as
stable Lagrangian maps.

4.1.1 1-parameter families of caustics

We have seen what singularities can appear in stable caustics, however there are
certain non stable singularities which can appear in generic 1-parameter families.
Theses were studied by Zakalyukin in [Za]. In Arnol’d’s “Catastrophe Theory” ([A4])
diagrams of 1-parameter families of 1-dimensional caustics appeared for first time.
He showed them as sections of big-caustics in space-time. Therefore, in 1-parameter
families we might find topologically different sections of the same phenomena in
space-time, and these do not correspond to ordinary catastrophes. To the list of
corank 1 monogerms and multigerms given by singularities of mappings from R2
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-
-

+
+

+

+

Figure 4.1: Examples of Gauss maps on S2.

to R2 we have to add the corank 2 monogerms. We get these as sections of the
hyperbolic and elliptic umbilics (the pyramid and the purse), which are generic
2-dimensional caustics. The complete list is displayed in Figure 4.2.

Following the notation of Lagrangian singularities we denote the lips and beaks
phenomena by 1Al

3 and 1Ab
3, where l stands for lips and b for beaks. We must

consider too the different cases where the cusps created are either both of minimum
type or both of maximum type, we therefore have the following four cases: 1Al+

3 ,
1Ab+

3 , 1Al−
3 and 1Ab−

3 . Next we have the swallowtail, which we will denote by A4,
here the two cusps have opposite signs. If we consider the natural orientation of
the caustic defined by the criterion of walking along the caustic the number of
preimages is higher on the left, we note that for the cusp, the number of preimages
is always higher on the “interior” of the cusp, so it is always oriented in the same
way, therefore, we have to distinguish between A+−

4 and A−+
4 depending on wether

the first cusp is of minimum type or of maximum type. The section of the pyramid,
i.e. the tricuspoid, is known as D−

4 , and the two different sections of the purse
will be called D+a

4 and D+b
4 respectively. D+a

4 is subdivided into D+am
4 and D+aM

4

depending on wether the cusp in between the double points is of minimum type or
of maximum type, and D+b

4 is divided into D+bm
4 and D+bM

4 depending on wether
the cusp which lies to the right of the double point is of minimum type or maximum
type . The tangency of two fold curves will be denoted by T22, the triple point by
A3

2 and the transversal conjunction of a fold and a cusp will be A2A
±
3 with + or −

depending on the sign of the cusp.

4.1.2 2-parameter families of caustics

In the same way as above, to obtain the 2-parameter families of caustics which do
not appear in the list of singularities from R2 to R2 we can take 2-parameter families
of 2-dimensional sections of big 3-dimensional caustics in 4-dimensional space-time,
or, equivalently, take sections of the 1-parameter families of 2-dimensional caustics.

In [OA] we have the corank 1 monogerms, which are: A5,
2A3 and 1A4. Their

bifurcation diagrams correspond to II, I and III in [OA] (see Figures 4.3 and 4.4). But
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Figure 4.2: 1-parameter families of 1-dimensional caustics.

in this situation we have to distinguish between A+
5 and A−

5 , which are not Lagrange
equivalent and between 2A+

3 and 2A−
3 depending on wether the lips and beaks which

appear in its bifurcation diagram have minimum or maximum type cusps. The
remaining monogerms are those of corank 2 which are: D5,

1D−
4 , 1aD+

4 , 1bD+
4 and

1cD+
4 where a, b and c stand for the 3 different subtypes of 1D+

4 as appear in [A3]
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or in [A4]. Each one of these is subdivided into different substrata corresponding
to different sections of these caustics seen as two dimensional caustics, this will be
explained later on in order not to confuse the reader at this point.

I II III

IV V VI

VII VIII IX

Figure 4.3: Codimension 2 bifurcations I to IX. Original pictures by T. Ohmoto and
F. Aicardi.

As for multigerms, we have all those appearing in [OA]:

i) 1Ab±
3 A2,

1Al±
3 A2, transversal conjunction of positive and negative beaks and

lips with fold curves (IV and V in [OA]);

ii) A2A4, transversal intersection of a swallowtail with a fold curve (VI in [OA]);

iii) dT22, a degenerate tangency between two fold curves (VII and VIII);

iv) A
2(±±)
3 , a transversal intersection of two cusps with three different subtypes

depending on wether the cusps are both of minimum type, of maximum type
or one of each type (IX);

v) T±
23, a tangency between a fold curve and a positive or negative cusp (X);
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X XI XII

XIII XIV XV

XVI XVII XVIII

Figure 4.4: Codimension 2 bifurcations X to XVIII. Original pictures by T. Ohmoto
and F. Aicardi.

vi) A4
2, quadruple points (XI and XII);

vii) A2T22 a transverse intersection of a fold curve with a tangency of fold curves
(XIII, XIV and XV);

viii) A2
2A

±
3 , a transverse intersection of two fold curves and a minimum or maximum

type cusp (XVI, XVII and XVIII).

To these we have to add the new 1-parameter families (corank 2) crossed by a
transversal straight line of fold points and which, following the notation used up to
now, will be named A2D

−
4 , A2D

+a
4 and A2D

+b
4 with the corresponding subdivisions.

At this point it may be interesting to put all these data into two different tables
in order to compare the situation studied by Ohmoto and Aicardi with the present
situation:
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Monogerms Bigerms Trigerms Quadri-
stable A2 A2

2

A3

cod1 1Al
3,

1Ab
3 T22 A3

2

A4 A2A3

cod2 A5
1Ab

3A2,
1Al

3A2 A2T22 A4
2

2A3 A2A4 A2
2A3

1A4 dT22

D−
4 A2

3

D+a
4 ,D+b

4 T23

Table 1: Singularities of C∞ maps from R2 to R2 up to codimension 2.

Monogerms Bigerms Trigerms Quadri-
stable A2 A2

2

A±
3

cod1 1Al±
3 ,1Ab±

3 T22 A3
2

A4 A2A
±
3

D−
4

D+am,M
4 ,D+bm,M

4

cod2 A±
5

1Ab±
3 A2,

1Al±
3 A2 A2T22 A4

2
2A±

3 A2A4 A2
2A

±
3

1A4 dT22

Da
5 A

2(±±)
3

1D−
4 T±

23
1aD+

4 ,1bD+
4 ,1cD+

4 A2D
−
4

A2D
+a
4 , A2D

+b
4

Table 2: Singularities of Lagrangian maps up to codimension 2.

4.2 First order local invariants of Vassiliev type

Vassiliev invariants have been defined in a more general context, i.e. in any
function space where the discriminant is of codimension one, but for our purposes
in this chapter it will be enough to define them for spaces of Lagrangian maps. Let
L be a Lagrangian submanifold and N a smooth manifold of the same dimension
as L, and denote by E`(L,N) the subset of Lagrange stable maps in L(L,N). Two
smooth maps,

f, g : M → N

are Lagrange stably isotopic if there is an isotopy, F : L × I → N such that Ft :
L → N is Lagrange stable for all t ∈ I, F0 = f and F1 = g. Equivalently: the
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maps f and g are Lagrange stably isotopic if they lie in the same pathcomponent
of E`(L,N).

Given a unitary commutative ring R, a Lagrange isotopy invariant with values
in R is a locally constant function V : E`(L,N) → R. This means that for any pair,
(f , g) of Lagrange stably isotopic maps, we have V (f) = V (g). The set of Lagrange
isotopy invariants for E`(L,N) with values in a ring R is given by the R-cohomology
module H0(E`(L,N)), R).

Vassiliev’s technique is based on the analysis of an appropriate stratification of
the discriminant set, ∆ = L(L,N) − E`(L,N) and the attachment of indices (ele-
ments of the ring R) to the strata of ∆. In order to be able to apply such method,
the subset ∆ must have codimension 1 in L(L,N). Then the first order invariants
are defined as follows. To each codimension 1 stratum one must assign a coorien-
tation, which consists in giving a criterion to distinguish when a transversal path
to the strata is crossing it in a positive or negative way. Next, to each stratum
Y of codimension 1 in ∆ a transition index ξY is attached. A family of indices
defined on the one-codimensional strata of the discriminant determine a Vassiliev
order one cocycle provided it satisfies the following Compatibility condition: Given
a generic closed path around any two-codimensional stratum, the sum of the in-
dices corresponding to the transitions of the path through one-codimensional strata
(taken with positive sign provided the orientation of the path coincides with the
coorientation of the stratum and negative otherwise) is zero. Moreover, in case that
the space of considered maps is non simply connected, one must add appropriate
compatibility conditions in order to ensure than the total variation of any Vassiliev
invariant along closed non trivial cycles is also zero. The set of all the compatibility
conditions is known as the coherent system.

In order to evaluate an invariant, associated to a given Vassiliev’s order one
cocycle, on a given map f ∈ E`(L,N):

a) Choose a distinguished map, f0, on the same pathcomponent of L(L,N) than
f and associate to it some value, say 0 ∈ R.

b) Consider a generic path (in the sense that it is transversal to all the strata of
∆) joining f to f0.

c) The value of the invariant over f is given by the sum of all the indices corre-
sponding to the transitions of the considered path over the strata of codimension one
in ∆, counted with positive sign provided the orientation of the path coincides with
the coorientation of the stratum and negative otherwise, plus the value associated
to f0.

These invariants are semi-local in the sense that their jumps are determined by
the diffeomorphism type of the local deformation of the caustic at the moment of
crossing the discriminant.

Clearly, the compatibility condition guarantees that the result of this procedure
does not depend on the chosen generic path.
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4.2.1 Vassiliev invariants of apparent contours

In [OA], Aicardi and Ohmoto applied Vassiliev’s techniques to stable maps from
closed 2-manifolds to R2. They gave a complete list of germs up to codimension
2, cooriented the codimension 1 strata and obtained the compatibility conditions
from the bifurcation diagrams arisen from the versal unfoldings of the codimension
2 strata. As generic Lagrangian maps can be seen as a subspace of stable maps,
most of their work can be reused in our situation. On the other hand, we must
also consider the new singularities which appear in 1-parameter families of caustics,
which are new variables of the coherence system, and also new 2-parameter families
which provide new equations for this system.

We thus remind that, as proven in [OA], any first order Vassiliev invariant for
apparent contours is a linear combination, modulo constants, of:

a) Id, the number of double crossings of the branch set;

b) Iν , the number of cusp points;

c) I`, the self-linking number of the Legendrian lift of the branch set to ST ∗R2.

We shall now apply this method in order to determine the first order semi-local
invariants of Lagrangian maps from 2-dimensional Lagrangian submanifolds to R2.

4.2.2 Coorientation of codimension one strata

In order to apply Vassiliev’s method we must give coorientations to the different
strata of codimension one, but before doing this, we shall distinguish among different
pathcomponents of some of the strata considered above. To do this we shall take
into account the local variations of pre-images of the map in the complement of the
caustic in each case. Whenever there is a curve of fold points in a multigerm, the
number of pre-images on either side of the curve jumps by 2, so we must distinguish
between two situations depending on wether the number of local pre-images is higher
on one side or the other. This substratification will not affect those phenomena where
the subdivision of stratum due to the existence of positive and negative cusps has
already been done, however it does lead to a substratification of certain other strata,
namely:

i) T22 has to be subdivided into 3 substrata depending on wether the number of
pre-images in the newly created component of the complement of the caustic
after the tangency is 0, 2 or 4. We will name them T 0

22, T 2
22 and T 4

22, respectively.

ii) A3
2 will be divided in two situations depending on wether the number of pre-

images in the newly created component of the complement of the caustic before
and after the triple point in a 1-parameter transition is 0 and 6 or 2 and 4:
A3α

2 and A3β
2 respectively.

iii) A2A
±
3 will thus be subdivided into four: A2A

±α
3 and A2A

±β
3 .
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iv) dT22 will be divided into dT α
22 and dT β

22, VII and VIII in [OA].

v) A4
2 will be divided into A4α

2 and A4β
2 , XI and XII in [OA].

vi) A2T22 will have the three subdivisions from above, i.e. A2T
0
22, A2T

2
22 and A2T

4
22.

vii) A2
2A

±
3 will be divided into six: A2

2A
±α
3 , A2

2A
±β
3 and A2

2A
±γ
3 which correspond

to XVI, XVII and XVII in [OA], where we only have one type of cusp.

So finally, after the substratification, we have 20 codimension 1 strata, which will
be the variables of the coherent system, and more than (this will be explained in
a more precise way later on) 36 codimension 2 strata, which will be the number of
equations of the coherent system, taking into account that many of these equations
may be redundant or trivial.

As for the coorientations, those defined in [OA] for the 1-parameter families are
valid for our situation too. The criteria used to define them are such as increasing of
the number of cusps, or increasing of the number of double points. In the case of a
triple crossing, the criterion is slightly more subtle and depends on the direction in
which the number of pre-images in the newly created component of the complement
of the caustic increases. D−

4 changes from having 3 minimum type cusps to having 3
maximum type cusps, it is cooriented in the direction where the number of maximum
type cusps grows. D+bm

4 and D+bM
4 are cooriented in the direction where the cusp

appears after the double point when considering the orientation of the caustic. In the
case of D+am,M

4 , we coorientate the stratum in the direction for which the number
of double crossings increases.

4.2.3 Bifurcation diagrams for codimension two strata, com-
patibility conditions and invariants

Any first order semilocal invariant can be seen as a linear combination of in-
dices, attached to the different codimension one strata. If we denote by ∆S(I) the
increment of the invariant I occurred when traversing the stratum S (i.e. the index
attached to S for the invariant I), we have that the total increment of an invariant
I along some path α in L(L,R2) can be written as ∆I = Σ(n+

i − n−i )∆Si, where
n+

i and n−i respectively mean the number of times that the path α traverses the
stratum Si in the positive and the negative sense of the co-orientation, and Si runs
along all the one codimensional strata. So we can write,

∆I =
∑

i

(n+
i − n−i )∆Si = n 1Al+

3
∆ 1Al+

3 + n 1Al−
3

∆ 1Al−
3 + n 1Ab+

3
∆ 1Ab+

3 +

+n 1Ab−
3

∆ 1Ab−
3 +nA+−

4
∆A+−

4 +nA−+
4

∆A−+
4 +nD−4

∆D−
4 +nD+am

4
∆D+am

4 +nD+aM
4

∆D+aM
4 +

nD+bm
4

∆D+bm
4 +nD+bM

4
∆D+bM

4 +nT 0
22

∆T 0
22+nT 2

22
∆T 2

22+nT 4
22

∆T 4
22+nA3α

2
∆A3α

2 +nA3β
2

∆A3β
2 +
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+nA2A+α
3

∆A2A
+α
3 + nA2A−α

3
∆A2A

−α
3 + nA2A+β

3
∆A2A

+β
3 + nA2A−β

3
∆A2A

−β
3 (1)

Now, the compatibility conditions force the existence of some relationship be-
tween the different nSi

that we shall investigate from here on.
We calculate in this section the coherent system provided by the compatibility

conditions. For this purpose, we need to know the bifurcation diagrams associated
to a 2-parameter versal deformation of every codimension two phenomenon. In the
case of all the corank 1 germs, we can make use of the bifurcation diagrams in [OA],
just bearing in mind that some of the phenomena have been subdivided due to the
distinction between cusps of minimum type (positive) and cusps of maximum type
(negative), and so the equations will be unfolded into several different equations
involving the same strata but possibly different substrata. In the present notation,
we have that the reinterpretation of the equations in [OA], taking into account the
different subdivisions, leads to the following, where the roman number stands for
the order of the bifurcation diagrams in [OA]:

i) n 1Al+
3

= n 1Ab+
3

and n 1Al−
3

= n 1Ab−
3

which arise from 2A+
3 and 2A−

3 respectively.

ii) nA4+− = nA4−+ which arises from both A+
5 and A−

5 .

iii) nA+−
4

+ nA−+
4

= n 1Ab+
3

+ n 1Ab−
3

+ nT 2
22

from 1A4.

iv) nA2A+α
3

= nA2A+β
3

and nA2A−α
3

= nA2A−β
3

from 1Ab+
3 A2 and 1Ab−

3 A2 respectively.

v) nA2A+α
3

= nA2A+β
3

and nA2A−α
3

= nA2A−β
3

from 1Al+
3 A2 and 1Al−

3 A2 respectively.

vi) nA2A−α
3

= nA2A+β
3

+ nA3β
2

from A2A4.

vii) nT 0
22

= nT 4
22

from dT α
22.

viii) Trivial equation from dT β
22.

ix) Trivial equations from A
2(++)
3 and A

2(−−)
3 , and nA2A+α

3
+ nA2A+β

3
= nA2A−α

3
+

nA2A−β
3

from A
2(+−)
3 .

x) nA2A+α
3

+ nA2A+β
3

= nT 0
22

+ nT 2
22

and nA2A−α
3

+ nA2A−β
3

= nT 4
22

+ nT 2
22

from T+
23

and T−
23 respectively.

xi) Trivial equation from A4α
2 .

xii) Trivial equation from A4β
2 .

xiii) nA3β
2

= 0 from A2T
0
22.

xiv) nA3β
2

= nA3α
2

from A2T
2
22.
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xv) nA3β
2

= nA3α
2

from A2T
4
22.

xvi) Trivial equations from A2
2A

+α
3 and A2

2A
−α
3 .

xvii) Trivial equations from A2
2A

+β
3 and A2

2A
−β
3 .

xviii) Trivial equations from A2
2A

+γ
3 and A2

2A
−γ
3 .

We now analyze the bifurcation diagrams of the corank 2 codimension 2 germs.

Lemma 4.5. nD+am
4

+ nD+bM
4

= nT 2
22
, nD+aM

4
+ nD+bm

4
= nT 2

22
and nD+bm

4
= −nD+bM

4

Proof.
Their bifurcation diagrams are obtained by taking sections of these same phe-

nomena seen as 2-dimensional caustics, where they are 1-parameter families. There-
fore we have a 2-parameter bifurcation diagram, one parameter for the monogerm
transition and one parameter for the parallel translation of the sectional plane. In
the same way there are two sections of the purse, which correspond to the subdi-
vision of a and b for D+

4 , one of them a “frontal” 1-parameter family of sectional
planes and the other a “lateral” 1-parameter family of sectional planes, there are
different generic sections which can be taken for these codimension two strata, and
all of them have to be considered.

In Figure 4.5 we can see the different 2-parameter bifurcation diagrams with
pictures of caustics for different values of the parameters. The codimension 1 strata
are cooriented with a small segment on one side or the other of the stratum pointing
to the direction of positive coorientation. The M or m appearing next to each cusp
correspond to the cusp being of maximal or minimum type. Changing M for m
in any of the bifurcation diagrams induces the same change in the corresponding
equation, but coorientations remain the same.

There is only one topological class for sectional planes in the case of 1D−
4 and

1aD+
4 , therefore there is only one bifurcation diagram for each. The compatibility

conditions arisen form them are trivial.
1bD+

4 and 1cD+
4 have two different types of sections which can be taken, the

bifurcation diagrams on the left correspond to “frontal” sections and give trivial
compatibility conditions. From the “lateral” sections we obtain:

nD+am
4

+ nD+bM
4

= nT 2
22

nD+aM
4

+ nD+bm
4

= nT 2
22

nD+bm
4

= −nD+bM
4

Lemma 4.6. The bifurcation diagrams of A2D
−
4 , A2D

+aM,m
4 and A2D

+bM,m
4 give

trivial compatibility conditions.
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Figure 4.5: Bifurcation diagrams of 1D−
4 , 1aD+

4 , 1bD+
4 and 1cD+

4 .

Proof.

Here the 2-parameters of the bifurcation diagrams correspond to the monogerm
transitions of D−

4 , D+aM,m
4 and D+bM,m

4 and the parallel translation of the fold curve
A2. In the case of D−

4 and D+bM,m
4 , taking into account the symmetry before and

after the transition, that no codimension 1 monogerms can appear in this bifurcation
diagrams, that all the substrata of A2A3 are equal (due to earlier compatibility
conditions) and that the jump over a A3

2 stratum vanishes (for the same reason), it
is obvious that when intersecting them with a one-parameter family of fold curves
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Figure 4.6: Bifurcation diagram of A2D
+a
4 .

the branches of the bifurcation set on the upper half-plane of the parameter space
will be equal to those of the lower half-plane, or will cancel out, and therefore
the compatibility condition is trivial. For A2D

+a
4 the bifurcation diagram is the

following:
In Figure 4.6 the two T22 strata cancel out independently of the substrata, since

they must be the same. The same happens with the two A2A3 strata. Finally, by
taking into account that nA3β

2
= nA3α

2
= 0, we observe that there is no compatibility

condition arising from this bifurcation diagram.
It must also be taken into account that there are topologically different ways

of intersecting these corank 2 phenomena with 1-parameter families of fold curves,
however, the bifurcation diagrams corresponding to these also yield trivial compat-
ibility conditions.

Lemma 4.7. nA+−
4

+ nA−+
4

+ nD−4
= n 1Ab−

3
+ n 1Al−

3
+ nD+aM

4
, nA+−

4
+ nA−+

4
− nD−4

=

n 1Ab+
3

+ n 1Al+
3

+ nD+am
4

, nT 2
22

+ nT 4
22

+ nD−4
+ n 1Ab+

3
= n 1Al−

3
+ nD+bM

4
+ 2nA2A3 and

nT 2
22

+ nT 0
22
− nD−4

+ n 1Ab−
3

= n 1Al+
3

+ nD+bm
4

+ 2nA2A3.

Proof.
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Figure 4.7: Bifurcation diagram of Da
5 .

These equations arise from the bifurcation diagrams of D5. They are obtained
by taking sections of D5, seen as a 2-dimensional caustic, where it is a 1-parameter
family. Therefore we have a 2-parameter bifurcation diagram, one parameter for the
monogerm transition and one parameter for the parallel translation of the sectional
plane. We call Da

5 for the “frontal” sections and Db
5 for the lateral sections. The

bifurcation sets are given ignoring the type of contact between the different codi-
mension one strata, since this does not affect the compatibility condition as long as
we ensure that the closed path taken around the codimension two strata is small
enough and transversal to all the strata and that the order in which the path meets
each codimension one stratum is correct. The a-version bifurcation set has already
been studied in other contexts, for example in [Bro], where we must observe that
some of the multigerms have not been considered. They have been added here in
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order to make the bifurcation diagram suitable for our context.

D
4

+bM

D
4

-

A
3

l -1

A
3

b+1

A
2
A

3

A
2
A

3

D
5

M

m

m

m

m

M

M

m

m A
2
A

3

T
22

2

m

A
2
A

3

M M

T
22

0

b

A
4

+ -

A
4

+ -

Figure 4.8: Bifurcation diagram of Db
5.

Since nA2A−α
3

= nA2A+β
3

= nA2A+α
3

= nA2A−β
3

, we make no distinction for these

substrata. The first two equations come from the a-version of the bifurcation dia-
gram and the second two from the b-version. Note that the first two equations are
linearly independent but the second two, since nD+bm

4
= −nD+bM

4
, n 1Al+

3
= n 1Ab+

3
and

n 1Al−
3

= n 1Ab−
3

, are the same equation.

So finally, we arrive to the following coherent system:

i) n 1Al+
3

= n 1Ab+
3

ii) n 1Al−
3

= n 1Ab−
3

iii) nA2A−α
3

= nA2A+β
3

= nA2A+α
3

= nA2A−β
3

iv) nA3β
2

= nA3α
2

= 0
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v) nT 0
22

= nT 4
22

vi) nA+−
4

+ nA−+
4

= n 1Ab+
3

+ n 1Ab−
3

+ nT 2
22

vii) nA2A+α
3

+ nA2A+β
3

= nT 0
22

+ nT 2
22

viii) nD+bM
4

= −nD+bm
4

ix) nD+am
4

+ nD+bM
4

= nT 2
22

x) nD+aM
4

+ nD+bm
4

= nT 2
22

xi) nA+−
4

= nA−+
4

xii) nA+−
4

+ nA−+
4

+ nD−4
= n 1Ab−

3
+ n 1Al−

3
+ nD+aM

4

xiii) nA+−
4

+ nA−+
4
− nD−4

= n 1Ab+
3

+ n 1Al+
3

+ nD+am
4

xiv) nT 2
22

+ nT 4
22

+ nD−4
+ n 1Ab+

3
= n 1Al−

3
+ nD+bM

4
+ 2nA2A3

By substituting these relations into equation (1), we arrive to the following result:

Theorem 4.8. Any one-cocycle, i.e. any rational-valued function I satisfying ∆I =
0 on every generic homotopically trivial closed path in L(L,R2), where L is a 2-
dimensional Lagrangian submanifold, can be written, up to an additive constant, as
a linear combination of the following 5 generators:

∆I1 = ∆ 1Al+
3 + ∆ 1Ab+

3 + 1
2
∆A+−

4 + 1
2
∆A−+

4 −∆D+am
4 + ∆D+aM

4 −∆D+bm
4 +

∆D+bM
4 ,

∆I2 = ∆ 1Al−
3 +∆ 1Ab−

3 ++1
2
∆A+−

4 + 1
2
∆A−+

4 +∆D+am
4 −∆D+aM

4 +∆D+bm
4 −

∆D+bM
4 ,

∆I3 = ∆D−
4 −∆D+am

4 + ∆D+aM
4 −∆D+bm

4 + ∆D+bM
4 ,

∆I4 = 1
2
∆A2A3 + ∆T 0

22 + ∆T 4
22,

∆I5 = ∆D+am
4 + ∆D+aM

4 + ∆T 2
22 + 1

2
∆A+−

4 + 1
2
∆A−+

4 + 1
2
∆A2A3.

where ∆A2A3 = A2A
+α
3 + A2A

−α
3 + A2A

+β
3 + A2A

−β
3 .

Remark. The invariants to which these jumps correspond are the generators of the
cohomology module H0(E`(L,R2),Z). The jump of any isotopy invariant may be
written as a linear combination of these basic jumps:

∆I = n 1Al+
3

∆I1 + n 1Al−
3

∆I2 + nD−4
∆I3 + nT 0

22
∆I4 + nT 2

22
∆I5
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Remark. We observe that the space of Lagrangian immersions in T ∗R2 may not be
simply connected. Then, in case of the existence of any non trivial cycle in this space
we should add some new compatibility relations that may lead to certain dependence
relations between the above generators. For instance, in the case of Legendrian 1-
dimensional fronts ([Ai]) Aicardi has to study the compatibility conditions arisng
from one non contractible path in each connected component (a note on the topology
of the space of Legendrian immersions can be found in [A1]).

4.3 Geometrical interpretation of the generators

From the viewpoint of calculations it is convenient to give an interpretation to
these invariants which allows us to obtain the value of an invariant in a given stable
map f directly from the topological/geometrical properties of f , without the need
of finding a generic path joining it with a distinguished map f0.

Theorem 4.9. Any first order semi-local invariant of L(L,R2) stable mappings,
where L is a 2-dimensional Lagrangian submanifold, is, modulus order 0 invariants
(constants), a linear combination of:

i) Id, the number of double crossings, whose jump in terms of the generators is

∆Id = 2∆I4+2∆I5 = ∆A+−
4 +∆A−+

4 +2∆D+aM
4 +2∆D+am

4 +2∆T 2
22+2∆T 0

22+

+2∆T 4
22 + 2∆A2A3

ii) ICm, the number of minimum type cusps, whose jump in terms of the generators
is

∆ICm = 2∆I1−3∆I3 = 2∆ 1Al+
3 +2∆ 1Ab+

3 +∆A+−
4 +∆A−+

4 +∆D+am
4 −∆D+aM

4 +

+∆D+bm
4 −∆D+bM

4 − 3∆D−
4

iii) ICM
, the number of maximum type cusps, whose jump in terms of the genera-

tors is

∆ICM
= 2∆I2+3∆I3 = 2∆ 1Al−

3 +2∆ 1Ab−
3 +∆A+−

4 +∆A−+
4 −∆D+am

4 +∆D+aM
4 −

−∆D+bm
4 + ∆D+bM

4 + 3∆D−
4

iv) I`, one half of the Bennequin invariant of the Legendrian lift of the caustic to
PT ∗R2, whose jump in terms of the generators is

∆I` = ∆I1 + ∆I2 − 2∆I5 + 2∆I4 = ∆ 1Al+
3 + ∆ 1Ab+

3 + ∆ 1Al−
3 + ∆ 1Ab−

3 −

−2∆D+aM
4 − 2∆D+am

4 − 2∆T 2
22 + 2∆T 0

22 + 2∆T 4
22
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v) I5∗, any linear combination of the generators linearly independent from the 4
previous ones, and for which I have no geometrical interpretation.

Proof. The proof for the first three expressions is a matter of direct observation
as the strata involved in 2I1 − 3I3 and 2I2 + 3I3 are the only codimension 1 strata
which create minimum type cusps and maximum type cusps respectively, and those
involved in I4 and I5 are the only ones that create new double points. In order
to prove that the fourth expression represents what is announced we only need to
justify that the increment of one half of the Bennequin invariant when crossing the
transition corresponding to D+a

4 in the positive direction of its coorientation is equal
to −2, since the rest of transitions were proved by Ohmoto and Aicardi in [OA] (the
fact of the cusp being of maximum or minimum type does not affect the Bennequin
invariant as will be seen in the definition given below). This will be done in the
following subsection.

4.3.1 The Bennequin invariant

We must consider the oriented plane {x, y} in order to define this invariant. Let
us associate to each point of a certain caustic Φ (remember that the caustic has
a natural orientation) in R2 the unoriented straight line orthogonal to its tangent
vector at that point. Let θ be the angle between the line and the x-axis. We
therefore get a lift F of the caustic in PT ∗R2 (oriented by the frame { ∂

∂x
, ∂

∂y
, ∂

∂θ
})

called the Legendrian link (there may be more than one component in the caustic
Φ =

⋃
Φi and therefore in its lift F =

⋃Fi). The orientation of the lift is the one

induced by the orientation of the caustic. By considering the double cover F̃ of the
link in ST ∗R2, if F̃ε is a shift of F̃ along the positive normal direction to the contact
plane, we can define the Bennequin invariant of F̃ as the linking number of F̃ and
F̃ε. However, Ohmoto and Aicardi provide a way to calculate this number in terms
of a projection to R2 of the Legendrian link in PT ∗R2, and this will be the way in
which computations will be done here.

It is proved that the Bennequin invariant is equal to 2(
∑

i Bi +
∑

i<j Li,j) where
Bi is equal to the self-linking number of Fi computed in terms of self intersections of
the projection to R2 and self intersections of the border of a certain strip constructed
around the lift (this construction will not be explained here, for the lifts involved in
D+a

4 have zero self-linking number) and Li,j is the linking number of Fi and Fj. We
will define this linking number as:

Li,j =
∑

k

σ(rij
k )

where k runs over all double points rij
k of a generic projection to the plane of Fi and

Fj where one branch of each is involved and σ gives a sign ±1 to each double point.
The criteria for this sign is the following: if za and zb are the preimages under the
projection of the double point, and ta and tb are the unit tangent vectors at these
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points, then the sign of a double point is equal to the sign of ta∧ tb · (za− zb), which
generically will be non-zero.

It should be noted that PT ∗R2 ' RP 1 × R2 is a Legendrian fibered space over
R2 with RP 1 fibers, this can therefore be seen as a solid torus (PT ∗R2 ' [0, π]× R2

with identification of the boundary).
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Figure 4.9: Lift of D+a
4 before and after the transition.

In Figure 4.9 we can see the lift of the stabilization of D+a
4 before and after the

transition. Before the transition there are two double points in the projection, both
with negative sign. After the transition there are four double points with negative
sign too. So we have that the variation of one half of the Bennequin invariant when
crossing the transition in the way of positive coorientation is −4−(−2) = −2, which
proves the theorem above.

We thus get that every first order semi-local Vassiliev invariant is a linear com-
bination of:

- ]A+
3 (no of maximum type cusps),

- ]A−
3 (no of minimum type cusps),

- ]A2
2 (no of double points),

- I` (one half of the Bennequin invariant of the Legendrian lift to PT ∗R2),

- I5∗ .
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4.3.2 Possible non-contractible path

The author has the feeling these 5 invariants are not linearly independent. How-
ever, no other equations arise from codimension 2 bifurcations so I think there must
be a non-trivial equation arising from a non-contractible path. I cannot prove this
because I do not know the topology of the space of Lagrangian maps but the fol-
lowing figure shows a possible non-contractible path.
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Figure 4.10: Possible noncontractible path.

It is not easy to find examples of Lagrangian maps in the plane. In D. McDuff
and D. Salamon’s book ”Introduction to Symplectic Topology” [MS], in page 248
we have the following example:

Consider S2 = {(x, y, z) ∈ R3 : x2 + y2 + z2 = 1}. Then the map i : S2 → T ∗R2

i(x, y, z) = (y, z, xy, xz) is a Lagrangian immersion for coordinates (q1, q2, p1, p2)
and the symplectic form dp1 ∧ dq1 + dp2 ∧ dq2. If we consider the projection π :
T ∗R2 → R2 of the form π(q1, q2, p1, p2) = (q1, q2) then the composition π ◦ ι is just
a projection (x, y, z) → (y, z) restricted to S2. So this map is singular on the circle
x = 0, y2 + z2 = 1, and its caustic is just an S1 in the plane.

Starting with this map and undergoing certain codimension one transitions as
shown in Figure 4.10 we obtain a path in L(S2, R2) joining two stable Lagrangian
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maps with the same singular set and caustic. By using the Blank’s word technique
([FT]), it can be seen that these two maps are A-equivalent as stable maps from
S2 to the plane, and they lie in the same stratum P1 of E(S2,R2) (i.e. we can join
them through a path of stable maps, they are stably isotopic). Therefore, provided
L(S2,R2) ∩ P1 is connected, we could take the above path as a closed path in the
subspace L(S2,R2) since it would mean that the caustic at the beginning and the
one at the end are in the same Lagrange stable isotopy class, and so the equation
arising from it should be added to the coherent system. The equation is

2nD+bM
4

= n 1Al−
3
− n 1Al+

3
.

This equation is linearly independent of all the other equations in the coherent
system and it doesn’t come from any codimension 2 bifurcation, so it could only
come from a non-contractible path. In the case this equation were added to the
coherent system, then there would only be 4 generators which would be:

∆I1 = ∆ 1Al+
3 +∆ 1Ab+

3 + 1
2
∆A+−

4 + 1
2
∆A−+

4 + 1
2
∆D+am

4 − 1
2
∆D+aM

4 + 1
2
∆D+bm

4 −
1
2
∆D+bM

4 − 3
2
∆D−

4 ,

∆I2 = ∆ 1Al−
3 +∆ 1Ab−

3 + 1
2
∆A+−

4 + 1
2
∆A−+

4 − 1
2
∆D+am

4 + 1
2
∆D+aM

4 − 1
2
∆D+bm

4 +
1
2
∆D+bM

4 + 3
2
∆D−

4 ,

∆I3 = 1
2
∆A2A3 + ∆T 0

22 + ∆T 4
22,

∆I4 = ∆D+am
4 + ∆D+aM

4 + ∆T 2
22 + 1

2
∆A+−

4 + 1
2
∆A−+

4 + 1
2
∆A2A3.

In this case 2∆I1, 2∆I2, 2∆I3 +2∆I4 and ∆I1 +∆I2−2∆I4 +2∆I3 would be the
jumps corresponding to the number of minimum type cusps, maximum type cusps,
double points and the Bennequin invariant.

We thus see that the dependence of the fifth invariant on the other four relies
on the problem of existence of a non contractible path in L(S2,R2), which is in
turn related to the connectedness of the stratum L(S2,R2) ∩ P1 in L(S2,R2). In
case that it were not connected, the invariant I5∗ would certainly distinguish among
different isotopy classes of stable Lagrangian maps lying in the same component of
E(S2,R2), but I shall not enter here into this question. In fact, if the path were
non-contractible, this would prove that L(S2,R2) is not simply connected.

As for the remaining four invariants we have the following:

Independence of the invariants:
By writing a linear combination of the four invariants aId + bICM

+ cICm + dI`,
and evaluating it over four different examples of Lagrangian maps fi : S2 → R2

i = 1, . . . , 4, we obtain a linear system of four equations in variables a, b, c, d.
Starting from the previous example and undergoing the first three transitions

in Figure 4.10, we obtain 4 different examples of Lagrangian maps. Taking into
account that one half of the Bennequin invariant on an S1 is 2 ([OA]) we obtain the
following associated matrix for the linear system:
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0 0 2 2
0 0 0 1
0 2 2 1
2 3 1 1


 (4.1)

The columns represent the four examples fi i = 1, . . . , 4 and the rows represent
each of the four invariants Id, ICM

, ICm , and I` in that order. The determinant of
the matrix is −8 6= 0, so the only solution to the system is a = b = c = d = 0. This
proves that the invariants are independent in L(S2, R2). Similar arguments could
be used to prove the independence in L(M,R2), where M is a compact surface.

This means that any other compatibility condition arisen from other possible
non-contractible paths would be a linear combination of the ones above.

4.4 The orientable case

Aicardi and Ohmoto also studied the case when the domain surface is oriented. In
such case they distinguished between positive and negative cusps and so Iν unfolded
into two different invariants: the number of positive cusps and negative cusps.

We point out that in their case the positive and negative labels attached to the
cusps corresponded to a different criterion: Given a cusp point x of a stable map f
from an oriented surface M to the oriented plane, the fold curve separates a small
enough neighbourhood V of x in M into two regions V + and V − at which the map f
respectively preserves or reverses orientation. Then, given any regular value v ∈ R2

of f |V , v has either 2 preimages in V + and one in V −, or viceversa, two preimages
in V − and one in V +. In the first case, x is said to be a negative cusp point and in
the second, a positive cusp point (see figure 4.11).
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Figure 4.11: Example of negative and positive cusps.

We can also consider Lagrangian maps from an orientable closed surface to the
oriented plane. In such case, it is easy to see that the invariants ICm and ICM

must
be unfolded into 4 different new invariants, namely:

I+
CM

= number of positive cusps of maximum type.
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I−CM
= number of negative cusps of maximum type.

I+
Cm

= number of positive cusps of minimum type.

I−Cm
= number of positive cusps of minimum type.

In this situation further differences appear. The cusps appearing before and after
the transition in D+b

4 are positive and negative respectively. This gives a criterion
for a further substratification of this stratum. And the tricuspoid of D−

4 before and
after the transition is slightly rotated anticlockwise and clockwise respectively with
respect to the orientation of the plane, this gives a criterion of substratification for
this stratum too. In this situation, other invariants could appear.

4.5 Non-local first order invariant

We observe that the only codimension one strata affecting the total number of
pathcomponents of the caustic curve for Lagrangian maps from a closed surface to
the plane are the lips (1A`

3) and the beaks (1Ab
3). In particular, the last one can

be subdivided into two disjoint strata, according whether the new-born cups belong
to the same component of the caustic or not (or in other words, the total number
of curves in the caustic decreases, or increases when traversing the stratum in the
positive sense of the co-orientation); we denote them respectively by 1Ab1

3 and 1Ab2

3 .
Then the coherence system must be accordingly modified, and it is not difficult to
see, by similar arguments to those in [HMR3] or [OA], that we get a new independent
invariant, corresponding to the jump

∆Iµ = ∆1A`
3 −∆1Ab1

3 + ∆1Ab2

3 .

This corresponds precisely to the jump in the number of pathcomponents of the
caustic. Clearly, this invariant cannot be obtained from just the local information
provided by the transitions.

4.6 Vassiliev invariants of 2-dimensional caustics

The author has studied the analogous situation for 2-dimensional caustics. All
the bifurcation diagrams have been evaluated except for one, namely E6, which in
this new situation is a codimension two singularity. The expected results are that
there are 9 independent first order Vassiliev invariants which are, in addition to
the five invariants of stable maps from a 3-dimensional compact manifold to R3,
studied in this thesis and in [OR], and taking into account that there are positive
and negative cuspidal edges here too, the number of D+

4 and D−
4 points, which are

stable singularities in this situation. So we make the following:
Conjecture: Any first order semi-local invariant of L(L,R3) stable mappings,

where L is a 3-dimensional Lagrangian submanifold, is, modulo order 0 invariants
(constants), a linear combination of:
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i) the number of triple points,

ii) the number of transversal intersections of a minimum type cuspidal edge with
a surface of fold points,

iii) the number of transversal intersections of a maximum type cuspidal edge with
a surface of fold points,

iv) the number of minimum type swallowtail points,

v) the number of maximum type swallowtail points,

vi) the Euler characteristic of the caustic

vii) a higher dimensional version of the Bennequin invariant (see [Gor1] or [OR])

viii) the number of pyramid points

ix) the number of purse points.

The complete proof of this assertion, being rather technically cumbersome, is
left for future work.



Chapter 5

First order semi-local invariants of
stable maps from 3-manifolds to
R3

In this chapter we study first order semi-local invariants of stable maps from
3-manifolds to R3. In Section 1 we study maps between 3-manifolds. First, we use
jet language to obtain generic properties of maps from R3 to R3. Then we study
the stable germs and codimension one and two monogerms from the bibliography.
Finally, we give a method and apply it, to obtain all possible multigerms.

In Section 2, we apply Vassiliev’s technique and obtain a base of the space of
first order invariants for stable maps from 3-manifolds to R3.

5.1 Maps from R3 to R3

5.1.1 Generic properties of maps from R3 to R3

Proposition 5.1. Let f ∈ C∞(R3,R3) be a generic map, its singular set has dimen-
sion two and is formed by submanifolds of dimensions zero, one and two.

Proof.

f : R3 −→ R3

p = (x, y, z) 7−→ f(x, y, z) = (f1(x, y, z), f2(x, y, z), f3(x, y, z))

has a singular point at p0 = (x0, y0, z0) ⇐⇒ rg(dfp0) < 3 ⇐⇒ |dfp0| = 0. We will
use the notation fix = ∂fi

∂x
∀i = 1, 2, 3 and equivalently for variables y and z.

|dfp0| =
∣∣∣∣∣∣

f1x(p0) f2x(p0) f3x(p0)
f1y(p0) f2y(p0) f3y(p0)
f1z(p0) f2z(p0) f3z(p0)

∣∣∣∣∣∣
= f1x(p0)f2y(p0)f3z(p0) + f2x(p0)f3y(p0)f1z(p0)+

+f1y(p0)f2z(p0)f3x(p0)− f3x(p0)f2y(p0)f1z(p0)−

69
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−f1y(p0)f2x(p0)f3z(p0)− f1x(p0)f2z(p0)f3y(p0) = 0

Consider now J1(R3,R3) ∼= R3×R3×R3×R3×R3 with coordinates (a1, a2, a3, . . . , e1, e2, e3)
and consider

j1f : R3 −→ J1(R3,R3)

p 7−→ (p, f(p), fx(p), fy(p), fz(p))

the equation |dfp0| = 0 is translated into an equation involving the coordinates of
J1(R3,R3):

c1d2e3 + c2d3e1 + c3d1e2 − c3d2e1 − c2d1e3 − c1d3e2 = 0

This equation defines an algebraic submanifold, S, of J1(R3,R3) of codimension 1
because it is defined by only one equation.

A map f : R3 −→ R3 has singular points if and only if j1f(R3)∩S 6= ∅, and the
set in R3 of singular points of f is given by (j1f)−1(S). By Thom’s Transversality
Theorem, TS = {f ∈ C∞(R3,R3) : j1f t S} is dense, and given f ∈ TS, by theorem
2.19 we have that codR3(j1f)−1(S) = codJ1(R3,R3)S = 1. Therefore the singular set
has dimension 3− 1 = 2.

In fact, the singular set is a smooth submanifold of dimension 2, since, if we
consider the Thom-Boardman stratification of S ([Gib]), we have that S = Σ1(f)
and that Σ2(f) = Σ3(f) = 0, and Σ1(f) is a submanifold of dimension 2. We have
that Σ1(f) = Σ1,0(f) ∪Σ1,1, where Σ1,0(f) is open in Σ1(f) and Σ1,1(f) is a regular
curve, and that Σ1,1(f) = Σ1,1,0(f)∪Σ1,1,1(f) where Σ1,1,0(f) is open in Σ1,1(f) and
Σ1,1,1(f) has dimension 0.

Proposition 5.2. The set of points of multiplicity two (points with two preimages,
double points of the regular set) of a generic f ∈ C∞(R3,R3) is a submanifold of
dimension three in R3.

Proof. f : R3 −→ R3 has double points if and only if ∃p1 6= p2 ∈ R3 such that
f(p1) = f(p2) ⇐⇒ (f1(p1), f2(p1), f3(p1)) = (f1(p2), f2(p2), f3(p2)) ⇐⇒ f1(p1) =
f1(p2), f2(p1) = f2(p2) and f3(p1) = f3(p2).

Consider 2J
0(R3,R3) ∼= R3×R3×R3×R3 with coordinates (a1, a2, a3, . . . , d1, d2, d3)

and consider

2j
0f : (R3)(2) −→ 2J

0(R3,R3)

(p1, p2) 7−→ (p1, f(p1), p2, f(p2))

In this case, the 3 equations define 3 equations with the coordinates of 2J
0(R3,R3)

b1 = d1, b2 = d2, b3 = d3

which define an algebraic submanifold W of codimension 3.



5.1. Maps from R3 to R3 71

A map f : R3 −→ R3 has double points if and only if 2j
0f((R3)(2))∩W 6= ∅, and

the set in R3 of double points of f is given by (2j
0f)−1(W ). By the Transversality

Theorem for Multijets, TW = {f ∈ C∞(R3,R3) : 2j
0f t W} is dense, and given

f ∈ TW , by theorem 2.19 we have that cod(R3)(2)(2j
0f)−1(W ) = cod

2J0(R3,R3)W = 3,

i.e. the set of double points has dimension 6-3=3. Projecting (2j
0f)−1(W ) over

R3 ⊂ (R3)(2) we have that a small 3-dimensional neighbourhood of any point of
(2j

0f)−1(W ) must be projected to a 3-dimensional set, otherwise, the point would
be a singular point of f , which is not the case, so we have a 3-dimensional open (it
is a neighbourhood of all its points) set in R3 which is a submanifold.

Proposition 5.3. The set of points of multiplicity n (points with n preimages, n-
tuple points of the regular set) of a generic f ∈ C∞(R3,R3) is a submanifold of
dimension three in R3 ∀n ∈ N.

Proof. The proof is totally analogous to the previous case except for the fact that,
in this case, the submanifold R of nJ

0(R3,R3) has codimension 3(n − 1) because
there are 3(n− 1) equations which define it, and therefore, the set of n-tuple points
(nj0f)−1(R) has codimension 3(n−1) in (R3)(n) and is open. Projecting (2j

0f)−1(R)
over R3 ⊂ (R3)(n) we have that a small 3-dimensional neighbourhood of any point of
(nj0f)−1(W ) must be projected to a 3-dimensional set, otherwise, the point would
be a singular point of f , which is not the case, so we have a 3-dimensional open (it
is a neighbourhood of all its points) set in R3 which is a submanifold.

Proposition 5.4. The image of the singular set of a generic map f ∈ C∞(R3,R3)
may have self-intersection curves.

Proof. f : R3 −→ R3 has double points in the image of the singular set if and only
if ∃p1, p2 ∈ R3 such that |dfp1| = |dfp2| = 0 and f(p1) = f(p2) (this last one is really
3 equations). Here we must consider 2J

1(R3,R3) ∼= (R3)10 and

2j
1f : (R3)(2) −→ 2J

1(R3,R3)

(p1, p2) 7−→ (p1, f(p1), fx(p1), fy(p1), fz(p1), p2, f(p2), fx(p2), fy(p2), fz(p2))

Calling L the codimension 5 algebraic submanifold of 2J
1(R3,R3) defined by the 5

equations, we can apply the Transversality Theorem for Multijets and theorem 2.19
to obtain that TL = {f ∈ C∞(R3,R3) : 2j

1f t L} is dense and that if we consider
f ∈ TL, then cod(R3)(2)(2j

1f)−1(L) = cod
2J1(R3,R3)L = 5. Since the image of the

singular set will have self-intersection points if and only if 2j
1f((R3)(2)) ∩ L 6= ∅,

and the set in R3 of such points is given by (2j
1f)−1(L), which has codimension

5 in a 6 dimensional space, projecting again over R3 ⊂ (R3)(2) we have that self-
intersection curves appear in the image of the singular set.

Proposition 5.5. Self-intersection curves in the image of the singular set of a
generic map f ∈ C∞(R3,R3) appear as transversal intersections of the image of the
singular set with itself.
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Proof. In order for there to be a curve of points or a point of self-intersection in
the image of the singular set by a non-transverse intersection of f(Σf ) with itself,
we must have on one hand the 5 equations which appeared in the previous proof:
∃p1, p2 ∈ R3 such that |dfp1| = |dfp2| = 0 y f(p1) = f(p2) = q0. On the other hand,
Σf = {p ∈ R3 : |dfp| = 0} and f(Σf ) = {f(p) ∈ R3 : |dfp| = 0} = {q ∈ R3 :
|dff−1(q)| = 0}. The problem is that f−1(q) may not be defined so we take U1 and
U2 neighbourhoods of p1 and p2 such that U1 ∩ U2 6= ∅. We define

S1 := {q ∈ R3 : |dff−1
|U1

(q)| = 0}

S2 := {q ∈ R3 : |dff−1
|U2

(q)| = 0}

S1 and S2 are two branches of f(Σf ) which intersect at least at q0. For them to
intersect in a non-transverse way, what should happen is that the normal map to S1

and S2 at q0 should be linearly independent.
The normal map to S1 at q0 is

∇S1(q0) = (
∂

∂x
|dff−1

|U1
(q)||p1

,
∂

∂y
|dff−1

|U1
(q)||p1

,
∂

∂z
|dff−1

|U1
(q)||p1

)

and the same for S2 but with f|U2
and evaluated at p2.

Now ∇S1(q0)||∇S2(q0) ⇐⇒ rg

∣∣∣∣
∇S1(q0)
∇S2(q0)

∣∣∣∣ < 2 ⇐⇒ the three order 2 minors are

all zero. This implies 3 equations involving second partial derivatives. Out of the 3
equations, at least 2 are linearly independent, since different variables are involved
(the first minor has second partial derivatives respect to x two times and the third
minor has second partial derivatives with respect to z two times, for example),
and added to the other 5 equations, this gives 7 equations. These 7 equations
can be translated into 7 equations involving the components of 2J

2(R3,R3) and
these define an algebraic submanifold, M , of codimension 7 in 2J

2(R3,R3) the self-
intersection of f(Σf ) will be non-transverse if and only if 2j

2f((R3)(2)) ∩ M 6= ∅.
Since 6 = dim(R3)(2) < cod

2J2(R3,R3)M = 7, by theorem 2.18 we have that 2j
2f t

M ⇐⇒ 2j
2f((R3)(2)) ∩ M = ∅. By the Transverality Theorem for Multijets we

have that the set TM = {f ∈ C∞(R3,R3) : 2j
2f t M} = {f ∈ C∞(R3,R3) :

2j
2f((R3)(2)) ∩M = ∅} is dense, i.e. the set of maps where the cut is transverse is

dense.

Proposition 5.6. A generic map f ∈ C∞(R3,R3) has isolated triple point in f(Σf )
which appear as transverse intersections of curves of double points.

Proof. The proof is similar to the one in proposition 5.4 but now there are 9
equations: ∃p1, p2, p3 ∈ R3 such that |dfp1| = |dfp2| = |dfp3| = 0 and f(p1) = f(p2) =
f(p3) (this last one represents 6 equations). These 9 equations, translated to the
coordinates of 3J

1(R3,R3), define an algebraic submanifold of codimension 9, P , and
therefore, by theorem 2.19, we have that cod(R3)(3)(3j

1f)−1(P ) = 9, i.e. the set of
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triple points in the branch set, (3j
1f)−1(P ), when projected to R3 ⊂ (R3)(3) is a set

of dimension 0. If instead of the source manifold we have a compact manifold, then
Σf will be compact and therefore this set will be a finite number of isolated points.

Theorem 5.7. A generic map f ∈ C∞(R3,R3) may have n-tuple points ∀n ∈ N and
has a singular set of dimension two whose image may have self-intersection curves
created by transverse intersections of the branch set with itself and isolated triple
points.

Proof. The proof is the union of the proofs of the preceding propositions.

5.1.2 Singularities of stable maps from R3 to R3

The following theorem is a classical result which can be found in different books
in the bibliography, such as [Gib] and [Mar]. This theorem follows the spirit of
Whitney’s theorem on maps form R2 to R2 ([Whi2]), where he proves that stable
maps have the germ at any point is A-equivalent to a regular point, a point in a
curve of fold points or a cusp.

Theorem 5.8. Let f : R3 → R3 be a stable map, its germ at any point is A-
equivalent to one of the following normal forms:

i) f(x, y, z) = (x, y, z) regular point,
ii) f(x, y, z) = (x, y, z2) fold point,
iii) f(x, y, z) = (x, y, z3 + xz) cusp point,
iv) f(x, y, z) = (x, y, z4 + xz + yz2) swallowtail point.

Remark. Since we are talking of germs of maps, and a manifold is locally an
Euclidean space, this theorem holds for maps from a compact 3-manifold M to R3.

Fold points appear in subsets of codimension 1 in M , cusp points in subsets of
codimension 2, i.e. along curves called cuspidal edges, and swallowtail points appear
as isolated points. This codimension is the codimension of the algebraic submanifold
S of Jk(M,R3) defined by the equations which define the singularity. Applying
Theorem 2.19 we have that, given f : M → R3, codM(jkf)−1(S) = codJk(M,R3)S
where (jkf)−1(S) is the set of points where that singularity appears.

All of the singularities mentioned are of corank 1, so it is possible to find a normal
form of this type:

f(x, y, z) = (x, y, g(x, y, z)).

The equation which describes being a singular point p, which up to now was |dfp| = 0,
can be rewritten as gz(p) = 0. This is the equation that corresponds to being a fold
point. In order to have a point at a cuspidal edge we must have that gz(p) =
gzz(p) = 0, which define an algebraic submanifold of codimension 2 in Jk(M,R3),
this is why cusp points occur in cuspidal edges. Finally, swallowtail points must
have gz(p) = gzz(p) = gzzz(p) = 0, therefore the algebraic submanifold will have



74 Chapter 5. First order invariants of stable maps from 3-manifolds to R3

codimension 3. Since M is compact, the set of swallowtail points will be a finite
number of isolated points.

The codimension we have spoken about is clearly the A-codimension, but if we
are speaking of the codimension of the stratum in C∞(M,R3), or the minimum
number of parameters needed for it to be possible to have this singularity in a
generic family of maps with that number of parameters, then it is clearly zero, since
all these are stable singularities.

Joining the last two subsections we have the following summary theorem:

Theorem 5.9. The singular set of a stable map from a compact 3-manifold to
R3 may have surfaces of fold points with cuspidal edge curves, isolated swallowtail
points, self-intersection curves, isolated intersections of cuspidal edges with fold sur-
faces and isolated triple points. See Figure 5.1, all the diagrams represent the image
of the singular set (i.e. the branch set), a triple point in the branch set is really 3
points in the singular set.

Figure 5.1: Singularities of stable maps from R3 to R3 in the order in which they
appear in Theorem 5.9.

5.1.3 Monogerms of codimension one and two

The following table, obtained by W. L. Marar & F. Tari in [MT] and earlier
by V. Goryunov in [Gor2], contains a list of normal forms for simple corank one
monogerms of maps from R3 to R3 that includes all the A-classes of codimension
from zero to five.

Name Normal form Ae-codimension
A1 (x, y, z2) 0

3µ(P ) (x, y, z3 + P (x, y)z) µ(P )
4k

1 (x, y, z4 + xz ± ykz2), k ≥ 1 k − 1
4k

2 (x, y, z4 + (y2 ± xk)z + xz2), k ≥ 2 k
51 (x, y, z5 + xz + yz2) 1
52 (x, y, z5 + xz + y2z2 + yz3) 2

Here P (x, y) are polynomials in two variables and µ(P ) denotes the Milnor num-
ber of P (for example, if P (x, y) = xn + ym then µ(P ) = (n− 1)(m− 1)).
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Definition 5.10. Let On,p be the ring of smooth germs (Rn, 0) → (Rp, 0), given f ∈
On,p, the Ae-codimension of f is equal to dimR

On,p

T Ae·f , where T Ae·f = {∑n
i=1

∂f
∂xi

gi|g =

(g1, . . . , gn) ∈ On,n}+ {h ◦ f |h ∈ Op,p}.
We observe that for n = p = 3 the A-codimension of the germ in each case

is the Ae-codimension+3 except for the stable germs, i.e. the fold, the cusp and
the swallowtail whose Ae-codimension is 0, but have A-codimension 1, 2 and 3
respectively. This is due to Wilson’s formula (the closest reference to this is [Wa], it
seems Wilson’s work was not published; see [HoKi] too), which asserts that, if the
Ae-codimension is different to 0 and f is A-simple, then

Ae − cod(f) = A− cod(f) + r(p− n)− p,

where r is the number of branches in case of a multigerm. We also observe that the
Ae-codimension coincides with the codimension of the stratum of non-stable maps
in C∞(M,R3) that the germ belongs to as a map.

In the table we can find the stable monogerms we already know from the subsec-
tion above: A1, which corresponds to fold points; 30 which occurs when P (x, y) = x
and corresponds to cuspidal edge points which will be called from now on A2; and
finally 41

1 which correspond to swallowtail points and will be called from now on A3.
According to the above table the monogerms of corank one Ae-codimension one

are given by:

i) Germs of type 31. This includes three different classes corresponding to
P (x, y) = x2 + y2, P (x, y) = −x2 − y2 and P (x, y) = x2 − y2. We denote
them respectively as 3++

1 , 3−−1 (creation of a closed cuspidal edge curve) and
3+−

1 (beaks transition of the cuspidal edge).

ii) Germs of type 42
1 (creation of two swallowtail points). Here there are two

different classes corresponding to signs + or − in the normal form. These
shall be denoted by 42+

1 and 42−
1 respectively.

iii) The germ 51 (creation of two swallowtail points on an existing cuspidal edge
curve).

Figure 5.2 shows the transitions in the branch set f(Σf ) at all the above codi-
mension one phenomena.

The corank one Ae-codimension two monogerms are the following:

i) Germs of type 32. This includes two different classes corresponding to P (x, y) =
x2 ± y3 and P (x, y) = −x2 ± y3. We denote them by 3+

2 and 3−2 respectively.

ii) The germ 43
1.

iii) Germs of type 42
2. This includes two different classes corresponding to the signs

+ or − in the normal form. They are denoted by 42+
2 and 42−

2 respectively.
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Figure 5.2: Codimension one transitions for germs

iv) The germ 52.

v) The non-simple germ 61, whose normal form is (x, y, z6+yz2+xz) (see [Gor2]).

The corank two Ae-codimension one germs are the hyperbolic and elliptic um-
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bilics, Uh and Ue (purse and pyramid, [Bru]), whose normal forms are:

(x, yz, y2 ± z2 + xy)

The corank two Ae-codimension two germs will not be needed for reasons that
will be given later.

5.1.4 Multigerms of codimension one and two

We shall see later on in this chapter that in order to determine the first order
invariants of Vassiliev type for stable maps from closed 3-manifolds to R3 it is not
necessary to analyse the bifurcation sets of corank two multigerms (or monogerms).
Therefore we shall only study here corank one multigerms, which involve only Ak

singularities, for which it is known that their corresponding orbits in the multijet
space are defined by submersions in the stable case and by ICIS in the finitely deter-
mined case [Gor2]. In order to determine these multigerms and their codimension
we distinguish between the following phenomena:

i) Simple conjunction of germs: there is no branch-to-branch tangency in the
critical value set.

ii) Tangential conjunction of Morse type: at least two of the branches of the
critical value set have Morse type contact.

iii) Degenerate tangential conjunction: at least two of the branches of the critical
value set have degenerate contact.

Here we understand contact in the sense of Montaldi’s work ([Mont]):
Let Xi, Yi (i = 1, 2) be submanifolds of Rn with dimX1 = dimX2 and dimY1 =

dimY2. We say that the type of contact of X1 and Y1 at y1 is the same as the type
of contact of X2 and Y2 at y2 if there exists a diffeomorphism germ Φ : (Rn, y1) −→
(Rn, y2) such that Φ(X1) = X2 y Φ(Y1) = Y2. We denote it as K(X1, Y1; y1) =
K(X2, Y2; y2). Montaldi gives the following characterization in terms of singularities:

Theorem 5.11. Let Mi, Ni (i = 1, 2) be submanifolds of Rn with dimM1 = dimM2

and dimN1 = dimN2. Let gi : (Mi, xi) −→ (Rn, yi) be germs of immersions and
fi : (Rn, yi) −→ (Rr, 0) germs of submersions with (Ni, yi) = (f−1

i (0), yi). Then
K(M1, N1; y1) = K(M2, N2; y2) if and only if f1 · g1 ∼K f2 · g2.

Definition 5.12. Two maps hi : (Li, xi) −→ (Pi, yi) (i = 1, 2) are K−equivalent if
there exists a pair (h,H) of invertible germs such that

i) H · i1 = i2 ·h where ik is the germ at xk of the inclusion Lk −→ Lk×Pk given
by x 7−→ (x, yk),

ii) h ·π1 = π2 ·H where πk is the germ at (xk, yk) of the projection Lk×Pk −→ Lk

given by (x, y) 7−→ x,
iii) H(1, h1) = (1, h2) · h.
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Remark. In general, if two maps are A−equivalent then they are K−equivalent.

This means that given two submanifolds M and N of Rn, with a common point p,
a germ of immersion g : (M, x) −→ (Rn, p) and a germ of submersion f : (Rn, p) −→
(Rr, 0), such that N = f−1(0), we have that the contact of M ≡ g(M) with N at
p is completely determined by the type of singularity of the germ (f · g, x). So it
makes sense to talk about degenerate contact of order r, where r = K−codimension
of the singularity of the contact function.

What we have called tangential conjunction of Morse type corresponds to a
A−stable contact function. What we have called a degenerate tangential conjunc-
tion corresponds to a non-Morse singularity for the contact function. We will worry
only about K−codimension 1 singularities, that is, degenerate tangencies of first or-
der. Have in mind too that the monogerms which we will conjunct non-transversally
are surfaces of fold points and cuspidal edge curves.

Let’s see how all this is translated to a matter of tangency amongst surfaces: Let
S1 and S2 be surfaces such that S1 = h(R2) where h : R2 −→ R3 is an immersion
and S2 = ϕ−1(0) where ϕ : R3 −→ R is a submersion. The type of contact of S1

with S2 will be determined by the type of singularity of Φ = ϕ · h : R2 −→ R. So
we will have a Morse contact if ∂Φ

∂x
= ∂Φ

∂y
= 0 and det(Hess(Φ)) 6= 0, which are

two equations, and we will have a first order degenerate tangency if, in addition,
we have det(Hess(Φ)) = 0, which adds a third equation. This means that a Morse
type tangential conjunction between two surfaces adds two equations, while a first
order degenerate tangential conjunction adds three equations.

Let’s see now tangencies between a curve and a surface: Let C = α(R) be a
curve where α : R −→ R3 is an immersion and let S = ϕ−1(0) be a surface where
ϕ : R3 −→ R is a submersion. The type of contact between C and S will be
given by the type of singularity of Φ = ϕ · α : R −→ R. We will have a Morse
type tangential conjunction if ∂Φ

∂t
= 0, that is one only equation, and a first order

degenerate tangential conjunction if det(Hess(Φ)) = 0, which, together with the
other equation, makes two equations.

To give a geometrical description of the multigerms, we propose the following
criteria. A complete algebraic classification can be done using the method of the
complete transversal [Bru2], or techniques related to Kν-equivalence [Ho3].

In [HoKi], Hobbs and Kirk proved that given a muligerm f = (f1; . . . ; fr), then

A− cod(f) ≥
r∑

i=1

A− cod(fi).

In our particular case we can say more than that.
Denote by C(i1, · · · , ir), CT (i1, · · · , ir) and CDT (i1, · · · , ir) the A-codimension

of the simple, tangential and degenerate tangential conjunctions of r germs with
respective A-codimension i1, · · · , ir. According to the consideration above, we have
the following relations:

Suppose that f is a non-stable A-simple multigerm, then
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i) C(i1, · · · , ir) = i1 + · · ·+ ir.

ii) CT (i1, · · · , ir) ≥ i1 + · · ·+ ir + rt, where we suppose that each tangency affects
just two branches and rt depends on the number and type of tangencies.

iii) CDT (i1, · · · , ir) ≥ i1 + · · ·+ ir + rt + rd, where we suppose that each tangency
affects just two branches, rt is as above and rd depends on the number and
type of degenerate tangencies.

To justify this, we use the following result. Consider S = {x1, . . . , xr} ⊂ Rn, y ∈
Rp and f : (Rn, S) −→ (Rp, y) a non-stable multigerm with A-codimension s, with
s > n (since otherwise it would be stable). Let’s assume that f is k-determined and
A-simple. Suppose there exists a smooth submanifold X ⊂ rJ

k(Rn,Rp) such that
for all g : Rn −→ Rp and for all {z1, . . . , zr} ⊂ Rn we have that rj

kg(z1, . . . , zr) ∈ X
if and only if the multigerm of g in {z1, . . . , zr} is A-equivalent to f . We have:

Lemma 5.13. cod X = s + (r − 1)p.

Proof. Let F : (Rn × Rt, S × {0}) −→ (Rp, y) be universal deformation of f (it
is versal and has the minimum number of parameters t). Let’s fix a representative
F : V × U −→ Rp and denote F (x, u) = fu(x) such that fu : V −→ Rp and f0 = f .

Since the deformation is universal, we know that t is equal to the Ae-codimension
of f , so by Wilson’s formula we have t = s+(p−n)r− p. We also have that for any
u ∈ U and {z1, . . . , zr} ⊂ V , the multigerm of fu at {z1, . . . , zr} is A-equivalent to
f only when u = 0 and zi = xi, i = 1, . . . , r. If we consider the multijet extension
of the deformation

rj
kF : V (r) × U −→ rJ

k(Rn,Rp)

(z1, . . . , zr; u) 7−→ rj
kfu(z1, . . . , zr),

this can be restated as rj
kF−1(X) = S × {0}.

By a transversality theorem, we have that given F we can approximate it by
another deformation F̃ : V × U −→ Rp such that rj

kF̃ is transversal to X. But
since F is universal, there exists an open neighbourhood of F in C∞(V × U,Rp)
such that any map in that neighbourhood is universal. So there exists a universal
deformation F̃ such that its r-k-jet is transversal to X. Since rj

kF̃−1(X) = S×{0},
by theorem 2.19 we have that

cod
rJk(Rn

,Rp
)(X) = codV (r)×U(S × {0}) = nr + t = s + (r − 1)p

If the codimension of the monogerms involved is i1, · · · , ir, this means that each
one of them defines a smooth submanifold in the appropriate jet space of respec-
tive codimensions i1, · · · , ir. These submanifolds are defined by i1, · · · , ir equations
respectively.
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If we consider the submanifold X ⊂ rJ
k(Rn,Rp) defined by the equations which

define the multigerm (i.e. the equations which define each of the germs involved,
which are independent since they involve different variables, plus the equations aris-
ing from all the points having the same image in the target space), we have that
its codimension is i1 + . . . + ir + (r − 1)p (the (r − 1)p extra equations come from
f(x1) = ... = f(xr)). From the previous Lemma we have that the codimension of
such a submanifold is s + (r − 1)p, so we deduce that the A-codimension of the
multigerm is s = i1 + . . . + ir

In the case of a Morse type tangential conjunction, the same situation is given,
but this time there are extra equations arising from the tangency. One must only
make sure that these new equations are independent from the rest (i.e. the rank
of the system of equations is equal to the number of equations) in order for the
codimension of the submanifold X to be equal to the number of equations. In
the case the tangency is between surfaces, we add 2 equations, and 1 in the case
the tangency is between a surface and a curve (because of what was explained
before the proposition, clearly the equations involving the derivatives of the contact
function can be translated into equations involving the appropriate k-jet). So in this
particular cases we have that

iia) If there is a unique Morse tangency between two fold surfaces in the branch
set then CT (i1, · · · , ir) = i1 + · · ·+ ir + 2.

iib) If there is a unique Morse tangency between two cuspidal edges, or two double
fold curves in the branch set then CT (i1, · · · , ir) = i1 + · · ·+ ir + 2.

iic) If there is a unique Morse tangency between a fold surface and either a cuspidal
edge or a double fold curve in the branch set then CT (i1, · · · , ir) = i1 + · · ·+
ir + 1.

In the case of a first order degenerate tangency, we just add one to each one
of the above sums. Up to A-codimension five there are only first order degenerate
tangencies.

We shall use the following notation for multigerms: starting from stable germs,
A1 (fold), A2 (cusps) and A3 (swallowtails), we denote by AiAj the simple conjunc-
tion of Ai and Aj and by Ak

i the simple conjunction of k germs of type Ai (standard
Arnol’d notation). The tangential conjunctions shall be indicated by the character
T , for instance, we shall represent by Tij a nondegenerate tangency between the
strata of singularities Ai and Aj in the branch set, or by TAiAk

j
a nondegenerate

tangency between the strata of points Ai and Ak
j in the branch set, etc. Degenerate

tangencies shall be denoted by the symbol DT . According to this, A13
+−
1 represents

a conjunction of a fold with a germ of type 3+−
1 ; A1TA1A2

1
is a quadrigerm determined

by a conjunction of a fold (A1) with the trigerm TA1A2
1
, which in turn is given by

a nondegenerate tangential conjunction of a fold surface and a double fold curve;
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DT11 means a degenerate tangency between two fold surfaces and DTA1A2
1

means a
degenerate tangency between a fold surface and a double fold curve.

According to this we can obtain a complete list of multigerms:

Proposition 5.14. All multigerms of corank one and codimension one and two are
included in the following list:

Codimension one multigerms:

i) Bigerms:

1.- A2
2 (simple conjunction of two cuspidal edges)

2.- A1A3 (simple conjunction of a swallowtail with a fold surface)

3.- T11 (tangency between two fold surfaces). These can be of two different
types:

a) Te
11 (elliptic tangency)

b) Th
11 (hyperbolic tangency)

4.- T12 (tangency between a fold surface and a cuspidal edge). These can be
of two different types:

a) Tl
12 (lips type transition, see Figure 5.3)

b) Tb
12 (beaks type transition see Figure 5.3)

ii) Trigerms:

1.- TA1A2
1

(tangency between a fold surface and a double fold curve, although
all A1 strata have “equal rights”, the notation emphasises the fact that
the tangency is between a surface and a curve).

2.- A2
1A2 (simple conjunction of a cuspidal edge and a double fold curve).

iii) Quadrigerms:

1.- A4
1 (simple conjunction of four fold surfaces).

Figure 5.3 illustrates the codimension one transitions corresponding to corank
one phenomena. Some of the transitions are represented, for the sake of simplicity,
by the stable situations occurring in both sides of the considered codimension one
stratum.

Codimension two multigerms:

i) Bigerms:

1.- A131 (simple conjunction of a fold surface with a 31 germ):

a) A13
++
1

b) A13
+−
1



82 Chapter 5. First order invariants of stable maps from 3-manifolds to R3

A 
2

2

A  A
1    3

T
12

l

T
12

b

T
11

h

T
11

e

BIGERMS

A  A
1    2

2

T
A  A 1    1

 2

TRIGERMS

A 
1

4

CUADRIGERMS

Figure 5.3: Codimension one transitions for multigerms

c) A13
−−
1

2.- A14
2
1 (simple conjunction of a fold surface with a 42

1 germ):

a) A14
2+
1

b) A14
2−
1

3.- A151 (simple conjunction of a fold surface with a 51 germ).

4.- A2A3 (conjunction of a cusp and a swallowtail).

5.- T13 (simple conjunction of a fold surface and a swallowtail).

6.- DT11 (degenerate tangential conjunction of two fold surfaces).

7.- DT12 (degenerate tangential conjunction of a fold surface and a cuspidal
edge).

8.- T1
22 (degeneration of A2

2, the tangent vector to one of the cuspidal edges
is contained in the tangent plane in the limit of the other cuspidal edge.



5.1. Maps from R3 to R3 83

Not T22 because the tangency is not between the two cuspidal edges, which
would be codimension three).

9.- T1
12 (a degeneration of A1A2, the tangency is between the tangent plane

of the surface and the tangent plane in the limit at the cuspidal edge)

ii) Trigerms:

1.- A1A
2
2 (simple conjunction of a fold surface and two cuspidal edges).

2.- A2
1A3 (simple conjunction of two fold surfaces and a swallowtail point).

3.- A1T11 (tangential conjunction of three fold surfaces). According to the
type of tangency, i.e. elliptic or hyperbolic, of the two fold surfaces in-
volved we have:

a) A1T
e
11 (elliptic)

b) A1T
h
11 (hyperbolic).

4.- A1T12 (tangential conjunction of two fold surfaces and a cuspidal edge,
where the tangency involves one of the fold surfaces and the cuspidal
edge). Again, we have two possible types:

a) A1T
l
12 (lips)

b) A1T
b
12 (beaks)

5.- DTA1A2
1

(degenerate tangential conjunction between a fold surface and
a double fold curve, i.e. degenerate tangential conjunction of three fold
surfaces).

6.- T1
A2

1A2
(degeneration of A2

1A2, the tangent vector to the double point curve

is contained in the tangent plane in the limit of the cuspidal edge).

iii) Quadrigerms:

1.- A3
1A2 (simple conjunction of a triple fold point and a cuspidal edge)

2.- A1TA1A2
1

(tangential conjunction of four fold surfaces).

iv) Pentagerms:

1.- A5
1 (simple conjunction of five fold surfaces, i.e. quintuple point).

Proof.
Let’s start by stratum codimension (Ae-codimension) one, which corresponds to

A-codimension four. From now on codimension will be A-codimension. First we
shall see what bigerms can have codimension four:

Let i1 and i2 be the codimension of each one of the two germs involved in the
bigerm.
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a) We know that the codimension of the simple conjunction of these two germs
is i1 + i2. For it to have codimension 4 we want i1 + i2 = 4. This gives two
possibilities: i1 = 1 and i2 = 3 or i1 = 2 and i2 = 2, which correspond to A1A3

and to A2
2.

b) We know that the codimension of the Morse type tangential conjunction of
these two germs is i1 + i2 + c where c is 1 or 2. For it to have codimension 4
we want i1 + i2 + c = 4. This gives two possibilities: i1 = 1, i2 = 1 and c = 2
or i1 = 1, i2 = 2 and c = 1, which correspond to T11 and to T12.

c) We know that the codimension of the degenerate tangential conjunction of
these two germs is i1 + i2 + d where d is 2 or 3. For it to have codimension
4 we want i1 + i2 + d = 4. Clearly d cannot be 3 because then one of the ij
would be 0 and it wouldn’t be a bigerm, but if d = 2 this means we would have
a degenerate tangency between a surface and a curve and this is not possible
sinces d = 2 implies i1 = i2 = 1, which means that both monogerms would be
fold surfaces and there would be no distinguished curve to have the tangency
with.

Let’s see codimension 4 trigerms:
Let i1, i2 and i3 be the codimension of each of the 3 monogerms involved.

a) We know that the codimension of the simple conjunction of these three germs
is i1 + i2 + i3. For it to have codimension 4 we want i1 + i2 + i3 = 4. This gives
one only possibility: i1 = 1, i2 = 1 and i3 = 2, which corresponds to A2

1A2.

b) We know that the codimension of the Morse type tangential conjunction of
these three germs is i1 + i2 + i3 +c where c is 1 or 2. For it to have codimension
4 we want i1 + i2 + i3 + c = 4. This gives one only possibility: i1 = i2 = i3 = 1
y c = 1, which corresponds to TA1A2

1
.

c) We know that the codimension of the degenerate tangential conjunction of
these three germs is i1+i2+i3+d where d is 2 or 3. For it to have codimension
4 we want i1 + i2 + i3 + d = 4. Since d must be 2 or 3, there is no possibility.

Let’s see the codimension 4 quadrigerms:
Let i1, i2, i3 and i4 be the codimension of each of the 4 monogerms involved.

a) The codimension of the simple conjunction of these four germs is i1 + i2 +
i3 + i4 = 4. This gives one only possibility: i1 = i2 = i3 = i4 = 1, which
corresponds to A4

1.

b) The codimension of the Morse type tangential conjunction of these four germs
is i1 + i2 + i3 + i4 + c = 4 where c is 1 or 2. Since c has to be 1 or 2, there is
no possibility.

c) The codimension of the degenerate tangential conjunction of these four germs
is i1 + i2 + i3 + i4 + d = 4 where d is 2 or 3, therefore, there is no possibility.
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Let’s see multigerms of codimension 5 (i.e. Ae-codimension 2):
Let i1 and i2 be the codimension of each one of the two germs involved in the

bigerm.

a) The codimension of the simple conjunction of these two germs is i1 + i2 = 5.
This gives two possibilities: i1 = 1 and i2 = 4 or i1 = 2 and i2 = 3, which
correspond to a fold surface and any of the 6 monogerms of codimension 4 and
to A2A3.

b) The codimension of the Morse type tangential conjunction of these two germs
is i1 + i2 + c = 5, where c is 1 or 2. This gives 3 possibilities: i1 = 1, i2 = 3
and c = 1; i1 = 2, i2 = 2 and c = 1 or i1 = 1, i2 = 2 and c = 2. The first of
these possibilities corresponds to T13, the tangency between a surface of fold
points and a swallowtail. The fact that c = 1 means that the type of tangency
is between a surface and a curve. A swallowtail point does not have a well
defined tangent plane, but it does have one as the limit of the tangent planes
of nearby fold points. In the same way, it has a tangent line as the limit of the
tangent lines to the cuspidal edges and the double point curve which end in
it. In this phenomenon, the tangent line in the limit at the swallowtail point
is contained in the tangent plane to the surface of fold points.

The second possibility corresponds to T 1
22. A cuspidal edge point doesn’t have

a well defined tangent plane, but it does have one as the limit of tangent
planes at nearby fold points. The tangent line to one of the cuspidal edges is
contained in the tangent plane at the limit of the other cuspidal edge.

The third possibility corresponds to T 1
12. The tangent plane to the fold surface

coincides with the tangent plane at the limit at a cuspidal edge point.

c) The codimension of the degenerate tangential conjunction of these two germs
is i1 + i2 + d = 5, where d is 2 or 3. This gives two possibilities: i1 = 1, i2 = 2
and c = 2 or i1 = 1, i2 = 1 y c = 3, which correspond to DT12 and to DT11

respectively.

Let’s see codimension 5 trigerms:
Let i1, i2 and i3 be the codimension of each one of the three germs involved in

the trigerm.

a) The codimension of the simple conjunction of these three germs is i1+i2+i3 =
5. This gives two possibilities: i1 = 1, i2 = 1 and i3 = 3 or i1 = 1, i2 = 2 and
i3 = 2, which correspond to A2

1A3 and A1A
2
2 respectively.

b) The codimension of the Morse type tangential conjunction of these three germs
is i1 + i2 + i3 +c = 5, where c is 1 or 2. This gives two possibilities: i1 = i2 = 1,
i3 = 2 and c = 1 or i1 = i2 = i3 = 1 and c = 2, which correspond to A1T12

and A1T11 respectively.
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c) The codimension of the degenerate tangential conjunction of these three germs
is i1 + i2 + i3 +d = 5, where d is 2 or 3. The only possibility is i1 = i2 = i3 = 1
and d = 2, which corresponds to DTA1A2

1

Let’s see quadrigerms of codimension 5:

Let i1, i2, i3 and i4 be the codimension of each one of the four germs involved in
the quadrigerm.

a) The codimension of the simple conjunction of these four germs is i1 + i2 + i3 +
i4 = 5. This gives one only possibility: i1 = i2 = i3 = 1 and i4 = 2, which
corresponds to A3

1A2.

b) The codimension of the Morse type tangential conjunction of these four germs
is i1 + i2 + i3 + i4 + c = 5, where c is 1 or 2. This gives one only possibility:
i1 = i2 = i3 = i4 = 1 and c = 1, which corresponds to A1TA1A2

1
.

c) The codimension of the degenerate tangential conjunction of these four germs
is i1 + i2 + i3 + i4 + d = 5, where d is 2 or 3. There is no possibility

Let’s see codimension 5 pentagerms:

Let i1, i2, i3, i4 and i5 be the codimension of each one of the five germs involved
in the pentagerm.

a) The codimension of the simple conjunction of these four germs is i1 + i2 + i3 +
i4 + i5 = 5. This gives one only possibility: i1 = i2 = i3 = i4 = i5 = 1, which
corresponds to A5

1.

b) The codimension of the Morse type tangential conjunction of these five germs
is i1 + i2 + i3 + i4 + i5 + c = 5, where c is 1 or 2. There is no possibility.

c) The codimension of the degenerate tangential conjunction of these five germs
is i1 + i2 + i3 + i4 + i5 + d = 5, where d is 2 or 3. There is no possibility.

One can check now with the complete transversals method that these are the
only corank one multigerms, i.e. that each of the above classes does not split up in
several A-classes.

We summarise in the following table all the possible germs and multigerms up
to Ae-codimension two except for the corank two codimension two germs and multi-
germs (A1U

e and A1U
h), which, as we shall see later, will not be needed.
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Mono- Bigerms Trigerms Quadri- Penta-
stable A1 A2

1 A3
1

A2 A1A2

A3

cod1 3±±1 A2
2 TA1A2

1
A4

1

42±
1 A1A3 A2

1A2

51 T e
11, T

h
11

U e, Uh T l
12, T

b
12

cod2 3±2 A13
±±
1 A1A

2
2 A3

1A2 A5
1

43
1 A14

2±
1 A2

1A3 A1TA1A2
1

42±
2 A151 A1T

e
11, A1T

h
11

52 A2A3 A1T
l
12, A1T

b
12

61 T13 DTA1A2
1

DT11 T 1
A2

1A2

DT12

T 1
22

Table 2

5.2 First order Vassiliev invariants of stable maps

from 3-manifolds to R3

In this section we will apply Vassiliev’s technique to the particular case of stable
maps from closed (compact without boundary) 3-manifolds to R3. Having obtained
a complete classification of germs and multigerms of maps from 3-manifolds to R3,
and therefore a natural stratification of the discriminant, the next steps will be the
following:

i) Coorientation of the codimension 1 strata.
ii) Versal unfoldings of the codimension two strata and obtaining the compati-

bility conditions from them.
iii) Resolution of the coherent system to obtain the generators of the cohomology

ring of the complement of the discriminant.
iv) Geometrical interpretation of the invariants.

5.2.1 Coorientation of the codimension one strata

Before coorienting the codimension one strata we shall distinguish between dif-
ferent pathcomponents of some of the strata considered above. In Goryunov’s case,
the criteria for substratification was the different possible coorientations of the im-
age of the surface. The situation is different in our case. In each stratum we must
take into account the local variations of pre-images of the map in the branch set
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(i.e. the image of the singular set). Whenever there is a branch of fold surface in
the branch set, the number of pre-images grows towards one of the sides of the fold
surface.

Example. The map f(x, y, z) = (x, y, z2) = (X, Y, Z) has the plane z = 0 as its
singular set, and its image f(Σf ) is the plane Z = 0. This plane separates R3 in two
regions, the semispace Z > 0 and the semispace Z < 0. On the other hand z2 is
always positive, and from here it follows that Z > 0 has points with pre-images, in
particular, two pre-images, while in the region Z < 0, points don’t have pre-images
because there doesn’t exist a point (x, y, z) such that (x, y, z2) has a negative third
component. In this example, in the branch set, we put an arrow pointing upwards,
that is, in the direction where the number of pre-images grows.

However, this jump of pre-images is local in the sense that we don’t know if
there are other branches of fold surfaces which contribute with more number of
pre-images to certain regions. Therefore we will talk of the number of necessary
pre-images, i.e. the minimum number of pre-images of a point of the complement
of the branch set, taking into account only the branches of fold surfaces involved in
the phenomenon.

Proposition 5.15. At a cuspidal edge, the arrow pointing at the region where the
number of necessary pre-images grows can only be in one direction.

Proof. The normal form at a cuspidal edge point (A2 singularity), is f(x, y, z) =
(x, y, z3 + xz). Consider z3 + xz = w. The singular set is given by gz = 3z2 + x = 0.
Solving the system we have 4x3 + 27w2 = 0 which drawn in the xw plane give a
curve with a usual cusp at (0, 0). If we consider a point in the “convex” part, such
as any with x = 0, we have z3 = w, which has one real root, while if I take any point
at the “concave” part, such as w = 0 and x < 0 we have z3 + xz = 0, which has 0
as a solution and other two real solutions. So the number of necessary pre-images
is bigger in the “concave” part of the cuspidal edge.

0

0

w

x

3

         1

preimage

Figure 5.4:

All codimension one monogerms need not to be substratified since they all have
cuspidal edges involved and therefore the arrow has a fixed direction.

The rest of the strata are substratified as in Figure 5.5:
In order to distinguish amongst substrata we shall use either + or −, different

Greek characters (as in the case of A2
1A2 where we shall distinguish amongst A2

1A
α
2 ,
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A 
2

2-

A  A
1    3

α

A  A
1    3

β

T
11

e
2

T
11

e

T
11

e
1 0

T
12

l- T
12

l+
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Figure 5.5: Sub-stratification of codimension one strata
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A2
1A

β
2 and A2

1A
γ
2), or numerical superscripts (as in T

ej

11 with j = 0, 1, 2). In the
last case, the superscripts represent the number of arrows pointing towards a newly
created component in the complement of the branch set when going through the
transition.

Once this has been done, the criteria we shall use to coorientate the different
strata depend on the variation of the number of swallowtails, triple points, A1A2

points or the number of connected components in the complement of the branch set
(considered locally). Figure 5.6 shows the coorientation assigned to each codimen-
sion one stratum, with the long arrows pointing towards the positive direction in
each case. We observe that in the case of the strata T h+

11 , A2+
2 and A4,2

1 the branch
sets obtained before and after the transitions are locally diffeomorphic, and hence
they are not coorientable. The same thing occurs for Uh and U e ([Bru]). We assign
an index of zero to each of them. They are not included in Figure 5.6. If the work
were to be done for mod 2 invariants the coorientations would not be necessary and
so no strata would be assigned a zero index.

Remark. If the orientable case were to be considered, a distinction between positive
and negative cuspidal edges would be possible ([OA]). In this case there would be
ways of coorienting the strata Uh and U e. This analysis has been done by Goryunov
in recent work.

5.2.2 Compatibility conditions

In this section we calculate the coherent system. For this purpose we need to
know the bifurcation diagrams associated to a two parameter versal deformation
of every codimension two phenomenon. In the case of monogerms we can use the
information about bifurcation diagrams contained in [MT] and, in order to visualise
the transitions in the branch sets, we use the geometric design program “Superficies
II” [Mo]. The bifurcation diagrams of the codimension two multigerms are obtained
by direct calculation as in Lemmas 5.19, 5.21, 5.24 and 5.26, which are given as
examples on how to calculate the different codimension one multigerm strata in the
bifurcation diagram.

Lemma 5.16. a) n3++
1

= n3+−
1

= n3−−1
, b) n42+

1
= n42−

1
.

Proof. a) Normal forms for the germs 3±2 are f(x, y, z) = (x, y, z3 + (±x2 + y3)z).
A versal deformation is given by

F (x, y, z, u, v) = (x, y, z3 + (±x2 + y3 + uy + v)z).

The information in [MT] and the analysis of the branch set, fu,v(Σfu,v), for different
values of u and v leads to the bifurcation sets shown in Figure 5.7, where the figures
around it on the left-hand-side illustrate the transitions in the branch set, the dark
lines correspond to cuspidal edges and the small lines on the codimension one strata
mark the positive direction of the coorientation. From the bifurcation set of 3+

2 the
compatibility condition becomes n3++

1
= n3+−

1
and from 3−2 we get n3+−

1
= n3−−1

.
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Figure 5.6: Coorientation of the codimension one strata

b) The normal form of 43
1 is f(x, y, z) = (x, y, z4 + xz ± y3z2) and a versal

deformation is

F (x, y, z, u, v) = (x, y, z4 + xz ± (y3 + uy + v)z2).

The bifurcation diagram for this germ is shown in Figure 5.8, where the three surfaces
illustrate the branch sets for different values (u, v) of the parameters outside the
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Figure 5.7: Bifurcation sets of 3±2

discriminant set. Again, the dark lines represent the cuspidal edges, and their
singularities: the swallowtail points. This leads to the equality n42+

1
= n42−

1
.

4
1

2+

4
1

2-

4
1

3

u

v

Figure 5.8: Bifurcation set of 43
1

Lemma 5.17. nA2
1Aα

2
= nA2

1Aβ
2

= nA2
1Aγ

2
.

Proof. The parameters u and v in Figure 5.9 correspond to moving the cuspidal edge
on a plane transverse to the two fold surfaces. From the deformation of A1T

l+
12 we

obtain nA2
1Aα

2
= nA2

1Aβ
2

and from that of A1T
b+
12 we get nA2

1Aβ
2

= nA2
1Aγ

2
. Analogously

for A1T
b−
12 and A1T

l−
12 .

Lemma 5.18. nA4,3
1

= nA4,4
1

= 0.

Proof. In Figure 5.10, the parameters u and v correspond to translations of the
swallowtail point along a plane which is in general position with the two fold surfaces
that determine the double fold curve. The different possible combinations of the
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Figure 5.10: Bifurcation set of A2
1A3

arrows which point in the direction of an increasing number of pre-images determine
different substrata of codimension one in the bifurcation set. We observe that the
presence of cusps uniquely determines the direction of the arrow in a neighbourhood
of the swallowtail point. It follows from Lemma 5.17 that all the substrata A2

1A2

are equal, therefore the two branches that appear with opposite coorientations will
not contribute to the equation.

Independently of which A1A3 substrata appear, both vertical substrata will be
of the same type, and so will both horizontal substrata; these pairs of substrata will
cancel out in the equation. Varying the arrows in the two planes, A4,2

1 , A4,3
1 and

A4,4
1 will appear, and since all other substrata cancel out, we have nA4,2

1
= nA4,3

1
=

nA4,4
1

= 0.
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Lemma 5.19. nA1Aα
3

= nA1Aβ
3
.

Proof. In Figure 5.11, parameter u corresponds to the translation of the fold

4
1

2-

4
1

2-

A  A
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β
A  A

1    3

α

A
1
4

1

2-

u

v

y

z

x

Figure 5.11: Bifurcation set of A14
2−
1

surface in the positive direction of the y axis in R3 and parameter v corresponds to
the transition of the codimension one stratum 42−

1 . The bifurcation set of 42+
1 gives

exactly the same equation.
The normal form of the germ A14

2−
1 and of a versal unfolding of it are:

{
(x, y, z4 + xz − y2z2)

(x, y2, z)
=⇒

{
(x, y, z4 + xz − (y2 + v)z2)

(x, y2 + u, z)
(5.1)

To find out where the A1A3 strata in the (u, v) plane is, we want two points
(x1, y1, z1) and (x2, y2, z2), one of them being a fold point, and another one a swal-
lowtail point, and both having the same image. Being a swallowtail point means that
the first three derivatives of the third component with respect to variable z must be
zero, and being a fold point means that the first derivative of the second component
with respect to variable y must be zero. This gives a system of 7 equations in 8
variables:





(x1, y1, z
4
1 + x1z1 − (y2

1 + v)z2
1) = (x2, y

2
2 + u, z2)

4z3
1 + x1 − 2(y2

1 + v) = 0

12z2
1 − 2(y2

1 + v) = 0

24z1 = 0

2y2 = 0

=⇒





x1 = z1 = x2 = y2 = z2 = 0

u = y1

v = −y2
1

(5.2)
So there is an A1A3 stratum over the curve {(t,−t2)}.
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Lemma 5.20. nT 0
A1A2

1

= nT 1
A1A2

1

= nT 2
A1A2

1

= nT 3
A1A2

1

.

Proof. In Figure 5.12, in the bifurcation set of DTA1A2
1
, parameter u corresponds
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Figure 5.12: Bifurcation sets of DTA1A2
1

and A1T
e0
11

to the translation of the fold surface in the positive direction of the z axis in R3,
while parameter v corresponds to the deformation of the double fold curve. Varying
the arrows as shown in the figures we obtain

nT 1
A1A2

1

= nT 2
A1A2

1

, nT 0
A1A2

1

= nT 3
A1A2

1

.

In the bifurcation set of A1T
e0
11 , parameters u and v correspond to translations

of the fold surface (shown in the shape of a bowl) along a plane which is in general
position with the other two fold surfaces. We have nT 0

A1A2
1

= nT 1
A1A2

1

. This, together

with the other two equations, gives the desired result.

Lemma 5.21. nT b−
12

= nT b+
12

= nT l+
12

= nT l−
12

.

Proof. In Figure 5.13, parameters u and v in the bifurcation set of DT12 are similar
to those in the bifurcation set of DTA1A2

1
, replacing the double fold curve of that

case with the cuspidal edge of this one. Varying the arrow of the fold surface we
have:

nT b+
12

= nT l−
12

, nT l+
12

= nT b−
12
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Figure 5.13: Bifurcation sets of DT12 and A13
+−
1

In the bifurcation set of A13
+−
1 parameter u corresponds to the translation of the

fold surface in the positive direction of the y axis in R3 and parameter v corresponds
to the transition of the codimension one stratum 3+−

1 .
The normal forms for A13

+−
1 and a versal unfolding of it are:

{
(x, y, z3 + (x2 − y2)z)

(x, y2, z)
=⇒

{
(x, y, z3 + (x2 − y2 + v)z)

(x, y2 + u, z)
(5.3)

It is clear that there is a 3+−
1 stratum when v = 0. There is also a T12 stratum.

For this we want a cuspidal edge point (x1, y1, z1) and a fold point (x2, y2, z2) with
the same image and such that there is a tangency between the cuspidal edge and
the surface of fold points. For this we want the normal vector to the surface of fold
points and the tangent vector to the cuspidal edge curve at that image point to be
perpendicular. The normal vector to the surface is obtained as the gradient of the
defining equation of the surface, and the tangent vector to the curve is obtained as
the vector product of the normal vectors to both surfaces whose intersection defines
the curve (i.e. the vector product of the gradients of the two defining equations
of the curve). Taking into account that < a, b × c >= det{a, b, c}, this gives the
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following system of equations:





(x1, y1, z
3
1 + (x2

1 − y2
1 + u)z1) = (x2, y

2
2 + v, z2)

3z2
1 + (x2

1 − y2
1 + u) = 0

6z1 = 0

2y2 = 0∣∣∣∣∣∣∣

0 1 0

2x1 −2y1 6z1

0 0 6

∣∣∣∣∣∣∣
= 0

=⇒





x1 = z1 = x2 = y2 = z2 = 0

u = y1

v = −y2
1

(5.4)
So we obtain the curve {(t,−t2)} for that stratum.
We have nT l−

12
= nT l+

12
. This, together with the other two equations gives the

desired result.

Lemma 5.22. ([Gor1]) nT
e0
11

= nT h−
11

= −nT
e2
11

and nT
e1
11

= 0.
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e0 T 
11
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11
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11

h-
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11
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Figure 5.14: Bifurcation set of DT11

Figure 5.14 corresponds to original diagrams by Goryunov in [Gor1] adapted to
our case, with modified notation. The only difference is that in Goryunov’s case the
diagram represents the image of the map, while here it represents the branch set,
but the bifurcation diagrams are the same.

Lemma 5.23. nA1Aα
3

+ nA1Aβ
3
− 2nT b+

12
− nT 1

A1A2
1

= 0.

Proof. In Figure 5.15 we can see the bifurcation diagrams of T13. Note that
the tangency occurs between the fold surface and the limiting tangent vector of
both the cuspidal edges and the double fold curve of the swallowtail, (this is a
tangency between a surface and a curve, not between two surfaces). Parameters
u and v correspond to a translation of the fold surface through a horizontal plane
which crosses it transversally. By Lemmas 5.20 and 5.21 we get nT 1

A1A2
1

= nT 2
A1A2

1

,

nT b−
12

= nT b+
12

= nT l+
12

= nT l−
12

, so the equations arising from the two bifurcation

diagrams are the same.
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Figure 5.15: Bifurcation set of T13.

Lemma 5.24. nA1Aα
3

+ nA1Aβ
3
− nA2

1Aγ
2
− nA2−

2
= 0

Proof. In Figure 5.16 parameters u and v correspond to a translation of the swallow-
tail point through a horizontal plane which crosses the cuspidal edge transversally.
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Figure 5.16: Bifurcation set of A2A3.

The normal forms for the germ A2A3 and a versal unfolding of it are:

{
(x, y, z4 + xz + yz2)

(x, y3 + xy, z)
=⇒

{
(x + u, y + v, z4 + xz + yz2)

(x, y3 + xy, z)
(5.5)

We compute the A1A3 stratum as in Lemma 5.19 and we obtain the curve
{(−3t2,−2t3)}. To obtain the A2

2 stratum, we want two points such that both
of them are cuspidal edge points. For this we want the first and second derivatives
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with respect to the adequate variable to be zero. We obtain the following system of
equations:





(x2, y
3
2 + x2y2, z2) = (x1 + u, y1 + v, z4

1 + x1z1 + y1z
2
1)

4z3
1 + x1 + 2y1z1 = 0

12z2
1 + 2y1 = 0

3y2
2 + x2 = 0

6y2 = 0

(5.6)

The curve in this case is {(−8t3, 6t2)}. There is also a A2
1A2 stratum. Now we

have three points, two of them fold points and one of them a cuspidal edge point,
all of them with the same image. This gives the following system of 11 variables
and 10 equations:





(x3, y
3
3 + x3y3, z3) = (x1 + u, y1 + v, z4

1 + x1z1 + y1z
2
1)

(x3, y
3
3 + x3y3, z3) = (x2 + u, y2 + v, z4

2 + x2z2 + y2z
2
2)

4z3
1 + x1 + 2y1z1 = 0

4z3
2 + x2 + 2y2z2 = 0

3y2
3 + x3 = 0

6y3 = 0

(5.7)

The obtained curve in the parameter space, which represents the A2
1A2 stratum

is {(0, 2t2)}.

Lemma 5.25. nT l+
12

+ nT b+
12
− nA2−

2
= 0

Proof. Figure 5.17 shows the bifurcation diagram of T 1
22. Parameter u corresponds

to the translation of the curved cuspidal edge from left to right and parameter v
corresponds to rotating the vertical cuspidal edge (clockwise rotation for positive
value of v). On the bifurcation diagram the straight line represents a cuspidal
edge and the cusp represents a transversal section of the other cuspidal edge. The
compatibility condition obtained is:

nT l+
12

+ nT l−
12
− nA2−

2
− nA2+

2
= 0.

Since A2+
2 is non coorientable we obtain the required result.

Lemma 5.26. n51 = n42
1
+nT12, where 42

1 and T12 represent any of their correspond-
ing substrata.

Proof. The normal form of 52 is f(x, y, z) = (x, y, z5 +xz +y2z2 +yz3) and a versal
deformation is

F (x, y, z, u, v) = (x, y, z5 + xz + (y2 + uy + v)z2 + yz3).
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Figure 5.17: Bifurcation set of T 1
22.

It follows from the work carried out in [Ho2] and [MT], and the fact that it has
an M-deformation (i.e. a deformation in which the maximal number of isolated
stable singular points are simultaneously present in the branch set, see [RiRu]),
that the bifurcation set of this germ must be topologically equivalent to the one
shown in Figure 5.18, where in light of Lemmas 5.16 and 5.21 we have made no
distinction between the different substrata of 42

1 and of T12. From [MT] we know
that there is a 51 singularity in the u axis and a 42

1 singularity along the curve
c(z) = (−3z− 20z2,−10z3− 300z4), which has an inflexion point with the u axis in
a very small neighbourhood of (0, 0). Marar & Tari say that the maximum number
of swallowtail points (which is reached) in fu,v(Σfu,v) for some (u, v) in a small
neighbourhood of (0, 0) is 3.
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12
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12
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Figure 5.18: Bifurcation set of 52

In figure 5.18, in regions a and b of the parameter plane, this number of swal-
lowtail points is reached. Kevin Houston, in [Ho2], says that for some value of the
parameter space the maximum of 3 A1A2 points is reached and that there are never
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triple points. 51 only creates 2 of these points, so there must be some other multi-
germ which creates A1A2 points in its unfolding. The only multigerms which create
this type of points are T12, A1A3 and A2

2. A2
2 creates 4 A1A2 points, so it can’t be

that one, and A1A3 creates triple points so it can’t be that one either, therefore the
only strata which can appear is T12. How it appears is not important, only how it
is cooriented, and in order to satisfy Marar & Tari and Houston’s prediction, there
is only one possibility. In regions c and d there are 3 A1A2 points and 3 swallowtail
points, so this is where the M -deformations are. The equality follows immediately
from this.

Doing the calculations, we can obtain the curve described by the stratum T12

in the parameter space as was done in Lemma 5.21. If we call g(x, y, z, u, v) =
z5 + xz + (y2 + uy + v)z2 + yz3, then the T12 stratum is given by:





(x1, y1, g(x1, y1, z1, u, v)) = (x2, y2, g(x2, y2, z2, u, v))

gz(x1, y1, z1, u, v) = 0

gz(x2, y2, z2, u, v) = gzz(x2, y2, z2, u, v) = 0

det{5gz(x1, y1, z1, u, v),5gz(x2, y2, z2, u, v),5gzz(x2, y2, z2, u, v)} = 0

(5.8)

The solution to this system (solved using Mathematica) gives u = 3/8(7z2+20z2
2)

and v = 5/32(71z3
2 + 90z4

2), which is a curve with an inflexion at (0, 0).

The bifurcation sets corresponding to the remaining codimension two strata lead
to equations that are linear combinations of the equalities obtained above (possibly
zero).

5.2.3 Coherence system and generators

Any first order semi-local invariant can be seen as a linear combination of in-
dices attached to the different codimension one strata. If we denote by ∆S(I) the
increment of an invariant I when crossing the stratum S (i.e. the index of S for I),
we have that the total increment of an invariant I along some path ω in C∞(M,R3)
can be written as ∆I = Σ(n+

i − n−i )∆Si(I), where n+
i and n−i respectively mean

the number of times that the path ω crosses the stratum Si in the positive and the
negative sense of the coorientation, and the Si are the codimension one strata. So
we can write,

∆I =
∑

i

(n+
i − n−i )∆Si(I) = n3++

1
∆3++

1 + n3+−
1

∆3+−
1 + n3−−1

∆3−−1 + n42+
1

∆42+
1 +

+n42−
1

∆42−
1 + n51∆51 + +nA2+

2
∆A2+

2 + nA2−
2

∆A2−
2 + nA1Aα

3
∆A1A

α
3 + nA1Aβ

3
∆A1A

β
3+

+nT
e0
11

∆T e0
11 + nT

e1
11

∆T e1
11 + nT

e2
11

∆T e2
11 + nT h+

11
∆T h+

11 + nT h−
11

∆T h−
11 + nT l+

12
∆T l−

12 +

+nT l−
12

∆T l−
12 + nT b+

12
∆T b−

12 + nT b−
12

∆T b−
12 + nT 0

A1A2
1

∆T 0
A1A2

1
+ nT 1

A1A2
1

∆T 1
A1A2

1
+



102 Chapter 5. First order invariants of stable maps from 3-manifolds to R3

+nT 2
A1A2

1

∆T 2
A1A2

1
+ nT 3

A1A2
1

∆T 3
A1A2

1
+ nA2

1Aα
2
∆A2

1A
α
2 + nA2

1Aβ
2
∆A2

1A
β
2 + nA2

1Aγ
2
∆A2

1A
γ
2+

+nA4,2
1

∆A4,2
1 + nA4,3

1
∆A4,3

1 + nA4,4
1

∆A4,4
1 . (1)

Now, the compatibility conditions force the existence of some relations between the
different nSi

which have been studied in the previous lemmas. Combining all those
relations, we obtain the following coherent system of equations:

i) n3++
1

= n3+−
1

= n3−−1

ii) n42+
1

= n42−
1

iii) nA2
1Aα

2
= nA2

1Aβ
2

= nA2
1Aγ

2

iv) nA4,3
1

= nA4,4
1

= 0

v) nA1Aα
3

= nA1Aβ
3

vi) nT 0
A1A2

1

= nT 1
A1A2

1

= nT 2
A1A2

1

= nT 3
A1A2

1

vii) nT b−
12

= nT b+
12

= nT l+
12

= nT l−
12

viii) nT
e0
11

= nT h−
11

= −nT
e2
11

y nT
e1
11

= 0

ix) nA1Aα
3

+ nA1Aβ
3
− 2nT b+

12
− nT 1

A1A2
1

= 0

x) nA1Aα
3

+ nA1Aβ
3
− nA2

1Aγ
2
− nA2−

2
= 0

xi) nT l+
12

+ nT b+
12
− nA2−

2
= 0

xii) n51 = n42+
1

+ nT b+
12

xiii) nT h+
11

= nA2+
2

= nA4,2
1

= nUe = nUh = 0 (the non-coorientable strata)

Substituting these relations into Equation (1) we arrive at the following result:

Theorem 5.27. Any one-cocycle, i.e. any integer-valued function I satisfying ∆I =
0 on every generic homotopically trivial closed path in C∞(M,R3), where M is a
closed 3-manifold, can be written, up to an additive constant, as a linear combination
of the following five generators:

∆I1 = ∆31,

∆I2 = ∆42
1 + ∆51,

∆I3 = ∆T12 + ∆A1A3 + 2∆A2−
2 + ∆51,

∆I4 = ∆T e0
11 −∆T e2

11 + ∆T h−
11 ,



5.2. First order Vassiliev invariants of stable maps from 3-manifolds to R3 103

∆I5 = 2∆TA1A2
1
+ ∆A1A3 + 2∆A2

1A2

where ∆31, ∆42
1, ∆T12, ∆A1A3, ∆TA1A2

1
and ∆A2

1A2 stand for the sums of the
increments of the invariant when crossing each of their corresponding substarta (e.g.
∆42

1 = ∆42+
1 + ∆42−

1 ).

Remark. The invariants to which these jumps correspond are the generators of the
cohomology module H0(E(M,R3),Z). The jump of any first order isotopy invariant
may be written as a linear combination of these basic jumps:

∆I = n3++
1

∆I1 + n42+
1

∆I2 + nT b+
12

∆I3 + nT
e0
11

∆I4 +
1

2
nT 1

A1A2
1

∆I5

We choose the ring to be Z since the values of all the interpretations we will give
to these jumps will be whole numbers.

5.2.4 Geometrical interpretation of the generators

For computational purposes it is convenient to give a geometrical-topological
interpretation of these invariants which allows us to obtain the value of an invariant
on a given stable map f directly from its branch set without the need of finding a
generic path joining it with a distinguished map f0. We shall prove the following:

Theorem 5.28. Any first order semi-local invariant of C∞(M,R3) stable maps,
where M is a closed 3-manifold, is, modulo order 0 invariants (constants), a lin-
ear combination of the following five, whose jumps are expressed in terms of the
generators:

i) Is, the number of swallowtail points,

∆Is = 2∆I2 = 2∆42
1 + 2∆51

ii) It, the number of triple points,

∆It = ∆I5 = 2∆TA1A2
1
+ ∆A1A3 + 2∆A2

1A2

iii) IA1A2, the number of A1A2 points (intersections of fold surfaces with cuspidal
edges),

∆IA1A2 = 2∆I3 = 2∆T12 + 2∆A1A3 + 4∆A2−
2 + 2∆51

iv) Iχ, the Euler characteristic of the branch set,

∆Iχ = 2∆I1 +∆I2 +∆I5 = 2∆31 +∆42
1 +∆51 +2∆TA1A2

1
+∆A1A3 +2∆A2

1A2
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v) I`, the “linking” invariant,

∆I` = 3∆I1−2∆I4 +3∆I2 +∆I3 = 3∆31−2∆T e0
11 +2∆T e2

11 −2∆T h−
11 +3∆42

1+

+4∆51 + ∆T12 + ∆A1A3 + 2∆A2−
2

whose meaning will be explained later.

Proof. The proof of the first three invariants is a matter of direct observation as
the strata involved in I2, I5 and I3 are the only codimension 1 strata which create
new swallowtail points (in pairs), new triple points or new A1A2 points (in pairs)
respectively. The proof of the other two invariants will be given in the following
subsections.

The Euler characteristic as a Vassiliev invariant

Definition 5.29. The Euler characteristic can be defined as the alternate sum of
the Betti numbers, which are the dimensions of the homology rings:

χ(X) =
∑
q≥0

(−1)qdimRHq(X;R).

Izumiya and Marar proved in [IM1] that, given a stable C∞ mapping f : N → P
from a closed surface N to a 3-manifold P , the following formula holds

χ(f(N)) = χ(N) + T (f) +
C(f)

2

where T (f) is the number of triple points of f and C(f) is the number of cross-
caps. They proved this formula for wavefronts too. In [Ho1] Houston remarked
that, since T (f) and C(f) are Vassiliev invariants in Goryunov’s case ([Gor1]) and
χ(N) is constant, χ(f(N)) is also a Vassiliev invariant. However, since it is a linear
combination of T (f) and C(f), it adds no new information to Goryunov’s list.

In our case this formula may be reinterpreted as follows:

χ(∆) = χ(Σf ) + T (f) +
S(f)

2

where Σf is the singular set, ∆ = f(Σf ) is the branch set and S(f) is the number
of swallowtail points. f restricted to the singular set is not stable, but all the
singularities are of wavefront type. The difference is that here χ(Σf ) is not constant,
in fact the three members of the 31 family change its value. Although Σf might be
non-connected (in that case some extra terms would be added on the right-hand-side
of the formula), this motivates the following:

Theorem 5.30. The Euler characteristic of the branch set, χ(f(Σf )), is a Vassiliev
invariant, namely Iχ, whose jump in terms of the generators is given by

∆Iχ = 2∆I1 + ∆I2 + ∆I5 = 2∆31 + ∆42
1 + ∆51+

+2∆TA1A2
1
+ ∆A1A3 + 2∆A2

1A2
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Figure 5.19: Homotopy equivalences of the codimension one strata before and after
the transition.

Proof. We need to check that the variation of the Euler characteristic of the branch
set when crossing each codimension one strata is the same as the variation of Iχ.

In fact, the calculations may be done locally (in order for it to be a Vassiliev
invariant it must be so) for the following reason: for compact sets there is additivity
of the Euler characteristic χ(A ∪B) = χ(A) + χ(B)− χ(A ∩B). Consider a closed
ball of radius r, Br, we can write

χ(∆) = χ(∆ ∩Br) + χ(∆\(∆ ∩ intBr))− χ(∆ ∩ S2
r ),

where S2
r = fr(Br), since χ(∆\(∆∩ intBr)) and χ(∆∩S2

r ) do not vary when crossing
a codimension one strata, we need only check what happens to χ(∆ ∩Br).

Note that the branch set of any stabilisation of a codimension one strata (the
pictures on the left and right of the transitions) is homotopy equivalent to S2, S1 or
a collection of contractible components. Since χ(S1) = 0, χ(S2) = 2 and χ(D) = 1
where D is contractible, the calculations are trivial.

In Figure 5.19 we have all the homotopy equivalences of each stratum. Those
that are not equivalent to S1 or S2 are a union of one or two contractible components.
In the table “pt” stands for point.
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All these variations of the Euler characteristic of the branch set are equal to
those of Iχ.

Name Right-hand side Left-hand side Calculations
3−−1 2 pts S1 2− 0 = 2
3++

1 S2 ∅ 2− 0 = 2
3−+

1 2 pts S1 2− 0 = 2
42+

1 S2 1 pt 2− 1 = 1
42−

1 1 pts S1 1− 0 = 1
51 S2 1 pt 2− 1 = 1
A2

2 S2 2 pts 2− 2 = 0
A1A3 S2 1 pt 2− 1 = 1
T l

12 S2 2 pts 2− 2 = 0
T b

12 S1 S1 0− 0 = 0
T h

11 S1 S1 0− 0 = 0
T e

11 S2 2 pts 2− 2 = 0
A2

1A2 S2 S1 2− 0 = 2
TA1A2

1
S2 S1 2− 0 = 2

A4
1 S2 S1 2− 0 = 2

Remark. This interpretation can be thought of as real version of the “discriminant
Milnor number”, µ∆(f), introduced by Damon and Mond in [DaMo]. Given f :
Cn, 0 −→ Cp, 0 finitely A-determined (all g with its k-jet equal to the k-jet of f
for a certain k is A-equivalent to f) with n ≥ p, it is proven that the discriminant
(branch set) of a stabilistation is a union of (p-1)-spheres, the number of which is
denoted µ∆(f). In fact, Houston proves in [Ho2] that this number in the particular
case of n = p = 3 is a first order invariant. All this is in the complex case, it is
not true that the branch set is a union of 2-spheres in the real case, but the spirit
may be kept. Damon and Mond prove that µ∆(f) = χ(∆t)− χ(∆) where ∆t is the
branch set of a stabilisation of f , so there must be a relation between µ∆(f) and
χ(∆) as Vassiliev invariants.

The linking invariant

Here, by following an approach based on the definition of Goryunov’s linking
invariant for stable maps of surfaces into R3 ([Gor1]), we show that the invariant
represented by the order one Vassiliev cocycle ∆I` can be interpreted as Goryunov’s
linking invariant whenever the singular set of the stable maps considered are ori-
entable. This is not necessarily the case for stable maps of 3-manifolds to R3. For
instance, on the non-orientable product 3-manifold K × S1, where K is the Klein
bottle, we can easily define a stable map whose singular set is a disjoint union of two
Klein bottles of fold points (which correspond to the two folding points of S1 when
projected to R). Namely the map can be expressed locally with a parametrization
of K× S1 via an immersion in R6.
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((θ, ϕ), ψ) 7→ ((2 + cos(ψ))(1 + cos((
ϕ

2
) sin(θ)− sin(

ϕ

2
) sin(2θ)) cos(ϕ)),

, (2 + cos(ψ))(1 + cos((
ϕ

2
) sin(θ)− sin(

ϕ

2
) sin(2θ)) sin(ϕ)),

, (2 + cos(ψ)) sin((
ϕ

2
) sin(θ) + cos(

ϕ

2
) sin(2θ))

where θ and ϕ are the angles of the figure 8 immersion coordinates of K and ψ
is the angle of polar coordinates of S1, so the domain can be considered to be
{((θ, ϕ), ψ) : 0 < θ < π, 0 ≤ ψ, ϕ < 2π}. It can be seen that this map maps Klein
bottles into Klein bottles (by making ψ constant) without cuspidal edges and is
therefore a fold map.

On the other hand, orientable 3-manifolds may also admit embedded non-orientable
surfaces: it is possible to embed a Klein bottle in S2 × S1. Nevertheless, it is not
known if these can be the singular set of a stable map. In view of these facts, we
have found opportune to call I` the “linking” invariant even for the case where the
singular set may be non-orientable.

We want to consider L+
f , the canonical Legendrian lift of ∆ ⊂ R3 to the contact

manifold ST ∗R3 ∼= R3×S2 obtained by associating to each point in ∆ its positively
cooriented tangent plane (which can be identified with the outward pointing normal).
Notice that ST ∗R3 is a fibered contact space where each S2−fibre is a Legendrian
submanifold. We consider its canonical orientation given by the frame 〈positive
frame of R3, positive frame of the S2-fibre〉 where the positive frame of S2 is induced
by the orientation of the boundary of a 3-ball in R3 by identifying the outward
normals of the boundary with the S2-fibres as the radius of the ball tends to zero.

In order to define this lift we consider the canonical lift of the smooth part of
∆ and add conveniently defined patches along the singular strata. These singular
strata consist of cuspidal edges and isolated swallowtail points. At such points we
do not have a well-defined cooriented tangent plane, so we can consider blow-ups
consisting of patching a semiequator along the fibers at each point of the cuspidal
edge and a hemisphere at the swallowtail points, as illustrated in Figure 5.20. At
a cuspidal edge point p, we get two opposed limiting normal directions (i.e. these
two points at the fibre are the boundary of the closure of the lift of the smooth part
in a neighbourhood of p), so it is enough to add the semiequator shown in Figure
5.20 to patch the fibre at p. Similar arguments justify the patch at the swallowtail
points. Let L−f be the negative lift constructed by associating to each point of ∆
the negatively cooriented tangent plane and patching in the same way as above.

L+
f and L−f are both homeomorphic to the singular set and are oriented with

the induced orientation. We have two surfaces in a five-dimensional ambient space
and, therefore, one can define the link between these two surfaces as J. White did in
[White]. In order to make calculations easier we use White’s characterisation for the
link in terms of intersection numbers: let V −

f be the 3-chain defined by the extension

of L−f in a direction of R3 (oriented as the image of R+ × ∆ where R+ is oriented
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Figure 5.20: Sections of cuspidal edge and its fibre, and fibre at a swallowtail point
(the patch consists of the back hemisphere).

from 0 to +∞). Let L+
f,ε be the shift of L+

f that takes a point (a, n) to (a + εn, n).
We define the invariant as:

l := I(L+
f,ε, V

−
f )

Theorem 5.31. The intersection number I(L+
f,ε, V

−
f ) is a Vassiliev invariant, namely

I`, whose jump in terms of the generators is given by

∆I` = 3∆I1 − 2∆I4 + 3∆I2 + ∆I3 = 3∆31 − 2∆T e0
11 + 2∆T e2

11 − 2∆T h−
11 + 3∆42

1+

+4∆51 + ∆T12 + ∆A1A3 + 2∆A2−
2

Proof. From [White] we know that this link is a stable isotopy invariant, therefore
it must satisfy the compatibility conditions. This means that it is enough to prove
that its variation is equal to the variation of I` in one of the strata of each generator.

To find the variation of the intersection number throughout each transition it is
enough to study what happens in the fibre of the singular point at the moment of
crossing the corresponding codimension one stratum.

Since the cross-cap is topologically equivalent to the swallowtail, our A1A3 is
equivalent to C in [Gor1] (the simple conjunction of a plane and a cross-cap). In a
similar way our 42

1 is equivalent to B and K (creation of two cross-caps), etc. By
using these equivalences and Goryunov’s results we can deduce that the variation
of the intersection number when crossing 42

1, A1A3, TA1A2
1

and T e2
11 is 3, 1, 0 and 2

respectively. In a similar fashion we have that the variation of the link through a 31

singularity is 3.

It is an open problem to reformulate this invariant in terms of bitangent planes.
This is an interesting problem, it gives a topological invariant in terms of the geome-
try. The idea behind this is that in the case of the Bennequin invariant of maps from
surfaces to the plane, there are alternative definitions in terms of inflexion points
and bitangent points (Ferrand, [Fer]).

Thus every first order semi-local Vassiliev invariant is, modulo constants, a linear
combination of:

- ]A3 (the number of swallowtails),
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- ]A1A2 (the number intersections of cuspidal edges with fold surfaces),

- ]A3
1 (the number of triple points),

- χ(∆) (the Euler characteristic of the discriminant)

- I(L+
f,ε, V

−
f ) (the linking invariant).

5.2.5 Independence of the five invariants

Theorem 5.32. The five invariants obtained are linearly independent.

Proof. By writing a linear combination with integer coefficients of the five invariants

aIs + bIt + cIA1A2 + dIχ + eI` = 0

and evaluating it over five different examples of stable maps fi : S3 → R3 i = 2, . . . , 6
(Figure 5.21) we obtain a linear system of five equations in the variables a, b, c, d, e.
The examples are constructed starting from the basic fold map of S3 to 3-space
where the branch set is an embedded sphere of fold points. All the maps can be
decomposed in an immersion in R4 composed with an adequate projection to three-
space. The associated matrix is:




2 2 2 2 2
0 0 0 0 1
0 0 2 2 4
3 5 5 5 6
3 6 7 9 10




(5.9)

The columns represent the five examples fi i = 2, . . . , 6 and the lines represent
each of the five invariants Is, It, IA1A2 , Iχ and I` in that order. The determinant of
the matrix is −16 6= 0, so the only solution to the system is a = b = c = d = e = 0.
This proves that the invariants are independent in C∞(S3,R3).

Now consider a stable map f : S3 → R3 and a map g : M → R3 where M
is a closed 3-manifold. We define the connected sum f]g : S3]M = M → R3

as a generalization of the horizontal surgery of stable maps from surfaces to the
plane defined in [HMR2] and [OA]. The resulting map’s branch set is the connected
sum of the branch sets of f and g. This map is obtained by removing a 3-ball
in S3 and an other one in M such that they contain a disk of a surface of their
corresponding singular sets (without cuspidal edges or double fold curves). We then
join the manifolds at the removed 3-balls by an S2 × I tube whose projection to R3

is an S1 × I tube that does not intersect any other part of the branch sets (I is an
interval). The original branch sets of f and g lie on different semi-spaces of R3. It
is easy to see that Iχ(f]g) = Iχ(f) + Iχ(g) − 2. Is, It and IA1A2 are additive and
I`(fi]g) = I`(fi−1]g) + k, where k is the variation of I` when crossing the transition
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that turns fi−1 to fi. Evaluating the linear combination over five new examples
fi]g : M → R3 and having into account the considerations above, we again obtain a
linear system whose associated matrix is:




2 + Is(g) 2 + Is(g) 2 + Is(g) 2 + Is(g) 2 + Is(g)
It(g) It(g) It(g) It(g) 1 + It(g)

IA1A2(g) IA1A2(g) 2 + IA1A2(g) 2 + IA1A2(g) 4 + IA1A2(g)
1 + Iχ(g) 3 + Iχ(g) 3 + Iχ(g) 3 + Iχ(g) 4 + Iχ(g)
I`(f2]g) 3 + I`(f2]g) 4 + I`(f2]g) 6 + I`(f2]g) 7 + I`(f2]g)




(5.10)

After certain linear combinations amongst the columns, namely subtracting col-
umn 1 from columns 2, 3, 4 and 5, we obtain the following matrix whose determinant
is the same as the original matrix:




2 + Is(g) 0 0 0 0
It(g) 0 0 0 1

IA1A2(g) 0 2 2 4
1 + Iχ(g) 2 2 2 3
I`(f2]g) 3 4 6 7




(5.11)

The determinant is −16−8Is(g), which can never be zero because Is(g) can never
be negative, therefore the only solution to the system is a = b = c = d = e = 0 which
proves that the invariants are independent in C∞(M,R3) for any closed 3-manifold
M .

This is the reason for which the corank two codimension two singularities are
not needed, because any compatibility condition arising from their bifurcation dia-
grams would be redundant because they would be a linear combination of the other
compatibility conditions.

5.2.6 Non-local invariants

By subdividing certain codimension one strata (namely 3+−
1 , 42−

1 , T b
12 and T h

11)
according to whether the transition affects (or not) the number of connected compo-
nents of the cuspidal edges and self-intersection curves, we can get further non-local
invariants. The name of any of the four codimension one strata mentioned above
followed by the letter a stands for the subcase where the curves on the left-hand side
of the transition belong to two different curve-components (after the transition they
become one). The names followed by the letter b stand for the opposite subcases.
The invariants are:

∆I6 = ∆3++
1 −∆3−−1 + ∆3+−

1 b−∆3+−
1 a + ∆42+

1 + ∆42−
1 b−∆42−

1 a
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Figure 5.21: The branch sets of fi and their construction

∆I7 = ∆T e
11 + ∆T l

12 + ∆T b
12b−∆T b

12a + ∆T h
11b−∆T h

11a + ∆A2−
2 +

+∆42+
1 + ∆42−

1 b−∆42−
1 a + ∆51

these are the number of cuspidal edge curves and the number of self-intersection
closed curves respectively.

Analogously the variation of the number of components of the singular set and
of the complement of the singular set also provide non-local invariants, see [HMR3].

5.2.7 Fold maps

If we consider the particular case of fold maps, i.e. without cuspidal edges or
swallowtail points, the situation is simplified. Here we do not consider any codi-
mension one or two strata where there is a cuspidal edge. By repeating the process
to obtain the generators, we have the following:

Theorem 5.33. Any one-cocycle, i.e. any integer-valued function I satisfying ∆I =
0 on every generic homotopically trivial closed path in C∞

fold(M,R3), can be written,
up to an additive constant, as a linear combination of the following two generators:

∆I4 = ∆T e0
11 −∆T e2

11 + ∆T h−
11 ,

∆I5 = 2∆TA1A2
1

where ∆TA1A2
1

stands for the sum of the increments of each of its corresponding
substrata.

These two are a fold version of the linking invariant and the number of triple
points (in this case the number of triple points is equal to the Euler characteristic of
the branch set as Vassiliev invariants due to the Izumiya-Marar formula reinterpreted
in this situation).
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However, one must note that C∞
fold(M,R3) is not connected. There is no way

of creating a new component of the singular set once we have eliminated the 31

singularities because of their cuspidal edges. If we denote by C∞
fold,k(M,R3) the

connected component of C∞
fold(M,R3) where the maps have k connected components

in their singular set, we have the following:

Corollary 5.34. The first order Vassiliev invariants for C∞
fold,k(M,R3) are, modulo

constants, the linking invariant and the number of triple points.

In this case the linking invariant counts the number of inverse self-tangencies.

5.2.8 Necessity of global invariants independent from the
branch set.

Goryunov has recently continued the work of this thesis on Vassiliev invariants
of stable maps from 3-manifolds to R3 in the case where the 3-manifold is oriented.
He obtains 8 invariants which are the five invariants obtained in this thesis (two of
them unfolded in other two respectively, since in this situation there are positive
and negative cuspidal edges and swallowtail points), plus the linking number of
the image of the 1-jet extension of a map with Σ2 ⊂ J1(M,R3).These invariants,
although being a complete set of generators of the module of first order Vassiliev
type invariants, are not enough to distinguish between stable maps (stable isotopy
classes). For instance, we may have two stable maps having exactly the same values
for these first order invariants, but with topologically inequivalent regular sets. In
fact, since Vassiliev type invariants are just concerned with the branch set, if the two
maps have the same branch set, such invariants will be coincident. Let’s illustrate
this with an example:

Example.

Figure 5.22: Branch set of a stable map from S3 to R3.

Consider a map from S3 to R3, and suppose that its branch set is made of five
2-spheres of fold points as in Figure 5.22. It can be seen that such an example is
possible (see the next chapter for details). Moreover, we can construct it in two
different ways: Let the pre-image of the outer (bigger) sphere be the “equator” of



5.2. First order Vassiliev invariants of stable maps from 3-manifolds to R3 113

the S3, separating it in two different “hemispheres”. The pre-images of the four
inner spheres can lie in different hemispheres, i.e. the two on the left can lie in one
hemisphere and the two on the right on the other one, or, all of them can lie on the
same hemisphere, but still, when projecting to R3 the result is the same.

These two possibilities represent different stable maps in different stable isotopy
classes with topologically different regular sets, but have the same branch set, and
hence, the same Vassiliev invariants. It is therefore convenient to introduce an
invariant which codifies the topological information of the regular set.
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Chapter 6

Graphs of stable maps from
3-manifolds to R3

In this chapter a graph associated to each stable map, dual to its singular set in
the domain manifold, is introduced as a global A-invariant.

6.1 3-manifolds and graphs

Let’s start with some basic fact on 3-manifolds. Let M be an orientable compact
connected 3-manifold without boundary and denote by bi = rkHi(M) the i-th Betti
number of M . It is clear that b0 = b3 = 1. On the other hand it is also a well
known fact that χ(M) = 0, where χ stands for the Euler characteristic. Since
χ(M) =

∑3
i=0(−1)ibi, it follows that b1 = b2.

Let
⋃n

i=1 Si ⊂ M be a collection of disjoint embedded oriented surfaces in a
compact 3-manifold. We define the weighted graph G associated to this collection
of surfaces in M as follows: we associate to each surface Si an edge and to each
component Mj of M −⋃n

i=1 Si a vertex. Then we have that an edge is incident to
a vertex if and only if the surface corresponding to the edge lies in the boundary
of the 3-manifold represented by the vertex. The weights are attached as follows:
given a vertex vj (corresponding to the region Mj) we define its weight as cj :=
b2(Mj) − sj + 1, where sj stands for the number of connected components of the
boundary of Mj. Intuitively, cj can be seen as the number of generators of H2(M)
in Mj which are not determined by the boundary of Mj. To each edge we associate
a weight given by the genus, gi, of the surface Si that it represents. We will denote
by µ the number of edges (which is the number of surfaces Si) of the graph and by
V the number of its vertices.

Proposition 6.1. If M = S3 then cj = 0, for all j.

Proof. Consider S3 with the interior of s solid surfaces removed and let
⋃s

i=0 Si

be the union of the boundaries of such solid surfaces, i.e. the boundary of the
resulting 3-manifold, M1. In order to calculate the second Betti number of M1, we

115
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consider M2 to be the union of the solid surfaces. We have M1 ∩M2 =
⋃s

i=0 Si and
M1 ∪M2 = S3. Consider the Mayer-Vietoris exact sequence for this partition of S3:

. . . −−−→ H3(M1)⊕H3(M2)
h3∗−−−→ H3(S

3)
∆2−−−→ H2(M1 ∩M2) . . .

g2∗−−−→ H2(M1)⊕H2(M2)
h2∗−−−→ H2(S

3)
∆1−−−→ H1(M1 ∩M2) . . .

By substituting into the sequence the information we have, we obtain:

. . . −−−→ 0⊕ 0
h3∗−−−→ Z ∆2−−−→ Zs g2∗−−−→ Zb2(M1) ⊕ 0

h2∗−−−→ 0 −−−→ . . . ,

Using the exactness of the sequence and the First Isomorphism Theorem, it is
easy to see that b2(M1) = s− 1.

       c  
1

g
1

g
2

       c  
2

       c  
3

Figure 6.1: Example of a graph.

According to this definition, the graphs corresponding to the two cases described
in the Example in Subsection 5.2.8 are those of Figure 6.2, where all the weights,
for both edges and vertices, are zero:

Figure 6.2: The graph in the left-hand-side corresponds to the situation with two
spheres in each hemisphere and the right-hand-side graph represents the case in
which all of the spheres lie in the same hemisphere.

A graph is said to be bipartite if its vertices can be labelled with signs ± in such
a way that the two vertices of any edge have opposite labels. This is equivalent to
asking that any loop in the graph is composed of an even number of edges. Clearly
any tree (graph with no loops) is a bipartite graph.

There are some immediate consequences that can be derived from the definition
of the graph. Let

⋃µ
i=1 Si ⊂ M be a collection of disjoint embedded closed surfaces

in the manifold. The complement of this collection of surfaces is a collection of
3-manifolds with boundary

⋃V
j=1 Mj (whose boundary components are the given

surfaces). We have a relation between the homology of M and the topology of the
graph for which we need to prove the following:
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Lemma 6.2. Given a graph G we have b1(G) = µ − V + 1, where µ is the number
of edges and V is the number of vertices.

Proof. We will prove it by induction over the number of edges.
The graph with one edge and two vertices clearly satisfies the above property.
Suppose it is true for any graph with µ edges and consider a graph G with µ + 1

edges. If the graph has a loop, remove one of the edges in the loop. The resulting
graph Gr has µ edges and by the induction hypothesis we have that b1(Gr) = µ−V +1,
where V is the number of vertices of both G and Gr. If we add the removed edge, we
are adding a loop, so we have that b1(G) = b1(Gr)+1 = µ−V +1+1 = (µ+1)−V +1.
If the graph has no loop, remove an edge and vertex which isn’t linked to any other
edge (a “final” edge), the resulting graph Gr has µ edges and by the induction
hypothesis we have that b1(Gr) = µ− Vr + 1, where Vr = V − 1. If we add the edge
again, we have that b1(G) = b1(Gr) = µ−Vr +1 = µ− (V − 1)+1 = (µ+1)−V +1
which proves the desired result.

Proposition 6.3. Given a closed orientable 3-manifold M and a collection of closed
orientable surfaces {Si}µ

i=1 in M , suppose that G is the weighted graph associated to
them. Then, provided G is a bipartite graph we have:

V∑
j=1

cj + b1(G) ≤ b2(M) ≤
V∑

j=1

cj + b1(G) + 2

µ∑
i=1

gi.

Equality is reached if gi = 0, i = 1, . . . , µ.

Proof. By definition we have that

V∑
j=1

cj + b1(G) =
V∑

j=1

(b2(Mj)− sj + 1) + b1(G) =
V∑

j=1

(b2(Mj))− 2µ + V + b1(G)

since, as the graph is bipartite, each surface is being counted twice for it bounds
two different components of the complement.

By Lemma 6.2 we have that b1(G) = µ − V + 1, so it is enough to prove that∑V
j=1(b2(Mj))−µ+1 ≤ b2(M). This is proven by using the Mayer-Vietoris long exact

sequence associated to a convenient decomposition of M into 3-manifolds. Since the
graph is bipartite, the complement of the singular set can be separated into two
disjoint (possibly disconnected) 3-manifolds with boundary N1 and N2. Let N ′

1 and
N ′

2 be their extensions by putting a collar in their respective (common) boundaries,
so we can define the Mayer-Vietoris sequence associated to the covering (N ′

1, N
′
2) of

M . Clearly, the homology of N ′
i , i = 1, 2 coincides with that of Ni, i = 1, 2 and that

of N1 ∩N2 is the same of that of their common boundary. Then the Mayer-Vietoris
sequence can be written as

. . . −−−→ H3(N1)⊕H3(N2)
h3∗−−−→ H3(M)

∆2−−−→ H2(N1 ∩N2) . . .
g2∗−−−→ H2(N1)⊕H2(N2)

h2∗−−−→ H2(M)
∆1−−−→ H1(N1 ∩N2) . . .
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By substituting into this sequence all the information that we have, we obtain:

. . . −−−→ 0⊕ 0
h3∗−−−→ Z ∆2−−−→ Zµ . . .

g2∗−−−→ Zb2(N1) ⊕ Zb2(N2) + T1
h2∗−−−→ Zb2(M) + T2

∆1−−−→ Z2
∑µ

i=1 gi . . . ,

where gi is the genus of the surface Si.
H2(M) and H2(N1)⊕H2(N2) may have torsion parts, which are represented by

T1 and T2 respectively. We will only be worried about the rank of all the groups
which appear, which depends only on the free parts.

Clearly
∑2

j=1(b2(Nj)) =
∑V

j=1(b2(Mj)). By taking into account the exactness of

the sequence, we have that 0 = Imh3
∗ = ker ∆2. By the First Isomorphism Theorem

H3(M)

ker ∆2

=
Z
0
∼= Im∆2 = ker g2

∗ ⇒ ker g2
∗ ∼= Z

H2(N1 ∩N2)

ker g2∗
=
Zµ

Z
∼= Img2

∗ = ker h2
∗ ⇒ ker h2

∗ ∼= Zµ−1

H2(N1)⊕H2(N2)

ker h2∗
=
Z

∑2
j=1 b2(Nj) ⊕ T1

Zµ−1
∼= Imh2

∗ = ker ∆1 ⇒

rk(ker ∆1) =
2∑

j=1

b2(Nj)− µ + 1

H2(M)

ker ∆1

=
Zb2(M) ⊕ T2

Z
∑2

j=1 b2(Nj)−µ+1 ⊕ T1

∼= Im∆1 = ker g1
∗ ⇒

rk(ker g1
∗) = b2(M)−

2∑
j=1

b2(Nj) + µ− 1

we obtain that b2(M) − ∑V
j=1(b2(Mj)) + µ − 1 = rk(ker g1

∗). Since 2
∑µ

i=1 gi ≥
rk(ker g1

∗) ≥ 0 we obtain the desired result. If gi = 0 ∀i or g1
∗ is injective, then

the equality is reached. In this case, since b1(M) = b2(M), we have completely
determined the homology of M .

However, the graph does not necessarily determine the topological type of the
3-manifold. Moreover, the topology of the complement of the collection of surfaces
is not in general completely determined by the graph, as illustrated by the following
example.

Example. Consider the following graph of a collection of surfaces in S3 (Figure 6.3):
It represents two tori in S3, one inside the other. The component of the complement
between the two tori is a 3-manifold with the two tori as boundary. Its b2 is equal
to 1, and so its cj = 0, but this does not distinguish between the case where this
component is topologically T 2 × I (where I is an interval) or T 2

s ]T 2
s (where T 2

s is a
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0
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Figure 6.3: Different collections of surfaces with the same associated graph.

solid torus). What distinguishes these two situations (besides that one is prime and
the other is not) is the second homotopy group π2.

In particular,

Corollary 6.4. M = S3 ⇒ G is a tree and
∑V

j=1 cj = 0.

The converse of this is not true, as can be seen in the following counterexample.

Example. Let M = S2× S1. Now consider a circle S1 ⊂ S2× p, where p ∈ S1 and
take the torus T 2 = S1 × S1 ⊂ S2 × S1. The graph associated to this situation is a
tree because it has one only edge with weight one and two vertices with weight zero
(each vertex represents a solid torus), but b2(S

2 × S1) = 1.

Theorem 6.5. Any graph with weights in its vertices and edges can be realized as
the graph of some collection of closed embedded surfaces in some 3-manifold.

Proof. Suppose first that G is a graph with zero weights in its vertices and aleatory
weights pj in its edges. Let Gi be the closure of the subset of G made by the vertex
Vi and all the half-edges (i.e. cut at their middle points) incident to it. We associate
to Gi a 3-manifold with boundary in R4 as follows: Embed Gi in R4 and let Ri be
a tubular neighborhood of Gi in R4. This tubular neighborhood can be seen as the
union of tubular neighborhoods of the vertex Vi, of those of the half-edges and of
those at the end points of each half-edge. At each one of these end points we can
consider the boundary S3 of a 4-disc. This S3 can be decomposed as the union of
two solid orientable p-tori with their boundaries conveniently identified, where p is
the weight of the corresponding edge. In this way, by taking the boundary of Ri

and removing from it the interior of one of the solid orientable pj-torus for each
one of its end points, we obtain a 3-manifold Mi with boundary, whose boundary
has as many components as incident edges in Vi, and each one of these boundary
components is an oriented closed surface whose genus is determined by the weight
of the corresponding edge. By conveniently gluing all this 3-manifolds along their
boundaries according to the distribution of the vertices in the graph we obtain a
compact 3-manifold without boundary M and a collection of closed oriented surfaces
in M whose graph is G.
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When the vertices of G have non vanishing weights we just need to add in each
region Mi in the above construction as many handles of type S2× I as indicated by
the weight of the corresponding vertex.

6.2 Stable maps and graphs

Now let’s consider the collection of surfaces to be the singular set of a stable
map f : M −→ R3. The graph is defined in the same way. In this new setting a
series of questions naturally arises: can any graph be realized as the singular set of
a stable map from a compact 3-manifold to R3? In other words: Can any collection
of surfaces be the singular set of a certain map? These questions can be studied by
using Singularity Theory’s techniques.

We shall construct an example of a stable map which undergoes certain singular-
ities and we will see how the associated graph varies. Remember that the diagrams
in Figure 6.4 represent the branch set, not the singular set. The branch set is 2-
dimensional, but in order to simplify the Figure we have drawn a section of the
involved surfaces. The pictures are symmetric and the total branch set is obtained
as a revolution surface around the axis of symmetry. Thus, a circle in the picture
represents a sphere.

We start with a map f : S3 −→ R3 whose singular set is a single S2 with no
cuspidal edges. This map may be given by using a parametrization of S3 immersed
in R4 and then projecting to R3. The singular set will be given by the “equator” of
S3, which is an S2. Namely, the map is:

(ψ, ϕ, θ) 7−→ (sin(ψ) sin(ϕ) sin(θ), cos(ψ) sin(ϕ) sin(θ), cos(ϕ) sin(θ))

where {(ψ, ϕ, θ) : 0 < θ, ϕ < π, 0 ≤ ψ < 2π} is the domain (the map is given
locally). The differential of this map is sin(ϕ) sin2(θ) cos(θ), which can only be zero
when θ = π/2. The singular set is therefore {(ψ, ϕ, π/2)} and its image is the
ordinary radius one 2-sphere in R3.

We then cross a 3++
1 stratum and a new topological S2 is created inside the

other. Then we stretch the cuspidal edge (this does not change the A-class of the
map) until we cross the 3−−1 stratum in the positive direction of its coorientation.
We end with a stable map whose singular set (and branch set) is a collection of three
2-spheres without cuspidal edges. All the weights of both vertices and edges in the
graphs below are 0.

To see why these maps really exist we must understand that crossing a 31 tran-
sition is like deforming the S3 in R4 and then projecting to R3. This means that all
the maps in the example may be decomposed into an immersion of S3 in R4 and an
adequate projection to R3.

In Figure 6.5 we have another example. Again only a section of the branch set is
drawn and the total branch set is obtained as a revolution surface around the axis
of symmetry. Here we obtain a torus with cuspidal edges inside a sphere.
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Figure 6.4: Example of a map undergoing different codimension 1 transitions and
the associated graph.
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Figure 6.5: A torus with cuspidal edges inside a sphere.

It can be seen that the only transitions that can add or remove an edge (and,
hence, a vertex), or change the weight of an edge are the 31 singularities. In partic-
ular, the 3++

1 singularity creates (or removes) an edge with weight 0 that ends with
a vertex of weight 0. On the other hand, 3+−

1 and 3−−1 , when going in the positive
direction of their coorientation, change the weight of an edge (change the genus of
the surface that undergoes that singularity) if the two local components at the end
of the transition belong to the same connected component (Case 1), and create a
new edge in the other case (Case 2).

In Case 1 we must distinguish between the situation where the new loop created
when crossing the transition in the opposite direction of its coorientation is a loop
of the domain manifold (Case 1 b)) or not (Case 1 a)).

Notice that in Case 2 the singularity subdivides the surface in two parts (i.e. a
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Figure 6.6: How different transitions affect graphs.

new edge is created), and thus the genus of this surface is divided among the two
new surfaces, as is the b2 of the interior of the surface (i.e. the weight of the vertex
is affected). These new edges can be created in different ways depending on wether
one connected component is inside the other (as in the previous example) or not
(Case 2 a)). In the case one of the connected components is inside the other, it must
be taken into account wether there may be a loop in the graph (Case 2 c)) or not
(i.e. if b2(M) 6= 0) (Case 2 b)). All these transitions can be seen in Figure 6.6. It
must be taken into account that the pictures appearing correspond to the branch
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set, the singular set is made of embedded surfaces.
It is not difficult to see that, as in the case of stable maps from closed orientable

surfaces to the plane, if a 3-manifold M is orientable, then the graph of any stable
map from M to R3 must be bipartite, for each component of the singular set separates
M into (globally) different regions.

Theorem 6.6. Any tree with cj = 0, ∀j = 1, ..., V is realizable as the graph of a
stable map f : S3 −→ R3.

Proof. The idea is to create a path in the space of maps C∞(S3,R3) between a
known basic map and another one whose graph is the given tree. This is done by
inductively applying convenient transitions that modify the graph of the starting
basic map, as illustrated in Figure 6.6, until we arrive to the desired one. We can
start from a graph with a unique edge with zero weight that joins two vertices of
weight 0. This can be realized as the graph of a map whose singular set consists of
a single sphere. For instance, we can take the stable map obtained by folding the
standard 3-sphere by its equator and sending the two halves homeomorphically onto
a 3-ball in R3. By means of 3++

1 singularities we can add as many edges of weight
0 as we want (first row in Figure 6.6). Once we have the desired tree, it is just a
matter of changing the weight of the edges until we obtain the exact graph we are
looking for. This is done by means of either 3+−

1 or 3−−1 singularities (second row in
Figure 6.6 for this situation). Since the construction has been done just by crossing
certain codimension 1 strata in C∞(S3,R3) it is clear that the obtained map is a
stable map from S3 to R3.

In order to prove more general results for other manifolds and realization prob-
lems of certain graphs we must introduce certain tools which will be described in
the following Section.

6.3 Surgery of stable maps

In this section two types of surgery between stable maps will be introduced which
will be essential tools, besides the codimension one transitions, to prove further
results.

The idea of a horizontal surgery between stable maps of closed 3-manifolds to R3

was can be introduced following the ideas of Ohmoto & Aicardi and Hacon, Mendes
& Romero Fuster in [OA] and [HMR2] for the lower dimensional case. Consider
stable maps f : M → R3 and g : N → R3 where M and N are closed 3-manifolds.
We define the connected sum f]g : M]N → R3 as follows: we start by removing
two 3-balls B1 and B2 in M and N respectively such that their intersection with
the singular sets of f and g are two disks D1 and D2 of fold points (i.e. without
cuspidal edges or double fold curves). We then join the manifolds at ∂B1 and ∂B2

by an S2 × I tube with a S1 × I tube that joins ∂D1 with ∂D2 (I is an interval).
The projection to R3 of this tube does not intersect any other part of the branch
sets. In order to do this the original branch sets of f and g can be made to lie on
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different semi-spaces of R3. The resulting map’s branch set is the connected sum of
the branch sets of f and g.

The effect of this surgery on the graphs associated to f and g is shown in Figure
6.7. The connected sum of the singular sets (which is nothing but a connected sum
of surfaces) becomes a surface with genus the sum of the genuses of the two surfaces
involved. The weights of the vertices are added too because if Mi and Mj are the
regions corresponding to the two vertices involved with corresponding weights ci and
cj and Mk is the resulting region, we have:

ck = b2(Mk)− sk + 1 = b2(Mi) + b2(Mj)− (si + sj − 1) + 1 = ci + cj
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Figure 6.7: Effect of a horizontal surgery on the graphs.

Another type of surgery is based on the vertical surgery introduced in [HMR2].
Given a map f : M → R3, take two 3-balls in M such that they do not intersect the
singular set. Next, join the removed 3-balls’s border by an S2 × I tube. This tube
adds an S2 to the singular set which bounds the two components of the complement
of the singular set from where the 3-balls were taken. We shall call the resulting map
fv. The two vertices involved, after the surgery, have a new generator of H2, namely
the S2 added to the singular set, but they have a new surface in the boundary (that
same S2), so their weight doesn’t vary. The resulting graph can be seen in Figure
6.8.

Next we shall introduce an example of a stable map h : S2×S1 → R3 which will
be a “building block” in all the horizontal surgeries which will be included in the
proof of the main theorem. The idea is to create a map whose singular set consists
of two S2 of fold points (which correspond to the two folding points of S1 when
projected to R). The map can be written as follows:

((θ, ϕ), ψ) 7→ ((2+cos(ψ)) sin(θ) cos(ϕ), (2+cos(ψ)) sin(θ) sin(ϕ), (2+cos(ψ)) cos(θ))

where θ and ϕ are the angles of the spherical coordinates of S2 and ψ is the angle
of polar coordinates of S1, so the map is actually given through a parametrization
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Figure 6.8: Effect of a vertical surgery on a graph.

of S2 × S1 via an immersion in R5, and so the domain can be considered to be
{((θ, ϕ), ψ) : 0 < θ < π, 0 ≤ ψ, ϕ < 2π}. Since the parametrization cannot be done
globally, the map must be expressed locally. It can be seen that h maps 2-spheres
into 2-spheres (by making ψ constant) without cuspidal edges and is therefore a fold
map. The differential of the map h is − sin(ψ)(2 + cos(ψ))2 sin(θ), which can only
be zero when ψ = 0, π. This corresponds to two 2-spheres in S2 × S1 which are
mapped into two spheres in R3 of radii 2 + cos(0) = 3 and 2 + cos(π) = 1.

The graph corresponding to this map has two vertices (each one represents S2×I)
joined by two different edges (which represent the two S2’s in the singular set). If
a 3−−1 transition is applied to this map in the negative sense of its coorientation,
joining the two spheres by a cuspidal edge, we obtain a map hb whose graph has two
vertices and one edge with weight zero (the two spheres joined together is homotopy
equivalent to a sphere). If we call M = S2×S1, M1 to the side in the complement of
the singular set which is homotopy equivalent to S2\{pt} (it is S2× I\{tube}), and
M2 to the other component, it can be seen using a Mayer-Vietoris exact sequence
that the weights of the vertices are 0 and 1:

. . . −−−→ H3(M1)⊕H3(M2)
h3∗−−−→ H3(M)

∆2−−−→ H2(M1 ∩M2) . . .
g2∗−−−→ H2(M1)⊕H2(M2)

h2∗−−−→ H2(M)
∆1−−−→ H1(M1 ∩M2) . . .

By substituting into this sequence all the information that we have, we obtain:

. . . −−−→ 0⊕ 0
h3∗−−−→ Z ∆2−−−→ Z . . .

g2∗−−−→ 0⊕H2(M2)
h2∗−−−→ Z ∆1−−−→ 0 . . . ,

Since 0 = Imh3
∗ = ker ∆2 by exactness of the sequence and the First Isomorphism

Theorem we have

H3(M)

ker ∆2

=
Z
0
∼= Im∆2 = ker g2

∗ ⇒ ker g2
∗ ∼= Z
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H2(M1 ∩M2)

ker g2∗
=
Z
Z
∼= Img2

∗ = ker h2
∗ ⇒ ker h2

∗ ∼= 0

H2(M1)⊕H2(M2)

ker h2∗
=

0⊕H2(M2)

0
∼= Imh2

∗ = ker ∆1 ⇒ ker ∆1
∼= H2(M2)

Since H1(M1 ∩M2) = 0, H2(M2) = ker ∆1 = Z and therefore, c2 = b2(M2) + 1−
1 = 1.

Notice that by doing a horizontal surgery of any map with hb allows one to
increase the weight of any vertex as much as one wants without altering the rest of
the graph. This is why we will use it as our main building block.
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0 0

0
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0

0
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G(h)
G(h )
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Figure 6.9: Construction of the graph of hb.

We have now defined all the tools which shall be used in the proof of the following
theorem:

Theorem 6.7. Any bipartite graph can be realised as the graph of a stable map from
a closed 3-manifold to R3.

Proof. Choose a maximal tree containing all the vertices of the graph. By theorem
6.6, there is a map from S3 to R3 that has that same tree, with zero weights on its
vertices, as its graph. Next, if

∑V
j=1 cj = k1, by means of k1 horizontal surgeries

in the adequate places with the map hb, the weights of the vertices are increased
until they are the same as in the graph G. At this point, we have a map from the
connected sum of k1 copies of S2×S1 to R3 whose graph is a tree which contains all
the vertices of G, with the same weights. Now, if b1(G) = k2, by means of k2 vertical
surgeries between the adequate pairs of vertices (i.e. those whose joining edge was
eliminated in order to obtain the maximal tree), we obtain a map whose graph is
the same as G but with the only difference that the weights of the added edges by
the vertical surgeries are zero. Undergoing 3+−

1 or 3−−1 transitions, the weights of
these edges can be increased until they coincide with those in G.

Remark. In the proof of the previous theorem the closed 3-manifold (domain) of
the resulting stable map, is constructed too. It is a connected sum of k2 copies of
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S2×S1 with k1 “handles”. This manifold has homology (1, k, k, 1) where k = k1+k2,
in fact it can be seen as S3 with k handles since S2×S1 is diffeomorphic to S3 with
a handle. So the theorem could be rephrased to say: Any bipartite graph with∑V

j=1 cj + b1(G) = k can be realised as the graph of a stable map from a 3-manifold

with homology (1, k, k, 1) to R3.

Being able to realise any bipartite graph as the graph of a stable map, the
following logical step would be to study what type of graphs can be the graph of a
stable map from a particular 3-manifold to R3. In the case of S2 × S1 one has as a
result of the above theorem:

Corollary 6.8. Any bipartite graph with
∑V

j=1 cj + b1(G) = 1 can be realised as the

graph of a stable map from S2 × S1 to R3.

From Proposition 6.3 we have that if
∑V

j=1 cj + b1(G) > 1 then the graph cannot

correspond to a stable map from S2×S1 to R3 and also that if
∑V

j=1 cj + b1(G) < 1,
then there must be at least a surface of positive genus in its singular set (i.e. at
least one edge with gi ≥ 1), and all of them can be constructed from the fold map
with a torus as its singular set (why this map exists will be explained in the next
section). All of this together is the furthest one can characterize graphs of stable
maps from S2 × S1 to R3. In Figure 6.10 we show all possible graphs up to 3 edges
(i.e. 3 connected components of the singular set).
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Figure 6.10: All possible graphs of stable maps from S2 × S1 to R3 up to 3 edges.

In the case of maps from T 2×S1 to R3 the associated graph cannot have
∑V

j=1 cj+

b1(G) > 3 and since 2
∑µ

i=1 gi ≥ b2(M) − ∑V
j=1 cj − b1(G), fixing the value of any

two of the three pieces of information of the graph (i.e. the weight of the vertices,
the weight of the edges and the first Betti number of the graph), gives restrictions
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over the third. In this case we also have the basic fold map with two tori as singular
set and in the same way as for S2 × S1 we can obtain a “building block” to realise
graphs with

∑V
j=1 cj + b1(G) = 3.

In the same way, following techniques like the ones used up to now (i.e. tran-
sitions, horizontal and vertical surgeries, basic building blocks,...) and the earlier
results, one can give similar characterizations for other closed 3-manifolds (mainly
product manifolds, where building blocks can easily be defined). These techniques
are the ingredients and the ways in which they have been used are the recipe for
this objective.

6.4 Fold maps

A natural question is what graphs can be realised by fold maps. A fold map is
a stable map that only has fold singularities (i.e. no cuspidal edges) and they have
been studied extensively in the literature. One of the first references regarding a
global study of fold maps is in Eliashberg’s paper [El]. Given a map f : M → N ,
where M and N are n-manifolds and a closed (n−1)-submanifold Σ, he says that the
map is a Σ-immersion if f |M\Σ and f |Σ are immersions and such that the singular
set of f is precisely Σ, all of which are fold points. He proves the following:

Theorem 6.9. (Eliashberg) Let M be a stably parallelizable connected closed n-
manifold, and Σ a nonempty closed (n − 1)-submanifold that splits M into two
(possibly disconnected) manifolds M1 and M2 with common boundary Σ. Then

a) if n = 1, 3, 7, then there exists a Σ-immersion M → Rn;

b) if n is even, then a Σ-immersion M → Rn exists if and only if χ(M1) = χ(M2);

c) if n is odd and not equal to 1,3 or 7, then a Σ-immersion M → Rn exists if

and only if χ(Σ) ≡ 2χ∗(M) (mod 4), where χ∗(X) =
∑[dimX/2]

i=0 (−1)ibi(X).

Stably parallelizable manifolds were characterized by Hirsch as orientable man-
ifolds which can be embedded in Rn+1. This result can be reinterpreted to graph
language. That Σ splits M into two (possibly disconnected) manifolds M1 and M2

with common boundary Σ, means that the associated graph should be bipartite. It
was proved in Theorem 6.5 that any graph can be realised as a collection of em-
bedded surfaces in a 3-manifold. In the proof of this theorem it is implied that the
3-manifold is an S3 with handles, which is orientable and can be embedded in R4,
and is therefore stably parallelizable. So from this result and Eliashberg’s theorem
we have the following amongst other things:

Corollary 6.10. Any bipartite graph can be realised as a fold map from a manifold
diffeomorphic to an S3 with handles to R3.

In particular, from our results and Eliashberg’s theorem one has:
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Corollary 6.11. Any tree with cj = 0, ∀j = 1, ..., V is realisable as the graph of a
stable fold map f : S3 −→ R3.

Remark. This result is surprising since in the case studied by Hacon, Mendes and
Romero Fuster of fold maps from S2 to R2 the necessary and sufficient conditions
were that the graph was a tree with weight zero in its vertices and balanced (i.e.
the number of positive and negative vertices is the same), which is also implied in
Eliashberg’s theorem (χ(M1) = χ(M2)). However in the case of the 3-sphere there
is no condition for the existence of these fold maps.

Remark. It should also be said that Eliashberg’s result is an existence theorem.
From his result together with Theorem 6.5 we may also deduce Theorem 6.7, but we
give constructive proofs of the theorems, this means that we don’t only prove the
realisation of certain graphs by stable maps (i.e. of certain collections of embedded
surfaces as singular sets of stable maps), but we give an exact stable map which
realises it. In fact, Eliashberg’s problem refers to a given manifold, in relation to
this, our question of which graphs can be attached to fold maps on this manifold
addresses the problem of which are the possible topological classes of closed surfaces
that split M into two manifolds M1 and M2 by adding restrictions on the weights
of the vertices, which gives extra information on the homology and behaviour of the
regular set of the maps which realise those graphs.

Not having a constructive proof of the realisation of fold maps has certain limi-
tations. For example, in the case of C∞(S3,R3), the author knows how to construct
fold maps with any surface of any genus or with an odd number of spheres as the
singular set, but finding a path in C∞(S3,R3) between any of them is not known.
Even more, Eliashberg asserts that, for example, there may be two torii as the fold
set, finding a path between this map and any other fold map is an open problem.

Given any 3-manifold M , thanks to Eliashberg’s Theorem, there exists a fold map
from M to R3 with a separating S2 as its singular set, which divides the manifold
into two regions, one diffeomorphic to a 3-ball and the other homotopy equivalent to
M\{point}. This provides a “building block” for any manifold M , where the edge
has weight zero and the vertices have weights zero and b2(M).

6.5 Heegard splittings and graphs

Heegard splittings provide a source of basic graphs for many other different types
of 3-manifolds.

Definition 6.12. A handlebody of genus g is a manifold obtained by adding g 1-
handles to a 3-ball. In other words, take a 3-ball with 2g disjoint discs on it, which
we regard as g pairs of discs. To each pair, attach a copy of [0, 1] × D2 along its
boundary. If the attaching map is orientation reversing, the handlebody is oriented.



130 Chapter 6. Graphs of stable maps from 3-manifolds to R3

Definition 6.13. Given two orientable handlebodies W1 and W2 of the same genus
g, and an orientation reversing diffeomorphism f : ∂W1 → ∂W2, we may construct
a manifold M3 as

M3 = W1

∐

∂W1=∂W2

W2.

The decomposition of M into W1 and W2 is called a Heegard splitting of M and
the surface H = ∂W1 = ∂W2 is called a Heegard surface.

Theorem 6.14. [He] All 3-manifolds have a Heegard splitting.

Given a Heegard splitting of a 3-manifold M , by Eliashberg’s theorem, since
the Heegard surface is separating, there exists a fold map from M to R3 which has
that surface as the singular set. The associated graph to this map has two vertices
and one edge. Both vertices have weight zero, since handlebodies have second Betti
number zero, and the edge has weight g the genus of the Heegard surface.

0

g

0

If we take the minimal Heegard splitting of a given manifold, i.e. the Heegard
splitting with the Heegard surface of minimal genus, this provides a very basic
example of a graph for a given manifold M .

Example.

i) Any lens space Lp,q admits a genus one Heegard splitting and does not admit
a genus zero Heegard splitting. We may therefore take as a basic graph the
graph associated to this splitting:

0

1

0

Starting from this graph, by applying all the graph techniques introduced, one
can study what types of graphs a stable map with source manifold a lens space
may have.

ii) The three torus (S1 × S1 × S1) has Heegard genus 3.

0

3

0
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We have seen how to define building blocks for product manifolds, and thanks
to Eliashberg, for any 3-manifold. However, the minimal Heegard splitting provides
an analog for building blocks in any manifold. The former provides graphs with all
the weights of vertices and edges zero except for one vertex with weight b2(M), the
latter provides graphs with all the weights of vertices and edges zero except for one
edge with weight b2(M).

Since the graph associated to a Heegard splitting has
∑V

j=1 cj = 0 and b1(G) = 0,

from Proposition 6.3 we obtain that b2(M) ≤ 2
∑µ

i=1 gi = 2g. This provides a bound
for the minimal genus of a Heegard splitting:

g ≥ [
b2(M) + 1

2
]

where [x] stand for the whole part of x.
Although this bound is not better than the bound provided by the theory of

Heegard splittings, which states that the minimal genus of a Heegard splitting of
a manifold M is bigger or equal to the rank of π1(M), which for closed oriented
3-manifolds is equal to b2(M), it shows that some problems in Heegard splitting
theory may be restated in graph language.

Definition 6.15. Given a Heegard splitting of M , where H is the Heegard surface.
The connected sum of the pair (M,H) with (S3, T 2) is called a stabilistation of the
Heegard splitting.

A well-known theorem by Reidemester and Singer states that any two Heegard
splittings of a 3-manifold M are isotopic (i.e. their Heegard surfaces are isotopic)
after finitely many stabilisations.

The notion of stabilisation can be restated in graph language as a horizontal
surgery of a fold map with the initial Heegard surface as a singular set with the fold
map from the sphere which has a torus as its singular set.

Not only Heegard splittings provide examples of graphs in order to study what
types of graphs can be the graph of a stable map from a certain 3-manifold, but
graphs may be a useful tool in the study of Heegard splittings, by introducing all
the singularities techniques.

Using these results, in a general setting, we have the following result:

Theorem 6.16. Let M be an S3 with k handles (i.e. the connected sum of k copies
of S2 × S1 with S3), and let G be a bipartite graph. Then, there exists a stable

map f : M → R3 such that G = G(f) if and only if
∑V

j=1 cj + b1(G) ≤ b2(M) ≤∑V
j=1 cj + b1(G) + 2

∑µ
i=1 gi.

Proof. The necessity is given by Proposition 6.3.
Sufficiency is a combination of Theorem 6.7 with the fact that due to Eliashberg’s

Theorem, there exists a stable fold map ht from S2 × S1 to R3 with a torus as its
singular set (the one corresponding to the genus one Heegard splitting of S2 × S1):
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Proceed as in the proof of Theorem 6.7, once we have done the horizontal surg-
eries with the building block and vertical surgeries to match

∑V
j=1 cj and b1(G), we

then do horizontal surgeries with ht until the weights of all the edges are as in G. If
the number of handles of M is reached during the construction before all the edges
have the desired weight, we complete the construction with 3−−1 transitions which
do not modify the manifold we are working with.
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Open problems and conclusions

This thesis presents invariants for stable maps from 3-manifolds to R3. However,
the Vassiliev invariants, together with the graph, is still not a complete system of
stable isotopy invariants, there are different connected components of the space of
stable maps which cannot be distinguished. Therefore, in order to continue with the
global classification of stable maps it is important to:

1.- Find criteria to distinguish between non-stably isotopic stable maps from 3-
manifolds to R3 which have the same associated graph. This involves two
different problems:

a) Given a graph, which possible branch sets of stable maps which have that
graph as its associated graph may there be? We should start with the
regular case, so the question can be rephrased as what collections of
immersed surfaces in R3 can be the image of the singular set of
a stable map? Not only what collections of surfaces, but also in how
many ways since there are different orderings of associating a surface in
the collection to an edge in the graph. Analysing the different groupings
of the Blank word associated to each vertex of the graph gives all the
possibilities.

For example, by Eliashberg’s theorem, we know that there is a stable
fold map from S2 × S1 to R3 with a sphere as its singular set. This
sphere must be separating, which means that it separates the manifold
into a region M1 homotopic to a 3-ball and another one M2 homotopic
to S2 × S1\{point}. If the image of the singular set were an embedded
two-sphere in R3, this would mean that both regions would be immersed
by f into the interior of this sphere. But immersing M2 into a 3-ball may
not be possible. So it is possible that an embedded two-sphere in R3 may
only be the image of the singular set of a stable map from S3 to R3 (the
usual fold map from S3).

In the particular case of fold maps, where the branch set is smooth, any
stable map can be decomposed in immersions of 3-manifolds with border
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(the complement of the singular set), so we can ask ourselves a basic
question/problem: what surfaces (or collection of surfaces) may
be the image of the border of an immersed 3-manifold in R3? In
the case of stable maps from surfaces to the plane the Blank word is also
used for this.

b) Given the pair {Gf , f(Σf )}, how can we distinguish between the
different stable isotopy classes which may share that pair. In the
case of stable maps from surfaces to the plane, again it is the Blank word
associated to the branch set which does this. Depending on the different
possible groupings of the Blank word, there are different stable isotopy
classes which share that branch set. So the graph, the branch set and
the Blank word are a complete set of invariants for this case [HMR2].
The idea is to find a higher dimensional version of the Blank word, or a
completely different invariant which allows us to do this in our case, or,
maybe, even in any other dimensions.

2.- In general it would be interesting to see how these graphs can help in the
study of 3-manifolds, relating classification of 3-manifold techniques, such as
decompositions, with graph and singularities techniques. Besides restating
problems in graph language and proving known results in a different way, can
any new results in the classification of 3-manifolds be proved using
the graph and singularities techniques?

On the other hand, problems related to first order Vassiliev invariants also arise
from this thesis:

3.- The work on Vassiliev invariants for stable maps from 3-manifolds to R3 can
help to study first order Vassiliev invariants from a broader point of
view. It would be interesting to obtain first order invariants for stable maps
from n-manifolds to Rn or from n-manifolds to R3, using as an inspiration all
the situations, including this one, which have been studied up to now.

4.- Is the proposed non contractible path in Chapter IV really a non
contractible path?, furthermore, what is the topology of the space of La-
grangian maps? And is the conjecture at the end of Chapter IV about
the basis of first order Vassiliev invariants for 2-dimensional caustics
true?

5.- It would be interesting to find an alternative invariant for the linking invariant,
since as the dimension grows, it gets harder and harder to compute. The
study of the geometry of the contacts with hyperplanes of the branch
set may carry to an alternative invariant which is easier to generalise
for higher dimensions.
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