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GROUP ALGEBRAS WITH CENTRALLY
METABELIAN UNIT GROUPS

MEENA SAHAI

Abstract

Given a field K of characteristic p > 2 and a finite group G,
necessary and sufficient conditions for the unit group U(KG) of
the group algebra K'G to be centrally metabelian are obtained. It
is observed that U(KG) is centrally metabelian if and only if KG
is Lie centrally metabelian.

1. Introduction

Let G be a finite group and let K be a field of characteristic p > 0,
p # 2. Necessary and sufficient conditions for the unit group U(KG) to
be metabelian were recently obtained by Shalev [5]. In Char K = p > 5,
it turns out that U(KG) is metabelian if and only if G is abelian and in
Char K = 3, U(KQ) is metabelian if and only if either G is abelian or
G’ is central cyclic of order 3. The characterization of metabelian group
algebras by Rosenberger and Levin [2] shows that for a finite group G
and K a field with Char K # 2, U(KG) is metabelian if and only if
the group algebra KG is Lie metabelian. Also, in this connection, we
have an important result due to Sharma and Srivastava [6, Theorem 4.1],
which is, §2(U(R))—1 C 62(L(R))R for arbitrary rings R. This shows [6,
Corollary 4.2] that the unit group of a Lie metabelian ring is a metabelian
group.

The aim, in this paper, is to find necessary and sufficient conditions for
the unit group U(KG) to be centrally metabelian. Recall that a group G
is centrally metabelian if the second derived term §%(G) is contained in
the centre ((G), that is, (6?(G), G) = 1. Recently Sharma and Srivastava
[6] and Sahai and Srivastava [4] have obtained necessary and sufficient
conditions for the group algebra K'G to be Lie centrally metabelian. Our
investigations show that U (K G) is centrally metabelian as a group if and
only if KG is Lie centrally metabelian, at least when Char K = p # 2
and G is a finite group. This is not true in general as Tasic’ [7] has given
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example of a Lie centrally metabelian algebra of characteristic 2 whose

unit group is not centrally metabelian.

Our notations are standard. We use (z,y) = 7ty !

commutators and [z, y] = xy — yx for Lie commutators.

zy for group

We now start with our work.

2. Sufficient conditions

Theorem 2.1. Let K be a field, Char K = p # 2 and let G be a
group, finite or infinite. If KG is Lie centrally metabelian, then U(KG)
18 centrally metabelian.

Proof: Suppose that KG is Lie centrally metabelian. By [4, Theo-
rem B] either G is abelian or Char K = 3 and G’ = Cs. If G is abelian,
then clearly U(KG) is abelian. Assume that Char K = 3 and G’ = (),
t3 = 1. Since G’ is normal in G, we see that (t—1)? = t2+¢+1 is central
in KG. Also if G’ is central, then by [2], KG is Lie metabelian and by
[6, Corollary 4.2], U(KG) is metabelian. This is also given in Shalev [5,
Theorem B| for finite groups.

So we are left with the case when G’ = (t), t* = 1, Char K = 3 and t is
not central in G. Now A(G')KG = (t—1)KG. In this case, v3(G) = G’,
SM(KG) = A(GYKG and 6 (KG) = A(G')?KG = (t — 1)2KG. We
know by [6, Theorem 4.1], 6?(U(KG))—1 C 6*(L(KG))KG C §?(KG).
So 8?*(U(KG)) € 1+ (t—1)2KG. Let u € 6*(U(KG)) and g € G.
Then u — 1 € (¢t — 1)2KG and we have (u,g) — 1 =u"lg u—1,9] €
KG|(t — 1)?KG,KG]. Thus (u,g9) —1 € (t — 1)2A(G")KG = 0, since
(t —1)? is central in KG and A(G’)? = 0. This shows that (u,g) = 1
for every u € §2(U(KG)) and for every g € G and hence §6%(U(KGQ)) is
contained in the centre of KG, as desired. B

3. Necessary conditions

We have seen in the previous section that for arbitrary groups G, KG
Lie centrally metabelian implies either G is abelian or Char K = 3 and
G’ = (3 and this, in turn, implies that the unit group U (K Q) is centrally
metabelian. For finite groups, now we assume that U(KG) is centrally
metabelian and establish the converse.

We first make the following observation:

Lemma 3.1. GL3(Z3) is not centrally metabelian.
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1 1 1 -1
0 -1 , B= -1 -1
Then A-1B~1AB= (1

is not in the centre of GLy(Z3). B

Proof: Let A= (_ ) in SLo(Z3)=GLy(Z3)'.

_11 ) belongs to GL2(Z3)", however, ( i _11 )

Lemma 3.2. Let G be a finite group and let Char K = p # 2 such
that the unit group U(KG) is centrally metabelian. Then G/O,(G) is
abelian.

Proof: We have the exact sequence of groups
1-14+J(KG) - UKG) - UKG/J(KG)) — 1.

Now KG/J(KG) =%, M,,(D;) and so

UKG/J(KQG)) = I~ GL,,(D;). But U(KG) is centrally metabelian
implies U(KG/J(KGQG)) is centrally metabelian. Thus GL,,(D;) is cen-
trally metabelian for all ¢ and therefore all D;’s are fields and in view of
Lemma 3.1, n; = 1 for all 4. This is because GL, (D) is solvable, n # 1,
Char D # 2, implies n = 2, D = Z3 and thus GL, (D) = GL3(Z3) but by
Lemma 3.1, GL3(Z3) is not centrally metabelian. Thus U(KG/J(KQG))
is a direct product of multiplicative groups of fields and hence abelian.
But then U(KG)/{1l + J(KG)} is abelian and U(KG)' C 1+ J(KG).
We get @ C GN{l+ J(KG)} = O,(G) and therefore, G/O,(G) is
abelian, as desired. W

Corollary 3.3. Let Char K = p # 2 and let G be a finite group such
that Op(G) = 1 and U(KG) is centrally metabelian. Then G must be
abelian.

Corollary 3.4. Let Char K = p # 2 and let G be a finite group such
that U(K Q) is solvable. Then G = P x H, a split extension of a p-group
P by ap-group H.

Proof: Since U(KG) is solvable, either G/O,(G) is abelian or p = 3
and G/O03(@) is a 2-group, see [3]. In either case, Sylow p-subgroup
of G is normal in G. Let it be P. Now |P| and |G : P| are relatively
prime, hence by Schur-Zassenhaus Theorem G = P x H, with desired
properties. W

Lemma 3.5. Let G be a finite p-group, p > 5 and let K be a field
with Char K = p such that U(KQ) is centrally metabelian. Then G is
abelian.
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Proof: If not, let G be a counter example of least order. Then G =
(z,y), z=(z,y) #1, G' = (z), 2P =1 and z central.
Let uy = (1 + z,y) and us = (1 + y, z), then using centrality of z, we
get
Yug uy — 1,ug — 1]
=uituy (L4 2) "y U429, (T+y) e 1+ y, ]
= ur g (1) Yy Yy (1)l ) ()~ 1) (9, 2)— 1)
= —uytuy (1 +2) P (142 —1),1+y) 1A +y—1))(2—1)%271
= g (L 2) 7 (4 ) Y — )2
=—utuy (1 +2) P 1+ y) 42,1+ g
(I+y) A +z) H(z—1)%71
= —ui tuy  (142) 7 (1+y) Ty (l4y) T (1) (z—1)%2 7!
= —uy tuy Ty (z = 1),
where v = (1+2) ' (1 +y) lyz(1+y) 11 +2)~ "
Since (u1,uz) is central in KG, so
0= [(u1,us) — 1,2]
= —[uy tuz ty, (2 — 1)
= —{uy Muy ' @)+ ur  2luy (e = 172 g gy a)(z = 1)
It is not difficult to see that both [u;',z] and [u;',z] belong to
KG(z — 1)2. Now multiplying by (2 — 1)?=° and using (z — 1)? = 0,
given p > 5, we get [y, 7](z — 1)?~2 = 0. With routine calculations,
Mool = (1 +2) 1 +y) yz(l+y) 2]l +2)7!
=1 +a) 14y Hyale(l+y) Fya(l+y) a1 +a)
+ (14 2) A+ ) alye(l+y) T (1 +2) 7
Using [(1+y)~" 2] = —(1+y) 1 +y,2](1+y) "' = (1+y) lyz(l+
y) "1z — 1), we get
Mool =1 +2) " (L +y) -y A +y) " +ye(l+y) yz(l+y) 7'
1+a)7'(z-1)
+(1+2) (L y) (L y) Ty (L) T (1 ) T (e - )
=(1+2) A +y) ye{-z+2(1+y) ya}
Q+y) (1 +a) H(z-1)
=(1+2) 1 +y) ye( +y) {1 +y)z + 2y}
Q+y) (1 +a)H(z-1)
= —(1+2) " (1+y) Tly(l+y) Hy-Daz( +y) T (L +a) 7 (e 1).

(ug,ug)—1=uy

3271
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Now [v,x](z — 1)P~=2 = 0 implies (y — 1)(z — 1)?"1 = 0. So y € (z) and
y is central. But then z = (z,y) = 1, a contradiction. ®

We now apply this lemma to settle the case when Char K = p > 5 and
G is an arbitrary finite group.

Theorem 3.6. Let Char K = p > 5 and let G be any finite group
such that U(KG) is centrally metabelian. Then G is abelian.

Proof: By Corollary 3.4, G = P x H, a split extension of a p-group P
by a p’-group H. By Corollary 3.3, H is abelian and by Lemma 3.5, P
is abelian. Suppose, if possible, G is non-abelian. Then (P,h) # 1 for
some 1 # h € H. Since h induces a p’-automorphism on P, by [1, Theo-
rem 5.3.6], (P,h,h) = (P,h). Let L = ((P,h),h). Then L' = (P, h,h) =
(P,h) # 1. The Jacobson radical J = J(KL) = A((P,h))KL. Since
1+ JCU(KL), (14 J,h) CU(KL)" and ((1+ J,h),(P,h)) CU(KG)"
which is central in U(KG).

Let z,y,z € (P,h). Put a =1 — x, then a € J. Let u1 = (1 — ha, h).
Then

u; = (1 — ha) "Y1 — ha)"
= {1+ ha + (ha)?® + (ha)® +--- }(1 — ha™)
=1+ ha — ha" + (ha)?® — (ha)ha”
+ (ha)?® — (ha)?*ha™ + (ha)* — (ha)*ha” + - --
=1+h(a—a") +h%*a"(a—a") + hgahQah(a —a") (mod J*).
Now, since P is abelian, working modulo J#, we have
ug = (u1,y)
=1+u (uf —w)
=1+4u; {(hY — h)(a —a") + (W* — h*)a"(a — a")
+ (B — B3 a"(a — o)}
= 1 ur h{(hy) — 1+ A((R% y) — Dat+h2 (W, )~ )a"a"Ya—a")
=1+u;'h{(h,y) — 1+ h((h*y) — Da"}(a — a"), (mod J*),
since (h3,y) — 1 € J. Now ug is central. So we have working modulo J*
0=uz—1,2]
i B (b, ) — 1+ h((%, ) — Da"}Ha — o), 2
= [ur, 20 (h,y) — 1+ (A2, ) — a"}(a - a")

+ ufl[h((hvy) - 1) + hQ((h27y) - 1)ah7 Z}(a - ah)

= u Y[k, (B y) — 1) + B2, 2)((h2, ) — D" }a" — ),
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since [uyt, 2] = —uy t[uy, 2Ju;t € J2. Thus we get ((z,h) — 1)((y, h) —
1)((z,h) — 1) € J* for all z,y,2 € (P,h) = (P,h,h). So J> C J* and
J3 =0, since J is nilpotent. Thus (A((P,h)))? =0 and ((P,h) — 1)3 =
0. Now CharK = p > 5 and (P, h) is a p-group implies (P,h) = 1,
a contradiction to our assumption that (P,h) # 1. Thus G must be
abelian. W

Remark 3.7. The entire proof of Theorem 3.6 goes through upto
(A((P,h)))? = 0 in Char K=3 also if we assume that P is abelian.

We, now, turn to Char K = 3.

Lemma 3.8. Let Char K = p = 3 and let G be a finite group of odd
order such that U(KG) is centrally metabelian. Then G = P x H, P a
p-group, H an abelian p’-group. Further G' = P'.

Proof: By Corollary 3.3 and 3.4, G = PxH, P ap-group, H an abelian
p’-group. Assume, further, that P is abelian. Then G' = (P, H). If G' #
1, choose x € P, h € H such that (z,h, h) # 1 which is possible because
(P,h,h) = (P,h) # 1 for some h € H. By Remark 3.7, (A((P,h)))3 = 0.
Now (P, h) is a p-group, p = 3, so (P, h) is cyclic of order 3. Then (P, h) =
{(x,h)). Tt is easy to see that (x,h)" = (x,h)(x,h,h) € (P,h), hence
(xz,h)" = (z,h) or (z,h)~L. If (x,h)" = (x,h)"L, then (a:,h)h2 = (x,h)
implying (z,h)" = (z, h), because order of h is odd. Thus (x,h,h) = 1,
a contradiction. Hence G’ = (P, H) = 1 and G is abelian. So G’ = P’.

Now let P be non-abelian. By applying the above case to the group
G/P', we get (P,H) < P’ and so G’ = P’ in this case also. B

Next result is for finite 3-groups.

Proposition 3.9. Suppose that Char K = 3 and P is a finite 3-group
such that U(KP) is centrally metabelian. Then either P is abelian or
P’ =Cs.

Proof: If not, let G be a minimal counter example. Then |G| = 9 and
we have the following three cases.

Case (i): G' is central cyclic of order 9.

Let G’ = (z,), z = (1,y), 7,y € G, 2% = 1. Exactly as in the proof of
Lemma 3.5, G = (z,y), z = (x,y) # 1, and we conclude that (y —1)(z —
1)8 = 0. Thus y € (z) C ¢(G) and so (z,y) = 1, a contradiction. Hence
this case will not arise.

Case (ii): G’ is central and G’ = C3 x Cj.

Clearly A(G')> = 0. Since G’ is not cyclic, there exist elements
x,y1,y2 € G such that z1 = (z,y1) # 1 and 20 = (x,y2) ¢ (21), see
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[4, proof of Theorem BJ|. Let u; = (1 + x,91), us = (1 + y2,z). Then
exactly as in the proof of Lemma 3.5, we get

(ur,us) — 1= —ujtuy 'y(z1 — 1) (22 — 1)%25 ",

where v = (1 4+ 2) 7 (1 4+ y2) 'y22(1 + y2) 1 (1 + 2)~!. Hence

0 = [(u1,u2) — 1,91
Yyt (2 — 1) (22 — 1)%25
2. —1

= —{[uy tuz L yly up ey e — 1) (22 — 1)%25

— —fuy

We get [v,41](z1 — 1)(22 — 1)2 = 0, first term above being 0 be-
cause [uj'ust,y1] € A(G))?2KG and A(G')®> = 0. Now —[y 1 y] =
Yy, 1)yt and 21, 22 are central. So [y~!,y1](21 — 1)(22 — 1)2 = 0.
Now

L+ y2)(y2) " (1 4 y2) (1 + )
1+ yg)Znglwfl(l +y2)(1+x)
L4y (22 +ys2)(1+ 27"
T+yy Dz +y2) (1427,

~— — '
—~ o~~~

Since G' = C3 x Cs, let (y1,2) = 2tz for some 0 < i, j < 2. Now using
(28 —1)(21 — 1) = i(z1 — 1)2, 22(20 — 1)? = (22 — 1)2, and expanding
[Y~1, 1] in the usual way, we get

e+ ) +y) 1 +a ) +ill+2)yy; (1)L +a7h)
— i1+ 2)(1 4y Dy (L+ 271
—(1+2) 14y A +y2)z itz — 1) (2 — 1)* =0.

Since [, 8] € A(G)KG for all o, 8 € KG and A(G’)® = 0, on combining
first term with last term and second term with third term, we get, using
[, B](z1 — 1)%(22 — 1)* = 0, that

0={(1z —z 'y) (1 + 4, (1 + v2)
+i(l+2)(yryy ' — o) (1 + 27 ")z — 1) (22 — 1)
={pz (@ - 1)1+ 12)yy '
+i(l+2)* (1= y3)ys ‘ez — 1)%(z2 — 1)°
=iz (1+a){(z - 1)y + 1)
+i(l+2)(1—y2) A+ y2)ys (21 — 1)% (22 — 1)
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We have {(z — 1)(y2 + 1) +i(z + 1)(1 —y2)}(z1 — 1)%(20 — 1)2 = 0. It is
not difficult to see that this is not possible for any ¢ = 0,1, 2.

Case (ii1): G' is not central in G.

G is nilpotent, |G'| =9, v3(G) # 1 implies 73(G) = C5 and 14(G) = 1.

Choose w € G, x € G such that z = (z,w) # 1. Then z € ((G),
23 = 1and (142, w,w) is central in KG. Also (z,G) € v3(G). For other-
wise (x, G) will be in ¢(G) and then (z,¢g7 %, h)(g,h= , 2)(h,271,g9) = 1,
implies (g,h~1,2) = 1forallg,h € G. So (G',z) =1 and z = (z,w) = 1.
Choose y € G such that (z,y) ¢ v3(G). Let u = (1 4+ x,w), then

1+ z,w,w) =1+u w Hu— ]
=1+utw 1[(14—3:) 1+ 2, w), w)
=1+u w1+ o) w wz(z — 1), w]
1w (1 ) )L ) (s - 1)
=1+u w1+ 2) twz(1 +2) 71 (z - 1)?

=14+u 1l +z) P A+ ) Nz -1)%

Now [(u,w),y] = 0 implies [(1+x2) " (1+271)"1, y](2—1)? = 0, because
[u=t,y] € (+ — 1)KG and (2 — 1)® = 0. Solving this further, we have

0=[1+a"")(1+z2),y(z—1)?
=27 +zz,y)(z — 1)°
= +a2,y)(z - 1)

Hence
0={—z"'z,yle™" + [z, y]}(z = 1)?
={—z'yz((z,y) — Dz~ + yaz((z,y) — 1)}(z — 1)?
={-z 1y((m,y):{1 — 1) +ya((z,y) — )}z —1)°
= {2 y((z,y)(z,y, 27 ") = 1) + yz((z,y) — 1)} (z — 1)*
= {—z7y +yz}((2,y) - D(z - 1),

since (z,y,271) € 43(G) = (z). This gives yx{z "ty to "ty —1}((z,y) —
1)(z — 1)?2 = 0 and so {(y,z)*x=2? — 1}((z,y) — 1)(z — 1) = 0. Since
(z,y) ¢ v3(G), it follows that (y,z)*z~2 is in G’ and so 272 € G'. But
then x € G’ as order of = is odd. This is a contradiction as (x,y) ¢ v3(G).

Thus we have a contradiction in all the three cases, so either P is
abelian or P = C5. &
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Corollary 3.10. Let Char K = 3 and let G be a finite group of odd
order such that U(KQG) is centrally metabelian. Then either G is abelian
or G’ is cyclic of order 3.

Proof: Tt can be deduced easily from Lemma 3.8 and Proposition 3.9.1

Now we shall study the case when G is a group of even order.

Lemma 3.11. Let G = P x (h), P a finite 3-group, o(h) is even
and coprime to 3 and let Char K = 3, such that U(KG) is centrally
metabelian. Then either G' =1 or G' = Cs.

Proof: If (P,h) C P’, then G’ = P’ and by Proposition 3.9, G’ =1 or
Cs5. So we are through. Assume that (P,h) € P’. Then z = (z,h) ¢ P’
for some x € P.

First suppose that P is abelian. Consider the group L = ((P, h), h).
By Remark 3.7, (A((P,h)))® = 0 and hence (P, h) is cyclic of order 3.
So G' = (P,h) = C3, since P/ = 1.

Now let P be non-abelian. Then P’ = C3 = (t), say. Applying
the above case to G/P’, we have G'/P' = (P,h)P'/P' =2 (3. Then
G'/P' = (zP'), since z ¢ P'. Thus z3 € P'. This gives that |G'| = 9
and hence G’ is abelian.

Again take L = ((P, h),h), then L' = (P,h,h) = (P,h) = Cj3, since
U(KL) is centrally metabelian, (P, h) is abelian and we can apply Re-
mark 3.7. So (P,h) = (z), 2> = 1. Also (z,h) € (P,h), (z,h) # 1
and so (z,h) = z and 2" = z71. Clearly G’ = (P,h)P’ = (2) x (t),
23 =13 =1 and A(G’)® = 0. Since P is nilpotent, t € ((P). Further,
(t,h) € (P,h)NP' =1 and ¢ is central in G.

Case (i): (z,P) # 1.

There exists y € P with 1 # (z,y) € P’ = (t). So we may take
(z,y) =t. Leta=1—% € A(P). Then 1—hais a unit. Let uy = (1+z2,y)
and ug = (1 — ha, h). Then

up = (1= ha) "' (1 - ha)"
= {1+ ha + (ha)*}(1 — ha")
=1+h(z—1)z+h*(z - 1)
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using (z —1)3 =0, 2" = 27! and (ha)® = 0. Now

(uy,ug) — 1 =uy uy Huy — 1,ug — 1]

uz (14 2) 7y 1+ 2,5], Az — 1)z + B2z — 1)
up g (14 2) 'y (2 9)— 1), Az — DRz — 1)
utug Y1+ 2) 7Yz bz — Dz+h%(z — 1)?)(1+ 2) 7Yt — 1)
=y tuy th(z — 1)2(t — 1),

B
= Uy Uy

because 2" = z, and (14 2)"1 = —(1 — z + 22).
Now since [uj tuy ', y] € A(G)?KG and A(G")® = 0, we get

0= [(u1,u2) — 1,9
= [wr "uy "h(z = 1), 9]t - 1)
=y uy {yh((h,y) = 1)(z = 1) + e + 22, y]}(t — 1)
= —uj tuy thyz(z — 1)(t — 1)?
because (h,y) € (z). It follows that (z — 1)(t — 1)? = 0 implying that
z € (t), a contradiction.
Case (i1): (z,P) =1.
Let t = (a,b) for some a,b € P. If (y,h) # 1 implies (y,P) = 1 for
all y € P, then take m = xa. Otherwise we may take m = a = x. Let

g = hb. Then (7,g) = 2t and (7,b) =t always. Set a =1 —7 € A(P),
then 1 — ga is a unit. We have

Uy :(1_gaag)
— 1 g7 — )+ g (1 7Y (2 — )
= (L gt g (1= 79) 4 - (et — 1)

and

(u1,2) = 1+uy ' (uf —up)

=1+ur {(9° = 9) + (6% = g ) A = 79) + -} (st = D).

Now (g,2) = 2% and (g%, z) = 1. Therefore,

(ur,2) = 1+ uy Hg(* 1) +g* (2> = 1)1 — 79 ) (1 — %) + -+ H(zt — D)7
= 14ulg{l+ 21— a9)(1 —79) + - }(22 — 1)(2t — D).
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Since (u1, #) is central, we have

= [(u1,2), 2]

= [uy g{1+g (1—mn9 )(177‘(‘9)4*"'}(2271)(2%71)7‘(,2]

= ([ur*, 2lg{1 + > (1 =7 ) (1 —79) + -}

Fui g+ B =)L =79+, 2]) (22— D)(et — D
=ullzg(1+ (1 —79)(1 = 79) + - )(z2 = 1)2(2t — D
(mod A(G)*KQG),

because [u7lz] = —uy'[ur, zJu;t and [up,z] = zui((ug,2) — 1) €
A(G")?KG. Since A(G")? = 0, on multiplying by (t — 1), we get

(1421 —7) 1 =79) + - )(z — D)2(zt — 1)(t — 1) = 0.

Once again on multiplying by (1 — 7)°™)~1 from the right this gives
(1—m)e™=1(z - 1)2(t —1)2 =0, since 1 — 79 = 1 — n((m,g) — 1) —
Thus 7 € G’ C {(P) and hence 1 = (m,b) = t, a contradiction.

So (P,h) < P'and G' = P’ with |G'| =1o0r 3. &

Proposition 3.12. Let K be a field with Char K = 3 and let G =
P x H, P a 3-group, H a 3'-group of even order, such that U(KQG) is
centrally metabelian. Then either G' =1 or G' = Cs.

Proof: By Corollary 3.3, H is abelian and so G’ = (P,H)P’. Let
h € H. Consider the group L = (P,h). Then by Corollary 3.10 and
Lemma 3.11, either L’ = 1 or L' = (P,h)P’ = C5. If P is non-abelian,
this gives (P,h) < P’. Since this is true for any h € H, we get G' =

"= (Cj.

Let P be abelian. Then L' = (P, h) is cyclic of order 3. Thus G’ =
(P,H) is an elementary abelian 3- group AlbO (P, h) is normal in G,
for (m, )™ " = (m,h™ )" = (7, (x',h")R)" = (m,h)" = (x"',h) is in
(P,h). Let hy,hy € H such that (P hi) # 1 and (P he) # 1. Suppose
that (P, h1) = (21), (P, h2) = (22) and (z1) N {z2) = 1. Then since (P, hy)
is normal, (21, ha) € (P, hy). Also (z1,h2) € (P, h2) and so (z1,h2) = 1.
Similarly (z9,h1) = 1. Set ™ = 2122, ¢ = h1hy and a =1 — 7. Then

— (1= ga,g) = 1+ g(x? — m) + g*(1 — 79) (79 — ) + -
=Lt grr =1 417
(u,21) = 14+u 27 u, 21]
— 1 ulg(s — U — 1)
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and

0= [(u,21), 21]
= [t 21lg(ef = D(m — 1) +u g, 1) (21 — Dr(m — 1)
=u"H{~lu, z1]u" g +[g, 21} (2f — Dm(m — 1)
=u H{=219(zf — Dr(r — Du~ g + z19(27 — D}(z{ — Dm(r —1).

Let @ = (21) X (22). Then A(Q)®> = 0. Since u=! € 1+ A(Q)KG, it
follows from the above equation that

{(—(Z2—Dr(r—1g+22 -1} -1)(r—1)=0.
On multiplying by (z2 — 1), we get

0= (22— 1)} (2122 — 1)(22 — 1)
= (Zl — 1)2(22 — 1)2

This gives z1 € (z2), a contradiction as (z1) N (z3) = 1. Therefore G’
must be cyclic. so G’ = C3. B

We are now in a position to state our main results of this section.

Theorem 3.13. Let G be a finite group and let K be a field with
Char K = p # 2. Then U(KQ) is centrally metabelian if and only if
either G is abelian or Char K = 3 and G’ = Cs.

Proof: First let U(KG) be centrally metabelian. If Char K = 0 then
G is abelian, see [3]. So let Char K =p > 0. If p > 5, then Theorem 3.6
gives that G is abelian.

Now let p = 3. By Corollary 3.4, we have G = P x H, where P is a
3-group and H is a 3'-group. Also since U(KH) < U(KQG) is centrally
metabelian, by Corollary 3.3, H is abelian. Finally by Corollary 3.10
and Proposition 3.12, we get that either G is abelian or G’ = Cs.

Thus if U(KG) is centrally metabelian, then either G is abelian or
Char K = 3 and G’ = (3. But then KG is Lie centrally metabelian (see
[4]). The converse now follows from Theorem 2.1. B

Corollary 3.14. Let K and G be as in Theorem 3.13. Then U(KQG)
is centrally metabelian if and only if KG is Lie centrally metabelian.
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Proof: KG is Lie centrally metabelian if and only if either G is abelian
or Char K = 3 and G’ = C3. Rest follows from Theorem 3.13. ®

Corollary 3.15. Let K be a field with Char K = 3 and let G be a
finite group of odd order. Then the following are equivalent:

(i) U(KG) is centrally metabelian;
(ii) G is either abelian or nilpotent with G' = Cs;
(iii) U(KQG) is metabelian;

)

(iv) KG is Lie metabelian.

Proof: Let U(KG) be centrally metabelian. By Theorem 3.13, if G is
non-abelian, then G’ = C5. Let G’ = (t). If t9 # t for some g € G, then
t9 =t and sot9° = (t71)9 = t. Now G has odd order so g, also, is
of odd order and g € (g?). This gives t9 =¢. Thus t9 =t for all g € G
and so G’ = (t) is central in G. Now by using [2] and Theorem 2.1, we
get that statements (i), (ii) and (iv) given above are equivalent. Further
by [6, Corollary 4.2], KG Lie metabelian implies U(K G) is metabelian.
Now [5, Theorem B] gives that either G is abelian or G is nilpotent with
G' = Cs.

It is easy to see that Corollary 3.15 is parallel to what we have for
Lie centrally metabelian group algebras KG, Char K = 3 and G torsion
having no element of order 2 (see [4, Theorem A]). B
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