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1 Graphs

1.1 Definitions. A graph I consists of a set V' of vertices, a set E of edges, an initial incidence function
t: E—V, and a terminal incidence function 7 : E — V. Sometimes we shall treat I' as the set V' U F,

where U denotes disjoint union. Other times, we shall treat I' as a one-dimensional CW-complex in
which each edge e corresponds to the ]0,1[ part of a copy of [0, 1] that is given with an attaching map
that carries 0 to te and 1 to Te.

In the free group (E | ), set E¥!:= EUE~!. Foreach e € E, set t(e™!) := 7(e) and 7(e7!) := t(e).
For each v € V, set linkp(v) := {e € E*! : te = v} and deg(v) := |linkp(v)], called the degree of v in T.
By a I'-path we mean a sequence y of the form

(vo,€1,V1,€2,V2, ..., Un_1,€n,Vn)
wheren > 0 and, foreachi € {1,2,...,n}, e; € E*! v, = 1e; and v; = Te;; we sometimes find it helpful
to depict v as vg — V1 —2 Vg - - Vp_1 —= v,,. We call n the length of v. For each i € {1,2,...,n—1},

we say that (e;,v;,e;41) is a turn in «, and that the turn is a backtracking if e;1q = ei_l. We say + is
closed if vg = vy, v is reduced if it has no backtrackings, and  is a circle-path if it is closed, reduced,
and satisfies [{v1,va,..., 00} =n > 1.

Let E*'* denote the free monoid on E*! endowed with the natural inversion map. We call
[T, e; € EX1* the I'-label of v, and let Labels(I') C E¥1* denote the set of I-labels of I'-paths. All the
I'-paths of length 0 have I'-label 1, while each I'-path of positive length can be reconstructed from its
I-label. The subset Labels(T") of E*'* is closed under the inversion operation, but need not be closed
under the multiplication operation. We shall be performing only multiplications that do produce another
element of Labels(T).

A graph is connected if any two vertices lie in some path. Every graph is the disjoint union of its
maximal nonempty, connected subgraphs, called its components. A circle-graph is a finite, nonempty,
connected graph in which each vertex has degree two. A tree is a nonempty, connected graph with no
circle-subgraphs. A line-segment-graph is a finite tree in which exactly two vertices have degree one.

2 Arborizing Steinberg’s argument

The case of the following where C' = {1} is due to Steinberg.

2.1 Theorem. Let G := A x¢ B with C finite and A # C # B, and let W denote the subsemigroup of G
generated by (B — C)(A — C). If H is a finitely generated, infinite-index subgroup of G, then there exists

some w € W such that H N J,cq(wW U{w})? = 0; hence, each element of H is non-conjugate to each

cyclically reduced word that begins with w or w™'.

Proof. Let T denote the graph with vertex-set (G/A)U (G/B) and edge-set G/C, with each edge gC
of T having initial vertex gA and terminal vertex gB. By Bass-Serre theory, T is a G-tree. For any
vertices v and ve of T, T[vy,v2] denotes the intersection of all subtrees of T' that contain {vy,va}; if
vy # vg, then T'[v1,vs] is a line-segment-subgraph.

Let S be a finite generating set for H. Set Ty := Uscgy(1y T4, sA] and H-Ty := Uy e h-To. Then
H T, is an H-subgraph of T, and Ty is a finite subtree of H-Tj such that, for each s € S, s-Ty N Ty # ().
Hence, the component of H-T;; which contains Ty is stabilized by S, and hence by H; it follows that H-Tj



is an H-subtree of T. Also, H-Ty is H-finite, that is, the graph H\(H-Tp) is finite. Fix a C-minimal
H-subtree Ty of H-Tj.

Consider any w € W. Set (Ty:T[A,wB]):={q€ G :T[qA,quB] C Ty}. Write w =[], (b;a;)
where n > 1 and, for each ¢ € {1,2,...,n}, b € B—C and a; € A— C. Let ¢y denote the edge 1C
of T'. Then the reduced T-path from A to wB is

biai-eo H?;ll(b'iai)bn‘eal
%

A E_[)) B bli) blalA —_— blalB LR H?zl(blal)A H;I:l(blaz)B
Here, eg € T[A,wB], and, for each q € (T :T[A,wDB)), q-eg € Ty. Notice that (T : T[A,wB]) is a left
H-subset of G and we have a map

H\(Ty :T[A,wB]) - H\TH, Hq— Hg-ep.
Since C is finite, this map is finite-to-one. Since H\Ty is finite, H\(Ty : T[A,wB]) is finite.

Fix a w € W that C-minimizes the H-finite H-subset (T : T[A,wB]) of G. Fix a w’ € wW U {w}.
It suffices to show that w' & .o HY.

Suppose this fails. Fix a ¢ € G such that w’ € H?. Then ¢~ 1Ty is a (w’)-subtree of T. Now w’ € W
and T[A,w'B] 2 T[A,wB]. Set Ty := U,z w™T[A,w'B]. It can be seen that T, is a C-minimal
(w')-subtree of T', on which w’ acts by translation. If Ty, N q~ 1Ty = (), then there exist unique vertices
vy of T,y and vy of q 1Ty that C-minimize T'[v;,vs], and then w’ fixes v; and vo, which contradicts
w’ acting by translation on Ti,y. Hence, T,y N g Ty #0. Now Ty N q 1Ty is a (w')-subtree
of Ty, and hence is all of Ty,,y. Thus, T[A,wB] C q 1 Ty. Hence, T[qA, quB] C Ty. Since H has
infinite index in G and C' is finite, H\G/C is infinite. Hence, G/C ¢ Ty. Thus, G/B ¢ Ty. Fix a
g € G such that gB € T — Ty . Let v denote that vertex of Ty which C-minimizes T[gB,v]. Since Ty is
the C-smallest subtree of T' that contains H-v, we see that Ty C (J,c g Tr[gA, h-v]. Fix an h € H such
that quB € Ty[qA, h-v]. Then h™lqwB € Tylh~'qA,v] C T[h~qA, gB]. Hence, wB € T[A,q *hgB].
It follows that ¢~ 'hgB = w"B for some w” € W. Now we have T[A,wB] C T[A,w"B], and, hence,
(T :T[A,wB]) 2 (T : T[A,w"” B]). Equality holds by the C-minimality of (T : T[A, wB]), and, hence,
q € (T :T[A,w"B]). Thus, qu"B € Ty. Hence, h~'qu” B € Ty. Since w” B = ¢~ *hgB, this says that
gB € Ty, which is a contradiction. O

iz1(biai)-eo

2.2 Remarks. In the statement of Theorem 2.1 above, the hypothesis that H is finitely generated can
be weakened to the hypothesis that H is generated by some set S’ of the form

(2.21) {h1,ha,...,hy}U(HN (A" UA2 U---UAUBH UB*2UJ..-UBI)) n>0,m=>k>0,
where {h1,ha,...,hn} C H and {g1,92,---, 9k, Jk+1,-- -, gm} C G, since the above proof of Theorem 2.1
remains valid if S is replaced with S’ and T} is replaced with
n k — m _
Ty :={Ay U (UZ T[A, hiA]) U (Uj:l T[A, 9j 1A] )U (Uj:k+1 T[A, 9j 1B] ).

Collins and Turner (1994) assigned to a subgroup of a free product of groups a certain cardinal that
they called its Kurosh rank, and they pointed out that, by a result of Baer and Levi (1936), this cardinal
is uniquely determined by the subgroup and the given set of free-product factors. In the C' = {1} case

of Theorem 2.1, it can be shown by Bass-Serre theory that a subgroup H of AxB has finite Kurosh rank
if and only if H has a generating set as in (2.2.1).

3 Small-cancellation theory for amalgamated free products

In this section, we shall prove the following.

3.1 Theorem. Let G := AxcB with A# C # B, and let gy := [[;—,(bia;) € G where n > 1 and, for
each i € {1,2,...,n}, a; € A—C and b; € B — C. Suppose that, for all cyclic permutations g1, ga of the
word go, all €1,e2 € {—1,1}, and all ¢1,¢5 € C,
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(3.1.1) if c195 = g5?ca, then c195" = g5¢y.

Let po be a nontrivial element of the normal closure of g§ in G. Then some G-conjugate of py equals
g8, or gy 8, or a cyclically reduced product Hizl(w;wg) of nontrivial reduced words such that each wy, is a
subword of g§ or gaG of length 6n—1, 8n—1, or 10n—1, and Z?le-ﬁj = 6, where £; denotes the number

of k such that wj, has length (j + 2)2n—1. In particular, po is conjugate to some cyclically reduced word
that begins with g3 or gy 2,



3.2 Remarks. Small-cancellation theory was initiated by Dehn, Greendlinger, and Lyndon for free
groups, by Lyndon for free products, and by Schupp for amalgamated free products. As our proof of
Theorem 3.1 amounts to one of the fundamental arguments of this theory, we take the opportunity to
present an introductory exposition of it, by writing our proof carefully in a relatively unsophisticated
language, with no attempt made to draw more than the one conclusion.
The C'(%) analogue of Theorem 3.1 for free groups is due to Greendlinger, in an extension of work
of Dehn.
The case of Theorem 3.1 where C' = {1} is due to Duncan and Howie; here, (3.1.1) clearly holds.
Juhész studies small-cancellation theory for amalgamated free products in the situation where the
following three conditions hold:
e ( is malnormal in G}
e ¢ is not a C-proper power in the sense of Juhasz; and

e Ch™1C # ChC for each letter h occurring in go.!
Together these imply that

(3.2.1) C is malnormal in G, and the set of cyclic permutations of gOil meets 4n C-bi-cosets,

which in turn implies (3.1.1), for here g; = go, €1 = €2, and ¢; = ¢ = 1.

If C is malnormal in G and nontrivial, then both (B — C)(A — C) and (A — C)(B — C) contain at
least two C-bi-cosets. (If bca = cibaca, then bC = ¢1bC and Ca = Cacg, then ¢; = 1 = ¢ by malnor-
mality, and then ¢ = 1.) In the situation of interest to us, we may arrange for n to be a prime number
greater than 4, Cb,a,C # Cb,_16,—1C, and Ca,_3b,_oC # Cay,_4b,_3C. Then the set of cyclic per-
mutations of gy meets 2n C-bi-cosets, and the set of cyclic permutations of g, ! meets 2n C-bi-cosets.
To ensure (3.2.1) one could further assume that, for each i € {1,2,...,n}, Cb;a;C # C’bi_lai__llC where
ag := an, but that is somewhat unsatisfactory; it does hold if Cb;lC # Cb;C.

3.3 Definitions. Set C := CU {0}, the Riemann sphere.

Let I' be a finite, nonempty, connected graph engraved on C such that I' is the one-skeleton of
a CW-structure for C and the edges of I' are smooth curves. Thus, each component of C —T is a
topological open disk, called a face for I'. Let V, E, and F, denote the sets of vertices of I", edges of T,
and faces for I', respectively.

Consider any v € V. Some small circle A, in C centered at v has an induced clockwise circle-graph
structure in which the A, -vertices and A, -edges are the intersections of A, with the I'-edges and I'-faces
incident to v, with multiplicities. We identify the vertex-set of A, with linkr(v). Any edge of A, is
a subset of some f € F', and its initial vertex e and terminal vertex e’ lie in linkr(v); here, we call
(e 1,v,¢') a turn for f.

If E is nonempty and f is a face for I', then the set of all the turns for f may be concate-
nated, yielding a sequence of the form (ej,vi,e9,v9, - ,€pn,vpn,e1) with n > 1. The closed I'-path
(Un, €1,V1, 62,09, ,€n,vy,) is called a boundary path for f. The set of boundary paths for f forms
a single orbit under cyclic shifting. In particular, f uniquely determines a conjugacy class, denoted [f],
in (E| ) such that [, e; € [f]. By the boundary of f we mean the subgraph of I' with vertex-set
{v1,v2,...,v,} and edge-set {e1, es,...,e,}. The boundary of f is a circle-graph if and only if one/every
boundary path for f is a circle-path.

For any circle-subgraph A of T', the two faces for A induce a partitioning of F' into two proper subsets,
and each edge of A lies in the boundary of two different faces for I'.

It follows from Lemma 2 of van Kampen (1933) that, for any enumeration (f1, fo,..., fm) of the
set F,

(3.3.1) [A]7Y C [fa]- - [fm] € (B )

to see (3.3.1), one finds some enumeration (f1, fo,..., fm) of F and some expression of 1 as an element
of [f1][f2] - - [fm], by recursively eliminating one edge from one circle-subgraph of I" until I" becomes a
tree. Since [f1][f2] = [f][f1], the choice of enumeration can then be made arbitrary.

We now start the proof of Theorem 3.1.

1Rather than this, Juhdsz requires that G have no elements of order two, which seems to be insufficient.



3.4 Notation. For each X € {A, B,C}, let X be a set given with a bijective maps of sets X — X’,

2 Z. Set S := AU BU {&} where ¢ is a new symbol. Let Q denote the graph with two vertices & and
Te, called the A-verter and the B-verter, respectively, and edge set S, where the incidence functions of 2

may be depicted as 1€ = 1€ with a € g, 7% 18 with b € E, and (€ = 7¢; these are called the A-edges,
the B-edges, and the e-edge of €2, respectively. By sending € to 1, we obtain a natural map of sets S — G,
and, hence, a morphism of monoids-with-involution S*!* — G, and, hence, a map = : Labels(Q2) — G.
The natural maps C£l* 5 A+1* and C £1* — BE!* will be denoted by ¢ +— c4 and ¢ — cp, respectively.
The Q-label of a closed 2-path is said to be G-reduced if it cyclically contains no subword having any of
the following forms: aa’ with a, ' € ALl by with b, ¥ € B, ¢71¢ ¢¢-1; and € ~lcs€ and écpe !
with ¢ € C' *1.

By an Q-graph we mean a graph I' given with a graph morphism I' — Q. We then speak of the
A-vertices, the B-vertices, the A-edges, the B-edges, and the e-edges of I'. We have natural maps of sets
Labels(I') — Labels(2) — G, and will speak of the Q-label and the G-label for any I'-path. We shall
sometimes use the notation v =% w to refer to a I-path with G-label g, and similarly for Q-labels and
I-labels. For I-paths of length one, we may write v 2 w. A closed I-path is said to be G-reduced if its
Q-label is G-reduced. A T'-path is said to be G-trivial if its G-label is 1, and G-nontrivial otherwise.

In the remainder of this section, we shall be considering a specific finite, connected (2-graph I' engraved
on C. In this situation, for any face f for I', we say that f is G-reduced if one/each boundary path for f is
G-reduced, and similar terminology applies with ‘G-reduced’ replaced with ‘G-trivial’ or ‘G-nontrivial’.
For g € G, we say that f is a g-face if there exists some boundary path for f which has g as its G-label.
We say that f is an A-polygon if all the vertices in its boundary are A-vertices, and therefore all the
edges in its boundary are A-edges. Similar terminology applies with B in place of A. A circle-subgraph
A of T' will be said to be G-reduced, G-trivial, or G-nontrivial if one/each of the boundary paths of
one/each face for A is G-reduced, G-trivial, or G-nontrivial, respectively.

3.5 Notation. Set 7o :=g5 € G. We may write py = H;nzl(hjrgjhj_l) where m > 0 and, for each
je{l,2,...,m}, h; € G and ¢; € {—1,1}. We take m to be smallest possible. Since py # 1, m > 1.
We now engrave an Ol’shanskii-van Kampen graph I on C that encodes the given data.
In Labels(Q), set Go := [[/—, (€b; € ~'a;) and 7 := 3°. Recall the map = : Labels(2) — G. For each
j€{l,...,m}, firstly, choose a suitable d; > 0 and some hA] € A(€B&'A)% C Labels(Q) such that

3;;13’ 3:;;2}’ [3%;2735;;11]’ and [Bj—l 373}

w(h;) = h;, and, secondly, endow each of the line segments [ e B

with the structure of a line-segment -graph such that the resulting path from left to right has the
Q-label i/z\j, 70, and @—1’ respectively. The overall result is an Q-graph engraved on [0,1]. Let Iy
denote this graph.

It follows from our construction that no vertex of I'y is incident to two e-edges of I'g. As 'y will
contain all the vertices and all the e-edges of the Q-graph I on C that we are building, no vertex of I"
will be incident to two e-edges of T s ‘

For each j € {1,2,...,m}, we now add to I’y an A-edge with Q-label 14, initial vertex 3:]57_”1,
terminal vertex %, engraved as a semicircle in the lower half-plane, that is, the component of C — R
containing —i. Recall that the I'g-path from left to right for the graph engraved on [M M] has

3m ’ 3m

and

Q-label 7. The overall result is an Q-graph engraved on C. Let I'; denote this graph.

It can be seen that the number of faces for I'y is m + 1; for each j € {1,2,...,m}, we have an r, “-face
whose boundary path at % has Q-label (7 f,;)_l, and we have a pg-face whose boundary path at 0
has Q-label

-1 —~ 1

- 1~ 1 _— _— o
hi 70 hi ho 70 ha o hgy 70T hy R 14 By Rt 14 Buper o0 b 1ahg

We shall speak of the pg-face, the roil—faces, and, soon, the 1-faces. The boundary and the boundary
paths for the pg-face will be called the pg-boundary and the pg-boundary paths, respectively, and the edges
of the pp-boundary will be called the pg-edges. Analogous terminology applies with roil in place of py.
At the moment all edges are py-edges, but that will soon change. The ratl—boundaries are circle-graphs,
and that will be maintained. The pg-boundary is not a circle-graph, but soon it will be.

The next step is to engrave a larger 2-graph I'y on C by cutting corners off the ra—Ll—faces and the
po-face until they are all G-reduced, as follows.

If v LiN Vg LN v3 occurs in a pg-boundary path, with a, a’ € A, we add a semicircle with path



V1 % vs across the pg-face, creating a new pg-face by cutting off a new A-edge and a new 1-face that
is an A-trigon.

There is an analogous operatlon with B in place of A.
-1 z-1! =
If some vy E oy, vy = vy or 1)1 RN L) v3 = vy occurs in a po-boundary path, with

cE C we add a semicircle w1th path v; <25 vy or vy ~2 vy, respectively, across the po-face. Similarly, if
-1 st

U1 —> vy By 3 s vy or vy —> Vo (—> V3 N occurs, we add vq LAy g or vy V1, respectlvely,
across the po-face. Each such corner cut off consists of an A- or B-edge and a 1-face called an e-tetragon.
In the lower half-plane, we successively cut corners off the pp-face until the resulting graph has a

semicircle with path 1 0T henceforth, the pg-boundary will be a circle-graph.

Now, in the upper half-plane, we successively cut corners off the po-face until it is G-reduced. If the
po-face is cut down to a digon, and then a monogon, the edges in these two steps cannot be represented
as semicircles and other curves will be required. However, these steps arise if and only if the py-face is
an A- or B-polygon, that is, pg € AU B, and we shall see eventually that this does not happen, which
implies some cases of the Freiheitssatze of Lyndon, Schupp, Collins and Perraud, Howie, Juhész, and
others.

Turning now to the roil—faces, we cut off one A-trigon from each roil—face7 and then the resulting
rgd—faces are GG-reduced. This completes the construction of I's.

The faces for I'; are the po-face, the m roﬂ—faces, and the 1-faces, each of which is an A- or B-trigon,
-digon, or -monogon, or an e-tetragon, and one trigon may have two vertices. We remark that oo lies in
an A-trigon. The boundaries are all circle-subgraphs, except for a hypothetical two-vertex trigon.

The graph I" we are constructing will be a subgraph of I's. Consider any circle-subgraph A of I's. By
the exterior of A, we mean the face for A that contains the po-face for I's; the other face for A is called
the interior of A. All of this terminology will have similar meanings at all stages of the construction
of I". We recursively search for a G-trivial A- or B-circle-subgraph A of (the current) I'; whose interior
is not a face for I's, and, on finding such a A we eliminate from I's all the edges and vertices that lie in
the interior of A, thus fusing some vertices, edges, and faces into a new 1-face for the next I's. The new
1-face is then an A- or B-polygon. When all G-trivial A- or B-circle-subgraphs of I'y are boundaries of
1-faces, we have completed the construction of T'.

3.6 Remarks. It can be seen that the G-trivial A- or B-circle-subgraphs of I' have pairwise disjoint
edge-sets.

The faces for I' are the po-face, any surviving 7'0 !_faces, and the 1-faces. Each 1-face is an A- or
B-polygon or an e-tetragon. It follows from (3.3.1) and the minimality of m that the number of 7”0 !_faces
is m; that is, they all survive.

All faces have boundaries that are circle-graphs, except for a hypothetical two-vertex trigon.

For the remainder of proof of Theorem 3.1, we fix the following.

3.7 Notation. Let A be an arbitrary circle-subgraph of I'. Let Y be the subgraph of I' obtained by
deleting all those vertices and edges of T that lie in the exterior of A. It is easy to see that T is nonempty
and connected. Now C is a CW-complex with the vertices and edges of Y, and the faces for Y.

Let pj € G be the G-label of some boundary path of the exterior of A. We shall call the exterior
of A the p{-face for T, and call A the pj-boundary. The faces for T are then the p{-face and various
1-faces and rif'-faces. Let m/ denote the number of ri'-faces for T. By (3.3.1), pj is a product of m’
conjugates of 7&'; also by (3.3.1), po is a product of a conjugate of pj and m — m’ conjugates of r'.
Hence, m’ is minimal, since m is.

3.8 Notation. Let X denote the CW-complex obtained from the CW-complex C by the following
sequence of operations: all the A-edges and A-faces for T are collapsed to A-vertices, with the exception
that if A is a G-trivial A-circle-graph, then the pj-face is left untouched even though its boundary is
being collapsed to an A-vertex; then similarly, with B in place of A; at this point all edges are e-edges
joining A-vertices to B-vertices and all e-tetragons have been collapsed to e-digons, and now each e-digon
is to be collapsed to a single e-edge. Notice that if A is a G-nontrivial A- or B-circle-graph, then the
py-face is to be collapsed to a vertex; this situation was already exceptional for allowing a two-vertex
trigon, and eventually it will be an excluded case.



Now X has a CW-structure with vertices, edges, and faces. The one-skeleton X is a graph on X.
There are m’ +1 or m/ faces; these are m’ rgd—faces, together with a p{-face if it has not been collapsed.
All the X-faces have new attaching maps involving only their old e-edges.

We now present the viewpoint that the cells of X are subsets of C.

A megavertex M for T has as its one-skeleton M) a component of that graph which is obtained
from Y by deleting all the e-edges, and to M (1) are added those faces for T whose boundaries lie in M™),
with the exception that if A is a G-trivial A- or B-circle-graph, the p{-face is not included in M.

Each e-edge of T is incident to exactly two faces for Y, each of which is an e-tetragon, an r&l—face,
or the pj-face, since all other faces are A- or B-polygons. By an €-band for T we mean a component
of that topological subspace of C which is the union of all the e-tetragons for T and all the e-edges
of T. An e-band may be an open annulus, with boundary paths having Q-labels c4 and cp for some
c € C** The second possibility is that an é-band may be an é-edge that appears with its inverse in
a pp-boundary path. The third and final possibility is that an e-band may be an open disk plus two

é-edges, with a boundary path of the form vy — v; —>°3—> Vg SN V3 ERENIN Vg for some ¢ € CN'ﬂ*, where,
for i = 1,2, e; is an edge with an e-label, and 61(51)’ appears in an roil— or pj-boundary path. Since no
vertex is incident to two e-edges, the C-labelled subgraphs associated with annular, resp. disk, e-bands
are circle-subgraphs, resp. line-segment-subgraphs.

We may then view the X-vertices as the megavertices for T, the X- edges as the e-bands for Y, and
the X-faces as the m/ ri'-faces for T and, if it is not in a megavertex, the pj-face for Y.

3.9 Notation. Create from X a CW-complex Y with a different one-skeleton by recursively making
a degree-one vertex and its incident edge into interior points of the incident face until there are no
degree-one vertices left, and then recursively making a degree-two vertex that is incident to two different
edges into an interior point of a single edge, until either Y") has no degree-two vertices or Y1) is a
one-edge circle graph. By the Y -length of a Y-edge, we mean the number of X-edges it contains.

Let V, E, and F, denote the sets of Y-vertices, Y-edges, and Y-faces, respectively. Then F' consists
of m/ roﬂ—faces and at most one pj-face. For each f € F', the Y-boundary of f will be denoted 9f.

Let F, denote the set of m/ roﬂ-faces in Y, and let E, denote the set of Y-edges that are in
Y-boundaries of elements of F,.. Set F}, := F — F, and let E, denote the set of Y-edges that are in
Y-boundaries of elements of F,.

Set By, = FE.NE, and ETT = E, — E,. Let F,, denote the set of rgﬂ faces whose Y-boundaries
have all edges in E,... Let F., := F. — FM, the set of 7"0 !_faces whose Y-boundaries have at least one
Y-edge in E,. For each f,. € F,, set deg,..(f) = |E. NOf.| and deg,,(f.) := |Ep N Of.|. We define

deg,, . (Frr) := > deg,.(f-), and so on.
Jr€Fy

3.10 Lemma. With the foregoing notation, the following hold.
(1) For all f, f' € F., if [ # f', then each Y-edge of Of NOf' has Y -length at most 2n.

(i) |V|—|E|+|F| =2.
(#9t) If |Fr| =0, then py = 1. If |F,| = 1, then pj is a G-conjugate of ro or 1“0_1
(iv) If |F.| = 2, then 6|F| — 12 > 2|E|.
(v) For each f € F,, 8f is a circle-subgraph of Y1),
(vi) 6]Fy| < deg,, (For) < deg, (Fr) = 2|y,
(vii) Ewery closed path in a megavertex for Y is G-trivial.

Proof. We argue by induction on the number of faces for T that lie in the interior of A.

If there is only one face in the interior of A, then that face is an A- or B-polygon, an e-tetragon, or an
r(jfl—face. An A- or B-polygon gets collapsed to a vertex, while the complementary pj-face, as a special
case, remains an open disk, and then Y is a sphere and Y1) is a vertex. An é-tetragon gets reduced to
a vertex, in stages, while the complementary p{-face remains an open disk, and then Y is a sphere and
Y™ is a vertex. For an ratl-face, the A- and B-edges get collapsed to vertices, and then Y is a sphere
and YY) is a circle-graph with one edge of Y-length 12n. In all these cases, (i)—(vii) hold.

Thus, we may assume that there are at least two faces for T in the interior of A, and that, for any
circle-subgraph A’ of T, if A’ #£ A, then the analogues of (i)—(vii) with A’ in place of A all hold.

Two e-edges that appear in an Y-boundary path of an roil—face with only one intervening A- or
B-edge cannot lie in some e-band, by the induction hypothesis applied to (vii) and the fact that no



letter of rg lies in C'. Hence, the X-boundary path of each roil—face has no backtrackings. Hence, each
Y-boundary path of each roil-face has Y-length 12n.
(z) Suppose that (4) fails. In terms of Y, this entails that we have all of the following data:
e V= (Uo,60,U1,I1,U2,€1,U3,$2,U4,62,11573?3, <o T2n—1,V4n—2,€2n—1, Vin— 1,$2n,114n,€2n,v4n+1) is
an Y-path which is the beginning of an T- boundary path of f. Each v; is a vertex, each e;
has an e*+!- label, and each z; has an (A U B)jEl label. Let ¢; denote the G-label of z;, and set
g1 = Hi:l i, which is the G-label of 4. Then ¢¢ is the G-label of the Y-boundary path of f that
begins with «, and ¢; is a cyclic permutation of gg or gal
d ’Y/ = (1)6, 66’ Ullv zlla UlZa 6/17 Uév l’/2, Uglv 6/25 Uév IE%, cty xIQn—lv ’Uzln—Q’ el2n—17 vélln—lv lJan vzlnv 6l2n7 Ugln-&-l) is
an Y-path which is the beginning of the inverse of an T-boundary path of f’. Each v} is a vertex,
cach ¢} has an e*!-label, and each , has an (A U B)*!-label. Let ¢/ denote the G-label of 2/, and
set ¢} = H1221 ¢, which is the G-label of 4. Then ¢/~ is the G-label of the Y-boundary path of f’

that ends with 4/~!, and g} is a cyclic permutation of 9o, 0T ggl. .

e For each i € {0,1,2,...,2n}, vh; =3 vg; <5 944 SAIEN Vgip1 —— vh; is an Y-boundary path
of some e-band f;. (By the construction of I, e; # e].) For each j € {0,1,2,...,4n+1},let ¢; € C
denote the G-label of ;. Then cy; = caiy1.

For each ¢ € {1,2,...,2n}, the closed megavertex—path

-1
Y2i-1
Vgi_q o V2ie 1—>Uzl—>4—>v21—>v21 1

lies in the interior of A, and, hence, is G-trivial, by the induction hypothesis applied to (vii); thus,
C2i-1¢i = ¢;C2i = ¢;c2i41 in G. Now
crgr = e [ @ = ([T 4)canta = ghcansa-

By (3.1.1), c19% = g{%¢1 = g{%cp. We then eliminate all the é-edges that lie in the band fy. This fuses
f U foU f" into a single face, which is a 1-face since one of its boundary paths has G-label ¢; ¢7 calg’l_6 In
summary, we have a new graph engraved on @ with m' — 2 7"0 !_faces, one pp-face, and various 1-faces.
By (3.3.1), pj is then a product of m’ — 2 conjugates of rj FL. This contradicts the minimality of m/.
Hence, (7) holds.

(i4). Tt suffices to prove the analogous equality with X in place of Y, and for X it suffices to show that
each megavertex for T has Euler characteristic 1, and that each e-band for T has Euler characteristic —1.

Consider any A-megavertex M for Y.

Consider the case where A C M. Then A is an A-circle-subgraph of I'. If A were G-trivial, then
there would be only one face for T in the interior of A, by the construction of I', and we are assuming this
is not the case. Hence A is G-nontrivial, and then the p{-face also lies in M, by the construction of X.
If some edge of A lies in a G-trivial A-circle-subgraph, we could find a G-nontrivial A-circle-subgraph
that is different from A. This contradicts the induction hypothesis applied to (vii). Hence, in all cases,
no edge in M lies in the boundary of two faces of M.

Thus we could eliminate one edge from the boundary of each face, as well as the face, eventually
transforming M into a connected graph, without changing the Euler characteristic. If this graph were
not a tree, then it would contain an A-circle-subgraph A’ which is not the boundary of a face of M. If
A’ is G-trivial, then, by the construction of I'; A’ is the boundary of an A-face, which is a face of M. If
A’ is G-nontrivial, then by the induction hypothesis applied to (vii), A’ = A, and by the construction
of X, the pj-face of X is a face of M. These are contradictions. Hence the graph that would remain
would be a tree, and M must have Euler characteristic 1.

Consider any e-band N for T.

Consider first the case where N is an annulus. At least one boundary component A’ of N is not A.
By the induction hypothesis applied to (vii), the C-circle-subgraph A’ is G-trivial. By the definition of
e-tetragons, the other boundary component A” of N is also G-trivial. By the construction of I, both
A’ and A" are boundaries of C-polygons in the interior of A, and N does not exist.

It now remains to consider the case where N is not an annulus. Here, the number of edges in N is
one more than the number of faces in N, and there are no vertices in N. Thus, the Euler characteristic
of Nis —1.

Since C has Euler characteristic 2, so too do X and Y.

(7i7) follows from (3.3.1).

(v). If |F.| > 2, then, by (i), Y1) is not a one-edge circle-graph. By the definition of Y, every
Y-vertex has degree at least three. Thus, 3|V| < deg(V) = 2|E|. By (i1),



6|F| — 12 =6|E| — 6|V| = 6|E| — 4|E| = 2|E|.

(v). Suppose that (v) fails. Then there exists some ri'-face f and some megavertex M for Y
that contains two A- or B-edges of the T-boundary of f. It follows that there exist two vertices vy, vo
in T, and three line-segment-subgraphs L, 0_, and 04 in T all with endpoints v1 and wvq, such that the
following hold: 0_ N9y =0-NL =04y NL={v,ve}; 0_ U, is the T-boundary of f; L C M; and f
lies in the interior of the circle-subgraph 0, U L and in the exterior of the circle-subgraph 0_ U L.

One of the G-labels of the circle-subgraph 0_ U L is the product of an odd-length subword of a cyclic
permutation of &' and an element of AU B. Hence, _ U L is G-nontrivial. By (3.3.1), |F,| > 2. By
(iv), 6|F| — 12 > 2|E|.

Tt follows from the induction hypothesis applied to (v) that A = 94 U L and that there is no other
incidence of a megavertex for T containing two edges of the T-boundary of an roﬂ—face for Y. Although
(v) fails, no Y-edge and its inverse both occur in the Y-boundary path of an roil—face of Y. It follows
from (4) that 6|F.| < deg,.(Frr) < 2|Epr|.

InY, L is collapsed to a vertex, and f becomes a pinched annulus that engulfs the interior of 0_ U L.
Since d; contains at least one é-edge, the p{-face does not get collapsed in X and Y. It follows that
|Fp| =1, Frp, ={f}, E- = E, and E,, consists of a single Y-edge obtained as a quotient of d;. Hence,
|E..| = |E| -1 and |F..| = |F| — 2.

Now 2|E| < 6|F| — 12 = 6|F,| < 2|E,,| = 2|E| — 2, which is a contradiction. Hence, (v) holds.

(vi) follows from (i) and (v).

(vii). Suppose that (vii) fails. Any closed path contains either a backtracking or a circle-subpath.
It follows that there exists a G-nontrivial A- or B-circle-subgraph A’ in Y. By the induction hypothesis
applied to (vii), A" = A. Thus, p, € (AU B) — {1}. By (iii), |F;| > 2. By (), 6|F| — 12 > 2|E|.

In the construction of X and Y, the pj-face and its Y-boundary are collapsed to a vertex. Thus, in Y,
F,=E,=F,,=0, F=F,,, and E = E,,. By (vi), 6|F| < 2|E|, which contradicts 6|F| — 12 > 2|E]|.
Hence, (vii) holds. O

3.11 Notation. By Lemma 3.10(vii), A is not a G-nontrivial A- or B-circle-subgraph, and, hence,
Y has a pj-face. The pj-face of Y will be denoted f,,.
For each j € {1,2,3}, set F(j) := {f, € F}p | deg,,(f-) = 1 and deg,,.(f;) =4 — j}.

3.12 Corollary. If |F.| > 2 and 0f, is a circle-subgraph of Y1), then Zj=1j~\F(j)| > 6.

Proof. By Lemma 3.10(vit), |F,| =|F|—1. Since Jf, is a circle-graph, E, = E. Since |F,|> 2,
6|F| — 2|E| > 12, by Lemma 3.10(iv). Hence, 6|F,.| — 2|E,.| = 6|F| — 6 — 2|E| > 6.
By Lemma 3.10(vi), 6|F,,| < deg,..(Fr) < deg,,.(F.) = 2|E,,|. Hence,
deg,.,. (Fyp) = deg,..(F) — deg,,.(Frr) < 2|Epy| — 6] Fr .
Clearly, deg,.,(Frp) = |Erp|. Now,
f ZF (6 - QdEgrp(fT‘) - dEgM‘(fT)) = 6|F7“P‘ - 2deg7‘p(FT’P) - degrr(FTp)
+E€Fp
> 6|Frp‘ - Q‘Erp| — (2|Epr| — 6| Fyr|) = 6|1 — 2|Ev| > 6.
Consider any f, € Fy,. Since 0f), is a circle-graph, and Jf, is a circle-graph by Lemma 3.10(v), it can

be seen that in Jf, the E,,-edges are separated from each other by intervening E,.-edges. Hence, either
deg,,(fr) = 1 or deg,,.(f,) = deg,,(f,) and 6 — 2deg,,(f-) — deg,,.(fr) < 0. The result then follows. [

Proof of Theorem 3.1. We now take A to be the pp-boundary inI". Then T = T', and we take pj, = py. Re-
call that A is G-reduced, by the construction of T'. It follows from Lemma 3.10(vii) that the X-boundary
of f, has no backtrackings; hence, the Y-length of a Y-boundary path of f, equals the length of our
cyclically reduced expression for py.

We argue by induction on m. If m = 1, then pg is a G-conjugate of ry or 7“0_1, as desired. Thus, we
may assume that m > 2, and that the corresponding result holds for smaller m. There are two cases.

If 0f, is not a circle-subgraph of YW then some megavertex M for I' contains two edges of A, say M
is an A-megavertex. By (3.3.1), there then exist z1,x2,y1,y2 € A and p1,p2 € G such that the following
hold: piz1paxs is a reduced expression of a cyclic permutation of our cyclically reduced expression for py;
p1y1 is a product of ny conjugates of rgﬂ; p2ye is a product of ny conjugates of roil; and ni + ngy = m.
It can be seen that pyy; and pays are nontrivial. By the induction hypothesis, there exist G-conjugates
of p1y1 and poys that have factorizations of a desired form, with distinguished factors that are subwords
of 7“3[1. As it is cyclically reduced, p;x; then has a factorization of a desired form that employs all but



one of the distinguished factors of the G-conjugate of p1y;1, and in the case where the G-conjugate of
p1y1 is 7“3[1, p1x1 has a distinguished factor of length 10n—1. If ¢}, ¢,, ¢4 denote the numbers of the
distinguished factors of p;z1 of lengths 6n—1, 8n—1, and 10n—1, respectively, then ¢} + 20, + 3¢5 > 3.
The analogous result holds for pxs. Now pjx1pexs has been written in the desired form.

It remains to consider the case where 0f, is a circle-subgraph of Y, We have |E.| =m > 2.
Consider any j € {1,2,3} and any f. € F(j). By Lemma 3.10(¢), the E,.-part of df, has Y-length
at most (4 —j)(2n). Thus, the E,,-edge of df, has Y-length at least 12n — ((4 — j)(2n)), that is,
(4 + 2)2n. Hence, the G-label of the E,,-edge of 0f, has length at least (j + 2)2n — 1, since then we are
counting megavertices. This G-label is a cyclic subword of roﬂ, which then contains a subword of roﬂ of
length (j 4+ 2)2n — 1, since this is less than 10n. As in the proof of Lemma 3.10(7), up to left and right
multiplication by elements of C, this subword of rgﬂ equals a subword of a cyclic permutation of our
cyclically reduced expression for py, since the E,,-edge of df, is an edge of df,. Now Corollary 3.12 gives
a desired factorization of a cyclically reduced G-conjugate of py, since the Y-vertices of df, correspond
to megavertices for I' that give nontrivial letters, which can absorb elements of C. O



