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UNIFORM SEPARATION THROUGH
INTERMEDIATE POINTS

JANNE GROHN AND ARTUR NICOLAU

ABSTRACT. It is shown that a separated sequence of points in the unit
disc of the complex plane is in fact uniformly separated, if there exists
a certain intermediate sequence whose separated subsequences are uniformly
separated. This property is applied to improve a recent result in the theory
of differential equations.

1. INTRODUCTION AND MAIN RESULT

Let D denote the open unit disc of the complex plane C. If z,w € D, then
o(z,w) = |z — wl|/|1 — Zw| is the pseudo-hyperbolic distance between these
points. Recall that the sequence {z,}22; C D is called uniformly separated if

mf ] oz 2) >0,
neN\{k}

while {z,}5°, C D is said to be separated (in the pseudo-hyperbolic metric) if
there exists a constant § = 0({2,}22 ) with 0 < § < 1 such that

0(zn,2k) >0, n,keN, n#k. (1)

In this paper, separation always refers to the separation with respect to the
pseudo-hyperbolic metric.

If z,w € D are two distinct points, then we define (z,w) C D to be the
hyperbolic segment joining z and w. That is, (z,w) is a closed subarc of the
unique hyperbolic geodesic which goes through z € D and w € D.

The following result shows that a separated sequence of points is in fact uni-
formly separated if there exists a sufficiently dispersed intermediate sequence.
In Section M we consider an application of Theorem [l in which the existence of
the intermediate sequence is natural.

Theorem 1. Let {z,}>°, be a separated sequence of points in D. Suppose that
there exists a sequence A C D satisfying the following properties:
(1) for each pair of distinct points z;, z, € {2z, }7>, there corresponds a point
Eik € N such that & € (25, 2k);
(ii) each separated subsequence of A is uniformly separated.

Then, {z,}22, is uniformly separated.
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2. AUXILIARY RESULTS

The set
Q=Q)={re" eI, 1-|I|<r<1}
is called a Carleson square based on the arc I C D, where || = ¢(Q) denotes
the normalized arc length of I (i.e., |I] is the Euclidean arc length of I divided
by 27). The top part of a Carleson square Q(I) is

T(Q)) ={re” e e, 1—|I|<r<1-|I|/2}.

For 0 < K < oo, K@ denotes the Carleson square whose base is concentric to
that of (), and for which ((KQ) = K {(Q).
A finite positive measure p in D is called a Carleson measure, if there exists

a constant 0 < M < oo such that
2

/ \f(z)\du(z)§M<sup L f(re“’)\d@)

0<r<1 27 0

for any analytic function f in the unit disc. Carleson proved that this holds
if and only if there exists a constant 0 < C' < oo such that u(Q) < C4(Q)
for any Carleson square ). It is also well-known that a sequence {z,}2, of
points in D is uniformly separated if and only if it is separated and there exists
a constant 0 < C' < oo such that

D (1= lz) < CUQ) (2)
Zn€Q

for any Carleson square (). For more details, we refer to [2].

Lemma 2. Let Q(I) be a Carleson square for which 0 < |I| < 1/2. If (21, z2)
is the hyperbolic segment joining any points z1, z2 € Q(I), then

(z1,20) C{re” e €[, 1—V1+72-|I|<r<1}. (3)

Proof. Without loss of generality, we may assume that Q(/) is based on an arc
which is centered at z = 1. Denote ¢ = |I|. The hyperbolic segment (z1, z5) is
either a straight line segment or an arc of a circle (z — x9)? + (y — yo)* = ¢,
which is orthogonal to the unit circle. By the orthogonality, =3 + y2 = 1 + r2.

Let IT : D\ {0} — JD be the radial projection z — z/|z|. By hyperbolic
geometry it is clear that II((2zy,29)) C I. The Euclidean distance between
(z1,22) and the origin is as small as possible, if 2y = (1 — {)exp(inf) and
29 = (1 — ¢) exp(—inl) are the interior corners of Q(I). Then yo = 0, and

((1 = £) cos(mt) — x0)2 +((1-10) sin(m@))2 =ri=a8 — 1,
which implies
1+ (1—0)?
2(1 — 0) cos(ml)
Now, (21, z2) intersects the real axis at Xo = Xo(0) = xo(¢) — \/xo(€)? — 1,
which is precisely the point on (21, z5) which is closest to the origin. Since

1—-X
sup 70(@ =1+ 72 = 3.30,

0<t<1/2 14
the inclusion (3] follows. O

To — 1’0(6) =
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The next lemma introduces a partition of arcs, which plays a significant role
in our construction.

Lemma 3. Let I C 9D be a closed arc for which 0 < |I| < 1/8. Suppose
that 0 < e < 1, and let {& 35 C D be a finite collection of points such that
0(&, &) > € for any j # k. Suppose that 0 < r < 1 is sufficiently large to
satisfy max {|& |}, <7 and 1—r < |I|. Then, there exist a constant n = n(e)
with 0 <n <1 and a partition I = Ule I,,, which divides I into N < 8K + 8
closed subarcs (having pairwise disjoint interiors) such that

(i) Un| = (1 —7)/64;

(ii) any hyperbolic segment v, which joins two points in Q(I,), satisfies

Q(’Ya {gk}é(:l) >n;

foralln=1,... N.

Proof. Since {&}5 | C D is separated, there exists a constant p = u(e) with
0 < u < 1/2 such that the Euclidean discs D, = {z € C: |z —&| < p(1—|&|)}
are pairwise disjoint for k = 1,..., K. We write D = Ule D, for short, and
state a property which follows from Lemma[2 This property will be referred as
the auziliary claim: There exists a constant 7 = n(¢) with 0 < n < 1 such that,
if I* is a subarc of I for which the interior of {re? : e € I*, 1 —4|I*| <r < 1}
does not intersect D, then any hyperbolic segment v joining two points in the
Carleson square Q(I*) satisfies o(7, {& 1)) > .

Denote I = [a,b], where 0 < b —a < 27. That is, the interval [a,b] is
identified with the arc I = {¢? € OD : a < 6 < b}. If I* is a subarc of I,
then the collection of subarcs {1, ..., I);} of I* with pairwise disjoint interiors
is called an admissible partition of I* provided that I* = Ui/lzl I,, and the
conditions (i) and (ii) are fulfilled.

If Q([a, b))ND = 0, then we split I into four subarcs Iy, . .., I, of equal length.
The collection {14, ..., I;} is an admissible partition of I by the auxiliary claim.
Otherwise Q([a,b]) N D # 0, and we let a; to be the smallest value such that
a < a; <band

Q(la,ar]) D £ 0. @)

We split [a, a;] into four subarcs Iy,...,I; of equal length. By (@), there is
a point z; € Q([a,a1]) N D. Then a; —a > 27(1 — |z1|) > 27(1 — p) (1 —7),
which implies

1 m—ag 1—p (
4 27 T 4
and hence the arcs Iy, ..., I, satisfy (i). The arcs Iy, ..., I, satisfy (ii) by the
auxiliary claim.

We continue inductively. Suppose that we have a sequence {aj}jM:l C [a,b],
M € N, which determines an admissible partition {Ii,..., i} of [a,an].
There are four possible cases:

|]n| =

1—7r), n=1,...,4,

(I) If ap; = b, then we stop the inductive process.
(IT) If aps < b and Q([ans, b)) N'D # B, then let apriq1 be the smallest value
such that ay; < apre1 < 0 and

Q([arr; arry1]) ND # 0. (5)
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We split [ar, arrq1] into four subarces Iuprqa, - - ., Iaar41) of equal length.
According to (B, there exists a point zp 41 € Q([ans, anpr41]) NVD. Then
apr+1 — apr > 27(1 — |zp41]) > 2m(1 — ) (1 — ), which implies

>
4 27 !

and hence the arcs Iypni1, ..., Iyar41) satisfy (i). Moreover, the prop-
erty (ii) holds by the auxiliary claim. In conclusion, we have a sequence
{aj}j]‘/jl, which determines an admissible partition {I1, ..., Iyar41)} of
[a,apry1]. We proceed with the induction.

(IIT) If apy < b—27(1 — p)(1 —7r)/8 and Q([ar,b]) N D = (), then define

l‘aMH—aM 1—,u(

|I4M+n|: ]_—T), n:]_,...,4,

ay+1 = b and split [ayy, b] into four subarcs Iypsy1, ..., Laar41y of equal
length. We have

| Lansn :i'b Q:M > 132M (1—=r), n=1,...,4,
and hence the arcs Iyns41, - - -, Loy satisfy (i). The property (ii) holds
by the auxiliary claim. In conclusion, we have a sequence {aj}j]\f{l,
which determines an admissible partition {I1, ..., lya41)} of [a,b]. We

stop the inductive process.

(IV) It b—27(1 — u)(1 —r) /8 < apr < b and Q([aps, b]) ND = 0, then define

1— — _
au=b—2r—L -0, Iy = e +3 R

Since |Iyp| > (1 — p)(1 —7)/4, we have

— 1— 1—
’[IM}:}QM’_WZ ’[4M’_TM(1—7’)ZT#(1—T’).

We conclude that I},, satisfies (i). It is clear that I},, satisfies the
property (ii), since it is a subarc of I ;.

Define apryq = b and Igpnr1 = [a}y,b]. The arc Iy, satisfies the
estimate (i), since |Iypr41] = (1 — p)(1 —7)/8. Now

The property (ii) for Iy follows from the auxiliary claim. In conclu-
sion, we have a sequence {as,...,an_1,a};,an+1}, which determines
an admissible partition {I1,..., Iunr—1, Ifns, lan1} of [a,b]. We stop
the inductive process.

The inductive process above produces a finite collection of points
a:a0<a1<---<aj_1<aJ:b,

which determines an admissible partition {/3,..., Iy} of I = [a,b]. Each arc
Aj =laj_1,a4] for j =1,...,J is partitioned into at most four subarcs I,,, and
hence N < 4J. It suffices to bound J in terms of K to complete the proof.
Without loss of generality, we may assume that 1 — || < 4|I] for all k =
1,..., K. This is because any &, for which 1 — |§| > 4|, is separated from
any hyperbolic segment joining two points in (/) by Lemma 2l First, note
that each Euclidean disc Dj for fixed 1 < k < K can meet at most two
Carleson squares ()(A;). Second, we know that every QQ(A;) for 0 <j < J—2
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meets some disc Dy, by construction. This gives J — 2 < 2K, which implies
N <4J < 8K +8. O

The last auxiliary result shows that, if there are three hyperbolic segments
of certain type, then there is no point in their union which is simultaneously
(pseudo-hyperbolically) close to all of them.

Lemma 4. Let Q) be a Carleson square for which 0 < £(Q) < 1/4. Let v1, ¥2
and 3 be three hyperbolic segments connecting points in () such that the radial
projections 11(v1), T1(y2) and II(vy3) have pairwise disjoint interiors, and the
hyperbolic segments satisfy the geometric property

1 .
7 e {1—fel} <[00y < K max{1—el}, j=1.2.3,

for some constant 1 < K < oo. Then, there ezists a constant p = p(K) with
0 < p <1 such that

0§, m) +o(&72) + o, 73) = 1, £E€NURU

Proof. Without loss of generality, we may assume that the normalized lengths
of the radial projections satisfy |[II(7y1)| < min{|II(~s)], |II(~3)|}. Since £(Q) <
1/4, all hyperbolic segments connecting any two points in () are uniformly
bounded away from the origin by Lemma

If TI(y2) and TI(73) are on the same side of I1(), then we may assume that
I1(7;) is located in the middle of II(7;) and TI(73). Let A = {re?®™ : 0 < r < 1}
be a radial segment, where ) € 9D lies strictly between the interiors of
I1(v2) and I1(y3). In this case y; and A, and hence also v; and 73, are separated
by a constant depending on K.

If TI(v2) and II(~3) are on the opposite sides of II(~;), then let arg z denote
a continuous branch of the argument defined in (). We may assume that the
hyperbolic segments satisfy the ordering s, v1, 73 with respect to the increasing
argument. Let B = {re?®) : 0 < r < 1} be aradial segment, where ) € 9D
lies strictly between the interiors of II(v;) and II(~s). Moreover, let C' =
{re?€ . 0 < r < 1} be a radial segment, where ¢?(“) € 9D is the midpoint
of II(71). In this case any point & € ~; for which argé < 0(C) is separated
from B, and hence is also separated from 73, by a constant depending on K.
Analogously any point ¢ € 7, for which argé > 6(C') is separated from 5 by
a constant depending on K. O

3. PrRoOF oF THEOREM [I]

Note that {z,}22 ; can be divided into finitely many subsequences 2, ..., Zy
such that for any j = 1,..., M the following two conditions hold: top part
of any Carleson square contains at most one point of Z;, and there exists
an integer m = m(j) € {0,1,...,6} such that

o
Zic|J{zeD:2m ™ <1 — o <27 (DY
k=0
It is sufficient to prove that each subsequence Z; is uniformly separated. Hence,
without loss of generality we may assume that the following two conditions

hold:
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(A) {z,}22, satisfies () for 0 < § < 1, where § is so large that the top part
of each Carleson square contains at most one point from {z,}> ;;
(B) {zn}oo, satisfies

{zntnen C U {z eD: 27" <1 2| < 2—(719—1)}'
k=1

We proceed to show that there exists a constant 0 < C' < oo such that (2))
holds for any Carleson square ) for which 0 < ¢(Q) < 1/8. Let @ be a such
Carleson square, and let arg z be a continuous branch of the argument defined
in ). By means of an inductive argument, we divide {z,}°° into subsequences
such that

()2, NQ = D (Mm U Sm)’
j=1

where the subsequences M) and SU) satisfy the following properties:

a) Concerning S, we have
(a) g SV,

Y (1= lal) <40Q),

ZnES(l)

1 .
S 0-lh<s Y 0-fu >l
2n €8 W) 2n€MG—1)

(b) Concerning M), we construct sequences Ag) such that
Ao =|JAY c (An4Q)
j=1

can be represented as a union of two separated subsequences, and

S -lzh<6 > (1-)), jeN (6)

nEM ) 4)
Zn€ fGAQ

It is possible that some of these subsequences are empty, and in those cases
the corresponding sums in (a) and (b) are zero by definition. It is clear that
the properties (a) and (b) imply

SO-lahs Y 0-lah+2 Y 3 (-

2n€Q 2n,€SM) J=1 z,eM @)

<4UQ)+9 Y (1),

£ehq

which finishes the proof, since Ag can be represented as a union of two uni-
formly separated sequences by (b) and the assumption (ii).

Let us now proceed with the construction of the subsequences SU) and M),
Consider the dyadic annuli

Cr={zeD:27F <1z <27V} keN.



UNIFORM SEPARATION 7

First step. Let Z( = {2,}°°, N Q, and consider the arc IV = Q N D,
where @ is the closure of the Carleson square Q. Let S be the (possibly
empty) subsequence of those points z, € Z(1) for which there exists a constant
k(z,) € N such that z, is the only point of Z() belonging to Cl(z,)- Points in
S are called single points of the first generation. It is easy to see that

ST 1wl Z D (=) £40Q),

2n€SM) k=1 z,eSW)NCy,

which proves (a) for j = 1.
By construction any point in Z(1)\ S() has at least one partner in the same
dyadic annulus. More precisely,

(ZzW\ sW) Ny (7)

is either empty or contains at least two points for any k € N. If (7)) is empty
for all k € N, then define M) = ), and move on to the second step of the
inductive process. Otherwise, define

K1) =min {k € N: (20N 5D) 1.y # 0},
and write
MO = {20 =1, NOY = (Z0\ SD) 1 Cyran.

Order the points in M® by increasing argument. Now arg(z\") < arg( T(hzl)
forn=1,..., N® — 1, where the inequality is strict by the reduction (A). For

(1) _ = { (1)

the same Values of n, let v Zn s 2y +1) be the hyperbolic segments joining

24 and zn H, and consider the points fn € % "N A given by the assumption.

It is clear that the subsequence {fé?fl cn=1,...,[N®/2|} is separated,
where |z] denotes the integer part of . We also point out that there ex-
ists a constant 1 < K < oo such that the normalized lengths of the radial

projections of the hyperbolic segments 7513_1 = (zéz) L zén)) satisfy

1
Lo (-} < UG )| <K max {11} ©
gen. gn 1 §€Y9n-1

foralln=1,...,[ND/2].
Since fyéln)fl is a hyperbolic segment joining points in Cj;)), we have

L= g | > 274, m=1,. [NW2). (9)
Hence,
IN® /2] (1)
(1) 7]6([(1)) N ]_
E 1— > = > E — :
n=1 zneM @)

Define A(Q1 = {£2n Lin=1,...,[N®/2|}, which is known to be a separated
sequence. Now ([I0)) proves (@) for 7 = 1. In conclusion, we have proved the
properties (a) and (b) for j = 1.
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Second step. If
ZW\ (50 U ) (11)
is empty, then define S = MU = () for all j € N\ {1}, and stop the

inductive process. Otherwise, we proceed to split (II]) into subsequences, where
the number of subsequences is at most a constant multiple of N (i.e., the

number of elements in M® # (). We apply Lemma B to IV and AS) for

r=1-— 2_k(1(1)), see (@). Lemma 3] produces a partition of (V) into arcs IISQ),
10 = U I?. P, <8 NW/2] +8<8NW), (12)

with pairwise disjoint interiors, where

[()

‘1152)‘2<1_T)/64:2 /64 p=1,..., P.

By the reduction (B), we obtain

Py
1)\( 1)UM1)) UQ(IISQ))'
p=1
Define
72 = Q)N <Z(1) \ (SO uM(”)), p=1,..., P,

and note that ZM \ (SW UMW) = UP2 25 We proceed to repeat the first
step for each p=1,..., P, with Z0) C Q replaced by Z,(;Q) C Q(Iz(,z)).
Fixp=1....P. If ZI(,Z) = (), then define SI(,Q) = M,gz) = () and turn to
consider another value of p. Otherwise ZI(,Z) # (), and then define SI(,Q) to be the
(possibly empty) subsequence of those points z, € ZI(,Z) for which there exists
a constant k(z,) € N such that z, is the only point of Z,(;Q) belonging to Cj.,)

Now
> (1= z) Z > (1= z) <11_62 HI®), (13)

2n€55Y k=1 ,.esPncy,

since any point in Z,(,Q) has modulus larger than 1 — 2_’“(1(1))/64.

By construction any point in Z,S” \SI(;Q) has at least one partner in the same
dyadic annulus. That is,

(ZP\ SP) N Cy (14)
is either empty or contains at least two points for any k£ € N. If (I4]) is empty

for all £ € N, then define MISQ) = () and move on to consider another value of p.
Otherwise, define

k(1) =min {k € N: (Z9\ 52) 0 Cy # 0},

and write

2 2,p) . .y 2\ _ 2 2
MP = {27 :n =1, NP} = (20\5P) N Cy



UNIFORM SEPARATION 9

Order the points in M by increasing argument. Consequently, we have

arg(20")) < arg( ,(H”;)) forn =1,..., N — 1, where the inequality is strict

by (A). For the same Values of n, let 73? = <z,(1 P ﬁfﬁp be the hyperbolic

segments joining 242P) and an , and consider the points Sn @) ¢ 7 @) A given

by the assumption.
It is clear that the subsequence {fzn Lon=1,..., LN,?)/QJ} is separated.
Consequently, Lemma B guarantees that

2, 1
(2P in=1,...,[N®/2]} UAY (15)
is separated. Corresponding to the situation in (8]), the normalized lengths of

the radial projections of the hyperbolic segments v = (227 2\2P)y gatisfy

1
= mgg)l{l—lfl} [I(52)| < K ggg)l{l—lfl} (16)

forallm=1,..., LNZEZ /2|. Here K is the same constant as in ().

Since 75 ? are hyperbolic segments joining points in C' k(1)) We have

1 |20 > 27 =1, IN®)2).
Hence, as in (10),
LN /2] @) NP
_|e20) ) | | S 1 _1,ew)
. (-fenh) =270 |5 =g 3 0. 07)

Deﬁne
P>
U 7 M(2 :UMp27 Q _U{§2 77,—1 LNIE2)/2J}7
p=1

where the points in S®) are said to be singles of the second generation. Then,

by means of (I2) and (I3)),
1 1 31
—k(1(D
S -l =3 & (1 la < gN02H < LS00,
n=1

which proves (a) for j = 2. By (IT), we deduce
P Ny P LN /2]
ST -l =SS 0127 <63 3 (1 el
z2n€M®?) p=1n=1 p=1 n=1

which proves (@) for j = 2. It remains to show that A(Ql) U AS) is a union of
two separated sequences. By ([I7]), it suffices to know that

{em) in=1,.. [INP/2|} U {8m) in=1,... NP /2/}

is a union of two separated sequences for any pair of indices 1 < p; < ps < P;.
This is guaranteed by (If) and Lemma [4 In conclusion, we have proved (a)
and (b) for j = 2.
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We continue inductively. In the next step we only need to apply Lemma
to those intervals I,(,z) for which M,gz) # (). The inductive process gives the
estimates in (a) and (b), and shows that Ag = U2, Ag) is a union of two
separated sequences:

(i) If &,& € Ag are distinct points which are situated on hyperbolic seg-
ments y; and 7, such that interior(II(+1)) N interior(II(vs)) # 0, then
&1 and & are separated by Lemma

(ii) If &, & € Ag are distinct points which are situated on hyperbolic seg-
ments whose radial projections have disjoint interiors, then & and &
may be pseudo-hyperbolically close. But if this happens, then all points
in Ag \ {&, &} are separated from {&;, &} by Lemmas Bl and [l

The assertion of Theorem [ follows.

4. AN APPLICATION

Let f be a non-trivial (f # 0) solution of the linear differential equation
f"+Af=0 (18)

with an analytic coefficient function A. Let 0 < p < oo, and suppose that
|A(2)[P(1 — |2]*)**~t dm(z) is a Carleson measure. Here dm(z) is the element
of the Lebesgue area measure. Note that the coefficient A satisfies

sup (1 — [2[*)*1A(2)] < o0 (19)

by the subharmonicity of |A|P.

If {z,}22, is the zero-sequence of f, then (I9) and [6, Theorem 3] imply that
{z,}52, is separated. Moreover, it is implicit in the proof of |4, Theorem I] that
for each pair of distinct zeros z; and zj, there exists a point &, € (25, 2;) C D
at which (1 — |&;x]*)?|A(&x)| > 1. Define

A= {fjk € (zj,2) 25, 25 € {2n ooy, 25 F zk}

The property (i) in Theorem [ is given by the construction. To see that
the property (ii) holds, let A’ = {&/}22, be any separated subsequence of A
with the separation constant 0 < § < 1. Consequently, there exists a constant
n =n(d) with 0 < n < 1 such that the Euclidean discs D,, = D(&,,n(1—|£].]))
are pairwise disjoint, and D,, C 2Q) whenever £, € Q.

The subharmonicity of |A? implies that there exists a constant C' = C(d, p)
with 0 < C' < oo such that

YoA-lah < Y (= laP)PHAE)P

£neq §eQ

<Y c / AG)[P(L— |22 din(z)

£.eQ
<C [ A@PQ - s dm(e)
2Q

for all Carleson squares (). Hence {z,}22, is uniformly separated.
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We have proved the following result, which reduces to [3, Theorem 1] in the
special case p = 1.

Corollary 5. If A is analytic in D, and |A(2)[P(1 — |2|*)**~t dm(z) is a Car-
leson measure for some 0 < p < oo, then the zero-sequence of each non-trivial
solution f of ([I8)) is uniformly separated.

By the well-known connection between solutions of ([I8]) and locally univalent
meromorphic functions [4, p. 546], Corollary Bl can be stated in the following
equivalent form. Recall that, if w is meromorphic and locally univalent, then

its Schwarzian derivative
w" / 1 /" 2
Spe=1—1] —=—
w' 2 \w

is analytic, and the differential equation (I8)) with A = S,,/2 admits two lin-
early independent solutions f; and fs such that w = f;/fs. Now, the complex
a-points of w (i.e., solutions z € D of w(z) = a) are either zeros of the solution
f1 — afs or zeros of fy, depending whether a € C or a = oo, respectively.

Corollary 6. If w is meromorphic and locally univalent function in D, and
1S (2)|P(1 — |2]2)?P~ dm(2) is a Carleson measure for some 0 < p < oo, then
the complex a-points of w are uniformly separated for any a € C U {oo0}.

We close our discussion with two examples.

Example 1. If w is a locally univalent function in D such that logw’ is in
BMOA, then it is easy to show that its Schwarzian derivative S, satisfies the
assumption in the Corollary Bl We deduce that the preimage sequence w(a)
of any point @ € C is uniformly separated. This fact has been proved in [3],
Lemma 10], and hence Corollary [l can be understood as a generalization of
this result.

Example 2. If w is a meromorphic function whose Schwarzian derivative .S,, is
analytic and univalent in D, then w satisfies the hypothesis of Corollary[6l The
Carleson measure condition follows from [5, Theorem 11]. Again, we conclude
that all complex a-points of w are uniformly separated for any a € C U {oc0}.

This example implies that, if A is analytic and univalent in I, then the
zero-sequences of all non-trivial solutions of (I8) are uniformly separated. For
more information on such differential equations we refer to [IJ.
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