
The Journal of Fourier Analysis and Applications

Volume 8, Issue 6, 2002

Doubling Properties of A∞

María José González and Artur Nicolau

Communicated by Guido Weiss

ABSTRACT. We present a new characterization ofA∞ weights in terms of Carleson measures
that involve the doubling properties of the weight. We prove that a doubling weightω belongs to
A∞ if and only if ∣∣∣∣∣1 − ω(I+

z )

ω(I−
z )

∣∣∣∣∣
2

dx dy

y

is a Carleson measure inR+
2 , wherez = x + iy, andI+

z , I−
z denote the right and left half of the

interval Iz = (x − y, x + y). A similar result holds inRn, n > 1.

1. Introduction

The purpose of this note is to prove a new characterization ofA∞ weights. We shall
present a criterion in terms of Carleson measures involving the doubling properties of the
weight. We will consider weights onR, and show at the end of this article how the argument
can be modified to obtain the equivalent result inRn, n > 1. A locally integrable positive
functionω is in the classA∞ if for any α, 0 < α < 1, there existsβ, 0 < β < 1, such
that for all intervalsI and all subsetsE ⊂ I ,

|E| 6 α |I | ⇒ ω(E) 6 βω(I)

whereω(E) =
∫

E

ω dx. It is then an immediate consequence that anyω ∈ A∞ is a

doubling weight, that is, it is a locally integrable function for which there exists a constant
c > 0 such that for any intervalI ⊂ R

ω
(
Ĩ
)

6 cω(I)
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whereĨ denotes the interval with the same center asI , and double its length. An equivalent
definition ofA∞ weights, which in fact it is the one we will use, is the following: A weight
ω is in the classA∞ if and only if∣∣∣∣log

∫
I

� ω −
∫

I

� logω

∣∣∣∣ 6 c (1.1)

for some constantc > 0, and all intervalsI , where
∫

I

� ω = 1

|I |
∫

I

ω. See [4] for this and

several other equivalent definitions as well as for the connection of this theory with singular
integrals and BMO.

Our result is related to the work R. Fefferman, C. Kenig, and J. Pipher in [2], in
particular they show that a doubling weightω is in the classA∞ exactly when∣∣∇x(ω ∗ 8y)

∣∣2∣∣ω ∗ 8y

∣∣2 y dx dy

is a Carleson measure onR2+, where8 is any non-negative function in the Schwarz class

S(R), with
∫

R

8 dx = 1, and8y(x) = y−18(x/y). Recall that a measureµ on R2+ is

called a Carleson measure if there existsc > 0, such that for any squareQ of the form
Q = I ×[0, I ], µ(Q) 6 c |I |. The smoothness condition8 ∈ S(R) is essential. Actually,
if P(t) = π−1(1 + t2)−1 is the Poisson kernel, the condition∣∣∇x(ω ∗ Py)

∣∣2∣∣ω ∗ Py

∣∣2 y dx dy

describes a class of weights, called invariant-A∞, which is smaller than the class ofA∞
weights. See [5].

In [2] the dyadic situation is also considered: A weightω is a dyadic doubling weight
if ω(Ĩ ) 6 cω(I), for all dyadic intervalsI , whereĨ is the smallest dyadic interval properly
containingI , andω ∈ Ad∞ if (1.1) holds for any dyadic intervalI . In this context they
provide a characterization ofAd∞ in terms of the doubling properties ofω over dyadic
intervals. More precisely, a dyadic doubling weightω ∈ Ad∞ if and only if for each dyadic
intervalI ,

∑
J⊆I


1 − 2ω(J )

ω
(
J̃
)



2

|J | 6 c |I | (1.2)

where the sum is taken over all dyadic intervalsJ contained inI . Related results can be
found in [1, 5]. The characterization ofA∞ we prove can be understood as a non-dyadic
version of (1.2). Before stating the theorem we need to introduce some notation: Given a
point z = (x, y) ∈ R2+, denote byIz the interval onR centered atx and lengthy, and by
I+
z , I−

z the right and left half ofIz, respectively.

Theorem 1.
A doubling weightω belongs toA∞ if and only if∣∣∣∣∣1 − ω

(
I+
z

)
ω
(
I−
z

)
∣∣∣∣∣
2

dx dy

y
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is a Carleson measure inR2+.

Results in a similar spirit can be found in [3], where relations between the doubling
properties of a measure and its regularity properties such as being singular are studied. The
rest of this article will be devoted to the proof of the theorem and to discuss its extension to
Rn, n > 1.

2. Proof of Theorem 1

Proof. Givenx ∈ R, denote by0(x) the cone with vertex atx,

0(x) =
{
z = (t, y) ∈ R2+, |x − t | < y, 0 < y < 1

}
.

Let us consider the area function

A(x) =
(∫

0(x)

log
2−1ω(Iz)

ω
(
I+
z

)1/2
ω
(
I−
z

)1/2

dm(z)

y2

)1/2

and its truncated versionA2
l (x) where the integral is defined over the truncated cone

0l(x) = 0(x) ∪ {0 6 y 6 l} .

Note that
2−1ω(Iz)

ω(I+
z )1/2ω(I−

z )1/2
is exactly the ratio between the arithmetic mean and

the geometric mean of the densities ofω over the intervalsI+
z andI−

z , that isω(I+
z )/

∣∣I+
z

∣∣
andω(I−

z )/
∣∣I−

z

∣∣. Sinceω is a doubling weight the quantity

η(z) = log
2−1ω(Iz)

ω
(
I+
z

)1/2
ω
(
I−
z

)1/2

is uniformly bounded by a constant only depending on the doubling constant ofω, that
will be denoted byρ. Note also, that the doubling condition ofω implies thatη(z) is

comparable tod2(z) =
∣∣∣∣1 − ω(I+

z )

ω(I−
z )

∣∣∣∣
2

with comparison constant only depending onρ. So

η(z) measures the error done byω when doubling at the intervalIz.
To avoid notation, throughout the rest of this articlec will always denote a quantity,

which may change from line to line, and which is bounded by a constant only depending
onρ.

The theorem will be an easy consequence of the following estimate

log
∫

I

� ω −
∫

I

� logω =
∫

I

� A2|I |(x) dx + c . (2.1)

Let us first prove the theorem assuming (2.1). Denote byQ = I × [0, |I |] the Carleson
square associated to the intervalI = [a, b]. By Fubini and the fact thatη(z), z = (t, y) ∈
R2+, is uniformly bounded, we obtain

∫
I

A2|I |(x) dx =
∫

I

(∫
0|I |(x)

η(z)

y2
dm(z)

)
dx =

∫
Q

η(z)

y
dm(z) + c |I | .
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Hence ∫
I

� A2|I |(x) dx = 1

|I |
∫

Q

η(z)

y
dm(z) + c . (2.2)

So, assuming (2.1), sinceη(z) is comparable tod2(z), the characterization ofA∞ given
in Theorem 1 holds if and only ifd2(z)y−1 dm(z) is a Carleson measure as we wanted to
prove.

Next, observe that as a consequence of (2.2), (2.1) is equivalent to

log
∫

I

� ω −
∫

I

� logω = 1

|I |
∫

Q

η(z)

y
dm(z) + c . (2.3)

So, it only remains to show that (2.3) holds. Setz = (x, y) ∈ R2+, and define

8(y) =
∫

x∈I

log
2−1ω(Iz)

ω
(
I+
z

)1/2
ω
(
I−
z

)1/2
dx

then ∫
Q

η(z)

y
dm(z) =

∫ |I |

0

8(y)

y
dy =

∫ |I |

|I |/2

∞∑
k=0

8
( y

2k

) dy

y
. (2.4)

We will use some cancellation properties to estimate the sum
∑

8(y/2k). In fact,8(y) +
8(y/2) can be rewritten as

8(y) + 8(y/2) =
∫

I

log
ω(x − y/2, x + y/2)

ω(x − y, x)1/2ω(x, x + y)1/2
dx

+
∫

I

log
ω(x − y, x + y)/22

ω(x − y/2, x)1/2ω(x, x + y/2)1/2
dx .

To estimate the first integral, observe that∫ b

a

logω(x − y/2, x + y/2) dx − 1

2

∫ b

a

logω(x − y, x) dx

− 1

2

∫ b

a

logω(x, x + y) dx =
∫ b

a

logω(x − y/2, x + y/2) dx

− 1

2

∫ b+y/2

a+y/2
logω(x − y/2, x + y/2) dx − 1

2

∫ b−y/2

a−y/2
logω(x, x + y/2) dx

= 1

2

(∫ a+y/2

a

logω(x − y/2, x + y/2) dx −
∫ a

a−y/2
logω(x − y/2, x + y/2) dx

)

+ 1

2

(∫ b

b−y/2
logω(x − y/2, x + y/2) dx −

∫ b+y/2

b

logω(x − y/2, x + y/2) dx

)
,

which can be bounded bycy, wherec depends on the doubling constant ofw. Therefore,

8(y) + 8(y/2) = cy +
∫ b

a

log
ω(x − y, x + y)/22

ω(x − y/2, x)1/2ω(x, x + y/2)1/2
dx .
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Repeating this argumentk0 times, we obtain

k0∑
k=1

8
(
y/2k

)
= cy +

∫ b

a

log
ω(x − y, x + y)/2k0+1

ω
(
x − y/2k0, x

)1/2
ω
(
x, x + y/2k0

)1/2
dx .

Using the doubling condition ofω again, and settingδ = |I | /2k
0 we get

∫ |I |

|I |/2

k0∑
k=1

8
(
y/2k

) dy

y
=

k0∑
k=1

8
(
|I | /2k

)
+ c |I |

= c |I | +
∫ b

a

log
ω(x − |I | , x + |I |)/2 |I |

(ω(x − δ, x)/δ)1/2(ω(x, x + δ)/δ)1/2
dx

= c1 |I | + |I | log
ω(I)

|I | −
∫ b

a

log
ω(x − δ, x + δ)

2δ
dx .

So, lettingδ → 0, by (2.4)∫
Q

η(z)

y
dm(z) = c1 |I | + |I | log

ω(I)

|I | −
∫

I

logω(x) dx ,

which proves (2.3), and therefore Theorem 1.

Remark. The theorem can be extended toRn, n > 1, The area function to consider in
this case would be

A2(x) =
∫

0(x)

log
a.m(Q(w, y))

g.m(Q(w, y))
dw

dy

yn+1
, x ∈ Rn ,

whereQ(w, y) denotes the cube inRn centered atw ∈ Rn of sidelengthy, anda.m (g.m)
denote the arithmetic (geometric) mean of the density ofω over the 2n disjoint subcubes,
Qk, of Q of sidelengthy/2. Then, it can be shown ([3], Lemma 2.2) that

d2(w, y) ' log
a.m(Q(w, y))

g.m(Q(w, y))

where

d2(w, y) = max
k

∣∣∣∣1 − 2nω(Qk)

ω(Q)

∣∣∣∣
2

.

So,d(w, y) measures the error done byω when doubling at the cubeQ centered atw and
sidelengthy. Following similar arguments as in the one dimensional case, it can be proved
that a doubling weightω belongs toA∞(Rn) if and only if d2(w, y) dx dy/y is a Carleson
measure inRn+1+ . We omit the details.
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