JOURNAL OF FUNCTIONAL ANALYSIS 150, 383-425 (1997)
ARTICLE No. FU973114

Bounded Functions in M6bius Invariant Dirichlet Spaces
Artur Nicolau*

Departament de Matematiques, Universitat Autonoma de Barcelona, 08193 Bellaterra, Spain
and
Jie Xiao¥

Peking University, Beijing, 100871 China

Received May 16, 1996; accepted November 13, 1996

For pe(0,1), let Q,(Q, ) be the space of analytic functions f on the unit disk
A with sup,, .4 |\fo(p,‘,|\£,p< oo (limy,_,, Hfoq)ng,ﬂ=0), where |- ng means the
weighted Dirichlet norm and ¢,, is the Mébius map of 4 onto itself with ¢,,(0) =w.
In this paper, we prove the Corona theorem for the algebra O, H* (Q, o H™);
then we provide a Fefferman—Stein type decomposition for Q,(Q,, o), and finally we
describe the interpolating sequences for @, " H*(Q, N H®).  © 1997 Academic Press

1. INTRODUCTION

For pe(—1, ), let Z, be the space of analytic functions f on the unit
disk 4 with

1112, =] 1P (1= [2P) din(z) < oo,

where dm(z) denotes the usual Lebesgue measure on A. These are called
Dirichlet type spaces because for p =0 one gets the classical Dirichlet space
2 of all analytic functions on 4 whose images have finite area, counting
multiplicities. Also, observe that for p =1, ,, is just the usual Hardy space
H? and for p > 1 is the Bergman space with weight (1 — |z|?)? 2
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384 NICOLAU AND XIAO

Here, we are mainly interested in the conformally invariant version of
these spaces. More precisely, for pe(—1, o0), the space Q, consists of all
analytic functions f on 4 such that

1713, =sup £ 0,12, <o,

wed

where ¢, is the Mobius transformation of 4 onto itself, sending the origin
to w. An easy computation shows that a function f'in &, belongs to Q, if
and only if

sup [ 1)1 log

wedv4

|<pw<z>J dm(z) < .

Moreover, if f'e O, and the above integrals tend to zero as [w| — 1 then we
say f€ Q.-

If —1 <p <0, the space Q, only contains constant functions, while Q, is
the classical Dirichlet space.

If pe(0, 1), then Q,=0Q,(04)"H? (Q, o= 0, o(04) n H?), where 04 is
the boundary of 4 and Q,(94) is defined as the space of all functions
fe L*04) with

1 | f(e”) =f(e)]?
1715, 04)= sup TG L LW do dop < 0.

I=oa

As usual, the supremum is taken over all subarcs /< 04 and |I| denotes
the normalized arc length of I, while Q, ((04) is the set of functions
f€0,(04), for which the above integrals tend to zero when [I| -0 [10].
In addition, if 0 <p, <p, <1 then Q, 0, (0, 0&0,,0) [3]

If p=1then O, = BMOA =BMO(d4) n H*> (Q; = VMOA = VMO(04)
N H?), where BMO(04) (VMO(d4)) is the usual space of functions in
L*(04) with bounded (vanishing) mean oscillation on 04, (see [ 11, Chap-
ter VI]).

If pe (1, o0), then Q,=B (Q, = B,), where B (B,) is the classical Bloch
space (little Bloch space), [ 1, 23, 24].

In this paper, we study the Banach algebra Q,n H*(Q, ¢ n H*). To be
precise, we first discuss the Corona property for Q,nH*(Q, ¢ H%);
secondly consider a Fefferman-Stein type decomposition of Q,(04)
(Q,.0(04)) and finally investigate interpolating sequences for Q,nH™
(Q,.0onH™). Here H* stands for the space of all bounded analytic func-
tions on 4 and |f| . =sup{|f(z)|: ze4}. For convenience, we will now
state our main results.
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First of all, we will prove that the Corona theorem holds for the algebra
0,nH” (Q, 0 H™), whenever pe (0, 1), that is to say, the unit disk 4
is dense in the maximal ideal space of H* N Q, (H* N Q,,), pe(0,1).
This fact can be reformulated in the following way.

Tuaeorem 1.1. Let pe(0,1). If fi, ... [, € Q,n H” (Q, " H™) with

inf (1£1(2)] + - +1£.2)) >0,

then there exist gy, .., g,€ 0Q,nH™(Q, ¢ H™) with

It is certainly well known that Theorem 1.1 holds for p>1. If p > 1, the
space O, H™” is just H*, and the Corona Theorem holds by a celebrated
result of L. Carleson ([8], [11, Chapter VIII]). Also, Theorem 1.1 was
proved for the algebra Q, n H*=VMONH* by C. Sundberg and
T. Wolff ([19]). If p=1, Q, on H*”=B,n H* and the result is also
known. However, since we have not found a reference in the literature, a
proof is presented. The proof of Theorem 1.1 follows the usual method of
solving some 0O-equations with L* and 0, estimates simultaneously. For
this, we use an explicit solution due to P. Jones [ 12].

As is well known, there is a close relation between 0-equations and the
Fefferman—Stein decomposition asserting that any fe BMO(04) (VMO(04))
can be decomposed into f'=u + @, where u, ve L*(04) (C(04)) and ¥ means
the conjugate function of v. So, it is not surprising that solving d-equations
with appropiate estimates leads to the following result.

THEOREM 1.2. Let pe (0, 1) and fe L*(04). Then fe Q,(04) (Q, ((94))
if and only if f=u+10, where u,ve Q,(04) N L7 (04) (Q,, (d4) N C(04)).
When fe Q,(04) and faa f(e™)df =0, the functions can be chosen so that

H“HL@(@A}"‘ HUHL“(E)A)JF HuHQP(E)A)JF HUHQ[,((M) <C H.f“QF(EﬂA)a

where C>0 is an absolute constant.

Finally, we will discuss the free interpolation problem in the algebra
0,nH” (Q,,nH~"), pe(0,1). A sequence {z,} =4 is called an inter-
polating sequence for O, H* (Q, n H*) if for each bounded sequence
{w,} of complex numbers there exists fe 0,nH” (Q, ,nH*) such that
f(z,)=w, for all n. Let p be the pseudohyperbolic distance on 4, that is,

w—z

pz,w)=|p,(2)] = ., z,wed

1 —wz
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THEOREM 1.3. Let pe(0, 1). A sequence {z,} of points in the unit disk is
an interpolating sequence for Q,n H™ if and only if the following conditions
hold:

(a) infm#np(zmazn)>0
(b) SUPy, e 4 zn (1 - |¢w(zn)|2)1) < 0.

THEOREM 14. Let pe(0, 1). A sequence {z,} of points in the unit disk is
an interpolating sequence for Q, N H™ if and only if the following
conditions hold:

(a) limnﬂ [s’e] infm #n P(st Zn) = 1
(b) ]imra 1 SUP e~ 2;1: |y (z,) =7 (1 - |(pw(zn)|2)p =0.

It is worth remarking that Theorems 1.3 and 1.4 still hold true for p =1.
Since @, H* =H™>, p>1, this is again a result of L. Carleson [ 7], while
interpolating sequences for the algebra H* N Q, ¢=H”* n VMOA were
described in [ 197, as the ones satisfying (a), (b) in Theorem 1.4 with p=1.
As in [19], a sequence {z,} of points in the unit disc is called p-uniformly
separated (p-thin) if (a) and (b) in Theorem 1.3 ((a) and (b) in Theorem
1.4) hold. We will also show that the interpolating sequences for H* n B,
are the 1-thin sequences.

The necessity in both results follows from an argument which combines
the Khinchin’s inequality and a reproducing formula due to R. Rochberg
and Z. Wu [16]. The sufficiency for O, n H ™ is easy and it can be derived
in different ways. However the sufficiency for 9, , » H* is more difficult as
one can already see in the case of VMOA n H* [19]. There are two main
reasons. First, there are no inner functions in Q, , except for Blaschke
products with a finite number of zeros and, second, it is not simple to con-
struct non-analytic functions solving the required interpolation problems.
Our proof will take some ideas from [19] but our construction of such
functions is quite different from theirs and, we believe, is more elementary.

The paper is organized as follows. In Section 2 we collect some basic
facts about Q,-spaces, including their analytic and non-analytic forms.
Theorems 1.1 and 1.2 will be proved in Section 3, and Section 4 is devoted
to the discussion of interpolating sequences.

Throught this paper some notations will be used repeatedly. The letters,
C, C', C, etc will denote absolute constants, not necessarily the same
at each occurrence. The notation ¢~ b means that there are absolute
constants ¢, ¢, > 0 satisfying ¢, b <a < c¢,b. Similarly, a <b means that the
second inequality holds. Also given an arc I of the unit circle, let S(7) be
the Carleson box based on I, ie.,

S(U)y={re”:1—|I|<r<1,¢e"el}
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and T(S(I)) denotes the “top half” of S([I), i.e
' 1
T(S(1)) = {reIHeS(I): - <r<1 _|2|}

For 0#ze4 let I, be the arc of the unit circle of length (1 —|z|)/2n
centered at z/|z|, and further we denote by S(z) and T(z) respectively the
sets S(Z.) and T(S(1.)). If I is an arc on 04 then z, means the point in A4
such that /=1, and for a positive integer n, nl means the arc with the
same center as / and length n |1].

We thank Maria Julia for her nice typing, and Violant Marti for the
pictures.

2. PRELIMINARY FACTS

In this section we will collect some known facts on Q, which will be used
in the following sections.

3.1. Two Characterizations of Q,(04)

Let pe(0, o). A positive Borel measure x4 defined on 4 is called a
p-Carleson measure if

w(S(1))

< 0
I<=04 |I|p ’

el , =

where the supremum is taken over all subarcs I < 04. If the right hand frac-
tions tend to zero as |I| —» 0 then u is said to be a p-vanishing Carleson
measure. As in the case p = 1, p-Carleson measures can be characterized in
conformally invariant terms ([ ASX]). Actually u is a p-Carleson measure
if and only if

_ 2 \p
sup[ <1|_Z|2> du(w) < oo.

zeata\[1—2w|

Actually this supremum is comparable to x| ,. Similarly, u is a p-vanishing
Carleson measure if and only if the above integral tends to 0 when |z| — 1.

For pe(0, 1), this notion has been used to characterize Q, (0, o)-func-
tions [2, 10]. Given fe L'(04) let f be its Poisson extension, that is

1
2n

7 2 i0 |Z|2
fer=g. | st )W‘”
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Then we will obtain the following theorem which may be viewed as an
extension of Theorem 1.1 in [2], and Theorem 2.1, 5.3 and Corollary 5.2
in [10].

THEOREM 2.1. Let pe(0,1) and feL*94) with f(e’)~Y " a,e™.
Then the following conditions are equivalent:

(i) feQ,(04)(Q, o(04)).

(i) |VA2)? (1= |z]?)? dm(z) is a p-Carleson measure (p-vanishing
Carleson measure).

(iit) g, g, o0 = O(1)(o(1)), where

oy_ 1§ ] ;
0,7(6 U)ZZ Z <1 _n—|—1> akek”.

—n

Proof. The equivalence between (i) and (ii) is derived easily from the
proof of Theorem 2.1 in [10]. Nevertheless, we provide a new proof.
Indeed, for fe L*04), pe(0, 1), one can check (see Lemma 2.6 of [17]),
that

| V(70 (1= 121)7 din2)

2J J If((ﬂ],v(ew))ff((/)w(e“”))lzdedq)

|ei()_ei<p|27p

16 /(/7 2 1— 2 4
] [ e v .

”"|2 P |1 =we”| |1 —we™|

The first estimate follows expressing the double integral in terms of the
Fourier coefficients of f and the area integral in terms of the power series
of the analytic and antianalytic parts of /. See Lemma 2 in [20]. Let /< 04
be any arc on 04 and let w e 4 satisfy S(w)=S(I). Then

1 1—|w|?
<

—< : . e e el
]~ 11 —we®| |1 —we'|’ ’

and hence (i) follows whenever (ii) is true.

Conversely, let fe Q,(04). For we 4, let <04 be the arc such that
S(I)=S(w). Observe that if e?e2**'I\2I, e e2/*'I\2/I, k,j=0,1, ...
then we have

1 —|w|? 1
[T —we| |1 —we™|~2U+5 ]
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Thus

L IV(fo@.)(2)I> (1= |z]?) dm(z)

If (e") —fle")|?
NZZ(H—I()[) |I|pL”j z() 1(/)|2 P

1
< . = A .
~§ (2% |1|)p LU L”jL; kgo 25+ 1))r L/’I Lkﬂ'l\z/’l

The first term is already bounded by | f2 0,01)" For the second, noting that
le?” — | =2%+/=1|]| and then using a fact in [17] we get the bound

do do

Z Z 2(A+/) |1| ZMLJIL’HU IU) —f(e")|? db do

1
<(35) U livoon:
J

In the case that du, is a p-vanishing Carleson measure or f€ Q, ((04), the
argument only requires minor modifications and the proof is omitted here.
Now, let’s turn to (i)<>(iii), which is equivalent to saying that a
complex sequence {a,} is the Fourier coefficients of a function in Q,(04)
(Q,.0(04)) if and only if |a, HQ(M)— O(1) (o(1)) as n— oo.
On the one hand, suppose that f€0,(04) with

| e
ak=—j fe®) e *do, k=0, +1, +2, ...
271'0
So
I R A
o) =5 [ S ) K (e) do,
27‘[0

where

) ” k )
k=5 (1) v

—n

is the Fejer kernel. The Minkowski inequality applied to o, yields

lo, HQp(aA) < ”fHQp(F/A)~
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On the other hand, let Ha,,HQP(M) = O(1). Since Q,(94) = BMO(04),

sup [a, | smoas) < ©

n

and hence for each n, g, determines a bounded linear functional on H},
the real part of the Hardy space H', and so {o,} can be regarded as a
sequence in a weakly compact subset of BMO(04) = (H §)*. Consequently,
there is a 0 € BMO(04) which is a weak cluster point of {s,} and thus, if
e¢>0 and ge H, then for infinitely many n, one has

[ 7 o (e) g(e™) df— [ 7 o(e) gle™) d@‘ <e.

In particular, from g(e) = cos k0, sin k@ respectively, it follows that

|k| Ty —iko
’2n<1—n+1 ak—L o(e”)e do|<e

and then that {a,} are the Fourier coefficients of 0 € BMO(04). Next, we
will further prove that o€ Q,(04).

Again, using the assumption: |o,, || 0, 0m = = O(1) we find a subsequence {a
which converges to ¢* in LZ(OA ). Moreover applying Fatou’s Lemma to
Ha,,kHQp(a/, = O(1) we have 6*€ Q,(04). Now for any geL?(04), one has

7 tote) — e ste) o <
0

7 tote) = e ) o)
0

+

2r

|7 Lo, () —a*(e)] gle”) de‘ ~0
0

as k— oo,

and so ¢ = ¢* = f almost everywhere and then fe Q,(04). The argument in
the space Q, ((04) is completely similar. ||

Remark. Let 0<p<1. Let f be a C* function in a neighbourhood of
the closed unit disk. One has

1 /15,04 S MV (1= |2)? dm(2)] .-
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Following the proof of (ii) = (i) in Theorem 2.1, one can show that it is
sufficient to establish the following estimate

| V(o @I (1=[21P)7 din2)

y CJ J |fop.(e”) —fofﬂw(ef"’)lzdg do.  wed
- a4 Y oAa | ’

ei()_eizp|27p

(where C is an absolute constant).

Writting g=f-¢,,, it sufficies to verify

2 2 12 1 > i(p+h) ip\|2
| Vs (1= 1z dmz)> €[ oy | e ) —g(e )] dip di.

Take r=1—h. We have
|g(e"? ™) —g(e)| < [g(e"? ") —g(re"? )| + [g(re ") — g(re™))|

+1g(re”) —g(e’)|

1 h
<[ Vetre o) di+ [ |Vglre's+ )| ds
r 0
1 .
+ j \Ve(1e™)| dt.
Apply Minkowski integral inequality [ 18, p.271], to get
2n ) 1/2
([ tetere = gte do |
0

1/ p2n ) 12 27 _ 12
<2 <j0 |Vg(te"”)|2d(/)> dz+h<f0 |Vg(re”/’)|2d(p>

=)+ ).

Changing to planar coordinates one gets

12 1 12 27 )
f () dh =j W j \Va(re)|? do dh
0 o

o h*r

<[ Va2 (1= [z1)7 dm(z),
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For the term (I), put x=1—¢ and apply Hardy’s inequality ([18,
p.272]) to obtain

12 1 R 1/ p2n - 12 72
fo hz,p(l) dh_4f0 W“ <L |Vg(te')| d¢> dl} dh
12 1 h [ o2m s 1/2

=4[ | ([ vt —xr e do

1/2 27 )
<[ hr [ Ve —h) ) do dh

o o

2
dx} dh

<] Va2 (1= [z1)7 dm(z).

This gives the Remark.

Also we remark that (i) <> (iii) still holds for BMO(34) (VMO(34)).
Theorem 2.1 and the conformally invariant characterization of
p-Carleson measures give the following result.

COROLLARY 22. Let 0<p<1 and fe L*(04). Then the quantities

L e —fe)P?
1= 5P 1755 || =g o 4040

1
A= sup — IVA(w)|? (1 = |w|?)? dm(w)

reoa 7 sy

(I—1z1*) (1= W]\ _
_supf ( 1217) (1 —wl )> I/ ()2 dm(ow)

ed [T —wz|?

are comparable, that is, there exist constants C,, C,, C3>0 independent of

f such that
Hf”Q (04) SCA<CB<C HfHQ((M)

Recall that VMO(04) is the closure of trigonometric polynomials in
BMO(04). An analogous result holds for Q, (04).

CorOLLARY 2.3. Let pe(0,1) and fe Q,(04). Then the following condi-
tions are equivalent:
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(i) fe€Q, o(04).
(i) lim, ., Hth_fHQp(aA) =0, where T, f(e”)=f(e""~").
(iii) lim, ., [f, =7 0,004) = 0, where f,(e”) = f(re").

Proof. (i)=(ii). If fe€Q, ((04) and F,=T, f—f then for any &£>0
there is a 0 >0 so that for all subarcs I = d4 with |I| <d, one has

1 (L0 £ ,iP)]|2
[ [N gy,

W |ei()_eiq7|27p

and thus for any /< d4 with |I| <, one has

1 |F(e")—F(e)]?
jl L do do

G e — e
(LI0\ __ £ ,ip)|2
_ 1 Hlf(e) SN 1o 4o

I“r

|ei(1_ei¢|27p

s

I G e i
L do do <e.

|1|p ; |ei(07t))_ei(wft)|2fp

However, for any arc I =04 with |I]| > d, applying Theorem 2.1 one gets

2
do do

1 JIJIIFr(e’”)—Fz(e"”)I

W |ei()_ei¢|27p

1 27 20 |F(e”) —F(e”)]?
<— = do d
57 Jo fo e 4

_ei</>|27p

1 A
S5 ] VRGP (1= |21 dn(z)

1 P R
<5 | V) =[P (1= 12Py dm(z) >0 as 10,

In other words, (ii) follows.

(ii) = (iii). Assuming that f'e Q,(04) satisfies (ii), we use Minkowski
inequality in

. . 1 (2= . .
f(e”) —fi(e”) =5, f [f(e”)—f(e""=")] P.(¢) dp

0
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to get that for any small ¢ >0,

1 2n
1 ~Fguen <57 | 1= To Fllogen P o) do

S| =T flgen PAp)do
pl<e

+[ W logen Piw) do,
lpl=e

which gives (iii)
(iii) = (i). This implication is obvious since Q, ((04) is closed in

0,(04). 1
2.2. Inner Functions in Q,

This paragraph is designed to discuss inner functions in Q,(Q, ,) for
p€(0,1). An inner function is a bounded analytic function on 4 whose
radial limits have modulus 1 almost everywhere on 04. Inner functions in
0,, pe(0,1) are described in [10] as the Blaschke products whose zeros
{z,} have the property that

X (1=lz,1))74,

n

is a p-Carleson measure, where J,, is the Dirac measure at z,. Moreover the
only inner functions in Q, = VMOA, pe(0, 1) are the finite Blaschke
products. The later fact follows also from the equality

L7 1B = Bzl P(0) dO =1~ Bz,
277.’ 0 !

which holds for any inner function B and any subarc I < 04. Besides, all
inner functions B have small mean variation on many arcs /, namely, those
such that |B(z,)| is close to 1. The next property presents an analogue of
this phenomenon for Q,, pe(0, 1).

THEOREM 24. Let pe(0,1) and Be Q, be the Blaschke product with
zeros {z,}. Then for any e¢>0 there exists 6>0 such that whenever
r>1-—0, one has

1
117

Jo) 1B (1= 207 7,(2) dtz) <
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where S(I) is the Carleson box based on the subarc 104 and y, is the
characteristic function of the set {ze€ A :inf, p(z, z,) >r}.

Proof. Let us first check the following fact.

Claim. Let B be a Blaschke product in Q,, pe(0,1). If £>0, there
exists 0 > 0 such that

log |B(z)| 2<e if infp(z,z,)>1—6.

An elementary estimate gives that if inf, p(z, z,,) > 1/2 then there is a
constant C >0 such that

(=211 =]z, 1*)

¥ (1 =1z =z, 1*)

<log |B(z)|72<C 2.1
I T e L L G Ve s (2.1)
Then the claim follows as long as we prove that
_ 2 _ 2
yUZlEDA==D 0 o r=infp(z.z,)~ . (2.2)

I1-2,z)?

For this, it suffices to show that for any &> 0 there exists j(r) — oo (when
r— 1) so that

1
12/

Yoo (I=lz, ) <e  j=0,1,..j(r). (2.3)

z,eS8(2/1,)

Actually, since

Z(l_|zn|)52

n

n

is a I-Carleson measure, (2.3) gives (2.2) after one breaks the sum into
dyadic blocks.
Observe that z,e S(2/1.) and p(z, z,) =r, give

—lz? (=12 =7
(- S =z

<1_r9

that is,
1—]z,1><4-2Y(1 =r?)(1 = |z]?).

Now fix j(r) so that &(r)=4-2/")(1—r?)—>0 as r — 1. Since Be Q,,,

Z(l_lzn| )

n
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is a p-Carleson measure and consequently, for 0 <j<j(r), we have

Y (U=lz,)<[I2/Lle(r]'=" 3 (1—=1z,)”

z,€8(2/1.) z,€8(2/1.)
<Sle(n]' 71271

which gives (2.3) and proves the claim.
A calculation with logarithmic derivatives gives

B(z 1—|z,]?
Z (z—z,)1—2,2)
Hence
|B(z)|<z —lzl” (24)
—z,z|% '

Using the claim we deduce that for any ¢ >0, there is an r in (0, 1) such
that 1 —|B(z)|*<e if inf, p(z, z,) >r. Hence, (2.4) gives

L({) |B'(2)]* (1= |zI?)? x(2) dm(z)
<L‘(1) (1—=1B(2)|?) |B'(2)| (1 = |z1*)”~" x(2) dm(z)
(I—1|z)7!
<gz —z,1%) medm(z)
1_ 2\p—1
<o| T a-lap [ S

2
z,€8(21) —Z,7|

—I—< Yoo (I=z,]%) L(” (1|1__|Zzli);|721 dm(z)ﬂ

z,€ A\S(2I)

dm(z)

11—z, —|z|?
Ss[ S (e ey LA ')}sum.

2
z,eS(21) n |1 —2,z,]

In the last line one may use the following formula. Let

1(y)=j U=l e, > 1. (2.5)
4 |1—wz|?

Then I(y) S1if >0, 1(0) ~log(1 — |w|) ™", I(y) =~ (1 — |w])” if —1<y<0.
Since ¢ > 0 is arbitrary, this completes the proof. |
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The above Theorem 2.4 has an interesting consequence which is
analogous to Lemma 3.3 in [19] and will be used to solve the interpola-
tion problem in Q, N H™.

CoROLLARY 2.5. Letpe(0,1)and Be Q, be a Blaschke product with zeros
{z,}. If FEQ, on H” satisfies lim, ., F(z,)=0 then BFeQ, ,nH™.

Proof. By the previous results, Theorems 2.1 and 2.4, we only have to
show that

1
7f |F(2)]? |B'(2)> (1 = |z1?)? [1 = x(2)] dm(z) >0 as [I] >0,
17 s
where y, is still the function given in Theorem 2.4. Because Be Q,, the
above integral can be bounded by

Csup {|F(Z)|ZZ zeS(I),inf p(z, z,,) Sr}

which tends to zero when |[I|—0, because lim,_ . F(z,)=0 and
FeQ, = By. Actually the little Bloch space consists on those analytic
functions having vanishing oscillation on pseudohyperbolic disks with fixed
radius [6]. |

Remark. Corollary 2.5 still holds for p =1 if the sequence {z,} is 1-thin.
Actually, since

inf{|B(z)|:inf/)(z, zﬂ)Zr}—ﬂ as r— 1,

zed
one has

1
sup | IB P (1|2 () dm(z) >0 as 11,
S(I)

I<oa |I|

and one can mimic the last proof.

3. CORONA PROPERTY AND FEFFERMAN-STEIN
DECOMPOSITION

In this section we use p-Carleson measures to solve o-problems in
0,(04) " L*(04). This leads to the Corona theorem in O, H* and to
the Fefferman-Stein decomposition in Q,(04).
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3.1. 0-Problem in Q,(94) N L*(04)(Q, o(04) N L*(94))

Given a Carleson measure x on the unit disk, it is well known (see
Chapter III of [11]) that the J-problem,

OF =y,
has a solution F, in the sense of distributions, satisfying
HFHL%((M) < Cllully.

P. Jones further found in [ 12] that such a solution F can be given by an
extremely simple and flexible formula,

F(Z):LK<|5|1’Z’ 5>d"(f” B

where

u 20 1—1&2 { <l+u‘}f 1+Wz>d,u(w)}
K e S _ _
<|u|1’z’5> 7 (1—&)z—¢) " JW@ T—we 1—wz) ul,

The estimate

)

shows that Fe L*(04). As a consequence, if |g(z)| dm(z) is a 1-Carleson
measure then 0F=g, has a solution Fe L*(04). We want to find an
analogous result for Q,(04) N L™(04) (Q, o(04) N L*(04)); that is to say,
under which conditions on g does the equation dF =g have a solution
FeQ,(04)nL™(04) (Q, o(04)nL*(04))? It is surely reasonable to
observe in advance that L*(94)¢ Q,(04) (C(04) & Q, ¢(04)) for
pe(0,1), in fact, for example,

K<| Lo e é)‘ (&)< C, lull,

o0
f(eif)) — Z 2,,(1,, l)/26i2”6

n=0

is in C(04)\Q,(04). See [3] where the power series with Hadamard gaps
which are in Q,(04) are characterized.

Our answer to the above question is:



MOBIUS INVARIANT DIRICHLET SPACES 399
THEOREM 3.1. Let pe(0,1). If d)»(z)=|g(z)|2(1—|_z|2)" dm(z) is a

p-Carleson measure ( p-vanishing Carleson measure) then OF =g has a solu-
tion Fe Q,(04) " L™(04) (Q,, o(04) N L™(04)). Actually,

IFllg,0a) + IFN 200y < C 212,

where C is an absolute constant.
Proof. We only give a proof for Q,(04) nL*(04), because the proof

for Q, o(04) " L*(04) is similar. Let du(z)=|g(z)| dm(z); then u is a
1-Carleson measure. Actually,

u(S(I) = L(,) du(z)

1/2 1/2
<U dz(z)} “ (1—|z|2>Pdm(z)} < 1A,
S(I) S(1)

Thus the function F given by (3.1) is in L=(04) and 0F = g. Next, our hope
is to show that Fe Q,(04). For this purpose, consider a new function G on
A which has the same boundary values on 04 as zF,

2 1= 14w 14wz
9= J|1—5Z|26Xp“w|>5<1—M7§_1—WZ>
|g(w)]

el

dm(w)} ¢(&) dm(&) (3.2)

By the Remark after Theorem 2.1, one only has to show that G satisfies

sup
reoa 117

f IVG(2)] (1 = |2]2)” dm(z) < 0. (3.3)
S(I)

Without loss of generality, let g(z) >0 and |u|,=1. Then,

1+ wé — &7
Re <f|w|>|§|1_wé (w)dm(w)><2j Tz 0 dnin < Co, (34

where C, >0 is a constant independent of & € 4. Moreover,

J ﬂexp { —Jl iﬂ_&'zg(w) dm(w)} g&)dm(&) <1 (3.5)

al1=¢&z)? wizle [T —wz]?
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(see the proof of Lemma 2.1 in [12]). Using (3.4) and (3.5) one can show
that

g(w)

m dm(W)

VG(2) <
A
and hence that

| VG (1 =122y di(z)
S

S fs(/) (1= |z|2)1’ { (L(Z/) * L\SQI)) |1g—(‘:1)z|2 dm(w)} 2 dm(z)

<[ a=ppy &0 ) zdm(z)
S(I) S

en [1—wz|?

2
+ -z U g(w)dm(w)} dm(z)=(A) + (B).
S(1) A

\sen |1 —wz|?
For (A), we use Schur Lemma [ 25, p.42]. Indeed, consider

(1= 1z (1= w[*) "2
[T —wz|?

k(z, w)=
and the integral operator T induced by the kernel k(z, w),
(T1)(2) =Lf(W) k(z, w) dm(w).
Taking ace (—1, —p/2) and applying the formula (2.5), one gets
|tz (1= ) () < (1= |21

and
L k(z, w)(1— |212)* dm(z) < (1 — [w|?)™

Therefore the operator T is bounded from L*(4) to L*(4). Once letting

Sw)=(1- [w[?)?72 g(w) XS(Z[)(W),
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where ., denotes the characteristic function of S(2/), we have
2
(A)=J “ Jfw) k(z, w) dm(w)} dm(z)sf | £(z)|2 dm(z)
A A 4

=f |g(2)]* (1= 1z[)” dm(z) < 1]".
S(21)

We estimate (B) using dyadic blocks,

2

j 80wy | dm(z)

@+ 1nsain |1 —wz)?

o0

(B (1= |z|2>P[ )

n=1

2| S H(S2"1))
SLU)(I—IZI ) { > AT

n=1

2
} dm(z) S |17

These estimates on (A4) and (B) imply (3.3). ||

3.2. Corona Theorem for Q,NnH*(Q, " H™)

The first application of Theorem 3.1 is the Corona theorem for @, H*
(Qp0onH).

Proof of Theorem 1.1. From a normal family argument, we can assume
that the given functions f; ---f, are analytic on a neighbourhood of the
closed unit disk and we are forced to find functions g,,..,g,€Q,n
H™(Q, ¢ H™) satisfying

> fege=1.
It is clear that
i (2) = f()/ RIAGE

are nonanalytic functions making

As in the case of H* (see Chapter VIII of [11]), to replace /i, by
functions in O, N H™ one needs to solve the equations below,

5bf,k:hjghk’ 1 <], k<l’l
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in Q,(04) " L*(04) (Q, o(04) nL™(04)). 1t is sufficient to deal with an

equation 0b=h where h=h jéhk. An easy calculation shows

n

lh()| < X 1f5(2)].

J=1

So by Theorem 2.1, |i(z)|*(1—|z|*)” dm(z) is a p-Carleson measure
(p-vanishing Carleson measure). Using Theorem 3.1 there is a solution
be Q,(24) L= (24) (Q, o(04) A L*(24)), 3b=h such that

n
161l 0,00+ 16l 200y < C X il g, B
j=1

Remark. As mentioned in the introduction, the Corona Theorem for
0,,0nH”=VMO n H* was proved in [ 19]. It also holds for Q, ¢ n H,
p>1, that is, for the algebra of bounded analytic functions in the little
Bloch space. Actually, given f, ..., f,,€ By H™ satisfying

inf (1f,(2)] + -+ +|f(2)]) =0 >0,

zed
one can find e =¢(d) >0 and ¥;e C*(4), j=1, .., n such that

w(z)=1 if |f(z)|>5/n,

J

P(2)=0 if [f(2)]<e

J

and |V¥,(z)| dm(z) is a Carleson measure (see [11, p.342]). Moreover
since f;€ B, one can also assume

(1—|z) V() -0 as |z -1,
Set

v,

J

(p,:
! .f]zglk

and one has
fl(pl+ +J[n(an 1.
Observe that ¢; are bounded, |V¢;(z)| dm(z) is a Carleson measure and

(I—=1zD) IV;(2)| =0 as |z[ -1
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To replace ¢; by functions in H“ N B, one has to solve the equations

aquk: %
oz %oz

I<j<n

Hbj,k”L'L(aA)< + o0

sup {|b, 1 (z) —=b, (w)| : p(z, w)<1/2} -0 as r—1.

|z| =7

For this one can consider the P. Jones solution (3.1) and observe

B e [ 0, . )

J{f:ﬂ(ﬁ,z)él/z} & —z| [1 =& K(S,2) |0,(&) 72 (f)‘ dn(&) >0 as |z] -1
(1—1z»)(1 =% 9y

L |1_€‘Z|3 (Pj(f) EE (f)‘dm(f) 0 as|z|—L

3.3. Fefferman—Stein Decomposition for Q,(04)(Q, o(04))

The second application of Theorem 3.1 is a decomposition of Q,(94)
(Q,.0(04)) similar to the Fefferman-Stein decomposition of BMO(04)
(VMO(04)).

Proof of Theorem 1.2. Denoting by X the conjugate space of a given
space X, we will show that

(@) Q,(04)=Q,(04) N L™(04)+[Q,(04) n L™ (04)]~
(b) Q. 0(04) =0, o(04) N C(04) + [ Q,, o(04) N C(04)] ~

First of all, we show (a). On the one hand, if f=u+7, u, ve Q,(94) N
L>(04), then from Corollary 3.2 in [10] it follows that §e Q,(04) and
hence fe Q,(04). A

On the other hand, suppose that f'e Q,(04), is real-valued and f(0) = 0.
We find immediately that F=f+ife 0,(04) and its Poisson extension
Fe Q,. From Theorem 2.1, one has that [VF(z)|? (1 —|z|?)” dm(z), and then
|0f(2)|? (1 — |z|?)? dm(z) are p-Carleson measures. Let du(z) = 0f(z) dm(z)
and let f,(z) be the function given by Theorem 3.1; then 5]"# =u and
f.€0,(04) N L*(04). Hence g =f—f, is analyticand g€ Q,,. Putu=Ref,,
then f—u=— Imf\_é So f=u+ 1, where u=Re f, and v= —Im g belong
to Q,(04) nL™(04). The estimates on u, v in Theorem 1.2 follow from the
bound on f, in Theorem 3.1.

Next we show (b). This part may be seen as a by-product of (a) and
Corollary 2.3. It suffices to check that O, (04) is a subset of the righthand
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set in (b). To this end, let f'€ Q, ((94) with f(0)=0. From (a) it follows
that there are g,, g, € 0,(04) n L™(04) satisfying f'=g, + &, with

ngH = ngHLl(aA) + ngHQp(aA) <Gy HfHQ],(aA)a j=12,

where C5>0 is a constant independent of f and g;. Since fe Q, ((04), by
Corollary 2.3 it follows that there is an r € (0, 1) satisfying

Il 0n
1f =1 gy0m <=

Also, let f}l)z(gj)rn (j=1,2), which obviously are in Q, ((04) N C(04),
and then let f,=7" + fi" . So

~ /1l o 01
”f* (f(11)+ fz(l) )HQ[,(amng;
consequently, f,=/— (f{"+ fiV )=g,—f "+ g, —f3 2, — 1D €0, o(04) with
/1o 24)
I/l 0,(04) ST[ and ng _fj(-l) I<Cs|fI Q,(04)

Repeating the above argument with f, and iterating, we have f=u+70
where

o0 o0
u=>y f and v=Y [

1 k=1
belong to Q,, ((94) n C(04). Hence (b) is proved. |

Remarks. (1) In the above proof, we use Theorem 3.1 to deduce
Theorem 1.2. Conversely, Theorem 1.2 can be used to deduce Theorem 3.1
as well. For instance, assume that

0,,0(04) = Q,, o(04) N L™(04) + [ Q,,o(04) N L*(04)]~

If di(z)=]|g(z)|*(1 —|z|?)” dm(z) is a p-vanishing Carleson measure then
we wish to show that 0F =g has a solution Fin Q, ((04) n L*(04). For
this, let

Fiz) = g(w)

TdgzZz—W

dm(w).

Then 0F, =g and 0F, = B(g) is the Beurling transform of g. We now argue
as in [14]. Since |[(1—]|z|?)?| is an A,-weight for pe(0,1), B(f) is a
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bounded linear operator from L*(4,(1—|z|?)? dm(z)) to itself, [11,
Chapter V1], and consequently,

[ 1oR =12y )
<[, Bezsen (D (1= =) din(z)
+L |1B(g- (1= xs0n)(2)1 (1= 2]7) dm(z)
<L( 2) xsen(2)1? (1 =1z1%)” dm(z)

+L<,)UA l2(v) dm(w)r(l—|z|2)pdm(z)

\san |w—z|?

<[ 1g)lP (=127 dnz)
S(2I)

N > Szk+11 2
SR - T

k=N+1

=o(|11?)  as [0,

where x5 18 the characteristic function on S(27), and du(z)=
|g(z)| dm(z). Together with 0F=g, the estimate of OF, gives that
Fi€Q, o(04) and also by Theorem 1.2 it yields u, ve Q, ((04) N L™(04)
such that F,=u+0. Setting F=F, +i(v+i0)=u+iv, we obtain OF=f
with Fe Q, o(04) N L™(04).

(i) Let P be the Riesz projection from L*04) onto H?. Then
Theorem 1.2 is equivalent to P(Q,(94) N L*(04))=Q,, P(Q, o(04)n
C(04))=Q,, . The corresponding fact for BMO(94) (VMO(d4)) can be
found in [25, p. 79-186].

(ii1) It follows easily that an analytic function f in the unit disk
belongs to Q,(Q, o) if and only if f=f, +if,, where f; are analytic func-
tions such that Ref;e Q,(04) " L™(04) (Q, o(04) n€(04)) j=1, 2.

4. INTERPOLATING SEQUENCES

In this section, which will occupy the rest part of this paper, we will
prove Theorems 1.3 and 1.4.
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4.1. Necessary Conditions

The necessity parts in both cases will follow from the same argument,
which combines Khinchin’s inequality and a reproducing formula for 2,
p>0. To be precise, given finitely many complex numbers w,, ..., w,,
consider the 2" possible sums

I M s

Tw;
1

obtained as the plus-minus signs vary in the 2" possible ways. For ¢ >0 we
use

to denote the average value of

over the 2” choices of sign. Khinchin’s inequality states an estimate on the
expectation below,
|

(see [11, p. 302]). Actually C,=1 if ¢ <2. This inequality will be used in
the reproducing formula for &,. The reproducing formula in [16] asserts
that for fe &,, one has

)2l

q>< Clg) ( > lelz>q/2 (41)

n
> Ew
j=1 j=1

f(2)=/,(0)+ L f1(w) K(z, w)(1 —|w|?)? dm(w), ze4, (4.2)

where

(1—zw)' 7 —1
1+p °

K =0

Proof of the Necessity in Theorems 1.3 and 14. Let 0<p<1 and
assume that {z,} is an interpolating sequence for Q,nH®. Then for
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e =+1 ]—1 .2" k=1, .., n, there are f;€ Q,n H* such that f;(z,) =
s(k” k=1,..n and

1550l + 1551l 0, < Cas

where C, >0 is an absolute constant. Applying (4.2) to f;>¢,, at ¢,(z;) we
get

Sz =1;(w) + L (fio @) (&) K(pu(zi), )1 —1E1)7 dm(<).

We have

n

Z M Zk)|2)p
= Z g(j)f Zk |(pw(zk)|2)p

—f(w) i pu(ze)2)"

[ o [z K20, 1 = 20| (1= 12y )

k=1

=(4) +(B).

We will compute the expectation of both sides of this equality. Observe
that by (4.1) with ¢=1 we find

n

£A)<C, { S (- |(p‘,u(zk>|2)2f’}

1/2 1/2

<c| T a-loopr| L @
k=1
Also, applying Holder’s inequality and (4.1) with ¢ =2, we get

E(B)<sup [ fopllo

J

12
[ S K0, 8 (1= 2R (1= 177 dn@)|

4 p=1

: (1— g2 2
(1= lou(zo 1> LI dm(é))
< Z R AT A PR

< g Pz >/ (45)
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So, putting (4.4) and (4.5) in (4.3) we see that (b) of Theorem 1.3 holds.
Since {z,} is an interpolating sequence for [ H*], (a) also holds.

If {z,} is an interpolating sequence for Q, ;n H” «c VMO n H”, it is
easy to show (a) in Theorem 1.4 holds (see [19] or the Remark below).
For (b), we may suppose that lim,,,, _, ; sup; || f;° ¢, H,,jp =0; then (4.3)—(4.5)
yield

Y (I=leu(z)P)?’ < C[(1=r*)"+sup [ fio0,ll, 12 (46)

P
ko (z) =7 J

which implies (b).

Remark. For Q, ,nH™, pe(l, 00), we can obtain a better necessary
condition, that is, {z,} is 1-thin. Here, we only have to check that {z,} is
1-thin when {z,} is an interpolating sequence for B, H*. Using Bloch’s
theorem we can easily show that fe %, iff it has vanishing variation in
pseudohyperbolic disks of fixed radius, that is, for fixed re (0, 1),

sup{|/(z) —fw)l : p(z,w) <7, |z] > s} >0 as s—1

(see [6]). So if fe Q, =B, and re(0, 1) is fixed we have

1f(z,) =1 z,) <eln,m),  plz,,z,)<r,

where ¢(n, m)— 0 as n, m — oo. Hence, if one wants to interpolate any
bounded sequence at the points {z,}, it follows that

inf p(z,,,z,)—1 as n— oo.

m#n

It remains to check (b). It is not difficult to show (see [19]) that {z,}
is 1-thin if and only if given any integer N >0, one has

1 Z (I—|z,,])—0 as n— oo. (4.7)

(1—1z,) Zn €SNI, Y;im#n

Let f=f,€0,,nH” with f(z,)=1, f(z,)=0, m#n. Given k>0,
consider the arcs

Le={re"”:r=|z;|,|0 —arg z;| <1 —|z,|}.

Since f€ B, given ¢ > 0 there exists n, >0 such that

e
Se=cilm)=sup

<e if k#n, k>n,.
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From harmonic majorization [22, p. 302] it follows that

log <|f(z")|> <Y @z, L, A\Ly) log &, (4.8)

1 =) i Z

where w(z, L, A\L) means the harmonic measure at z of L in the domain
A\L. If (4.7) is not satisfied then there would exist 7 >0 such that

CO<Zn, U LkaA\U Lk>>’7
k#n k+#n
for infinitely many 7. So (4.8) would imply

A
TP

which is a contradiction.

Although we have handled the necessity for Q,nH* and Q, (N H*
with the same idea, we are forced to prove the sufficiency individually.

4.2. Sufficient Condition for Interpolation in Q,~ H™

Proof of sufficiency in Theorem 1.3. Assume that {z,} is p-uniformly
separated and let

0<o=1inf p(z,, z,)

m+#n

Given a bounded sequence {w,} of complex numbers, take a function
@ € C*(4) with the following properties:
(1) e(z)=w, if p(z, z,) <I/4;
(ii) ¢@(z)=0 if inf, p(z, z,,) = /2.
(iii)  sup.., (1—z]?) [Vo(2)| < o0.
Let B be the Blaschke product with zeros {z,}. So,

BeQ, and  [|Ve(2)/|B(2)|1* (1 —|z*)" dm(z)

must be a p-Carleson measure. Hence from Theorem 3.1 it follows that
there exists be Q,(04)nL*(d4) solving the equation: db=0dp/B. So,
f=¢—BbeQ,nH” and f(z,)=w,forn=1,2, ... |

Remarks. Here we would like to point out that J. Earl’s [9] and
P. Jones’ [12] constructive proofs for H*-interpolation are suitable for
our situation, that is to say, their solutions are in Q,nH* if {z,} is
p-uniformly separated.
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In a similar way one can prove that {z,} is an interpolating sequence for
2, H” if and only if {z,} is uniformly separated and ¥ (1 —|z,|)? < c.

In order to give an argument for sufficiency in the case of Q, o N H™, we
require some further information on p-thin sequences and non-analytic
interpolation solutions.

4.3. p-Vanishing Carleson Measured and p-Thin Sequences

The following three auxiliary lemmas are similar to results given in [ 19]
but they are proved by different methods.

LEMMA 4.1. Let du be a p-vanishing Carleson measure, p € (0, 1]. Then
there exists a positive function f on A so that lim, ,, f(z)=o00 and
f(z)du(z) is a p-vanishing Carleson measure.

Proof. For z, we A4, define

B 1—|w]*\? —12
Fa, W)_U<|>|z <|1—M7€|2> dﬂ(é)}

and

f(z)=inf F(z, w).

wed

Since

_ 2N\7
lim <1|W|> du(z) =0,

> 144\ |1 —wz|?

one has f(z) » oo as |z|] — 1. Using the identity
1/2

1 1 —1/2 1
jg(x)“ g(r)dr} dx=2“ g(r)dr} . 0<geL'(0,1),
0 0

X

one deduces

1 —|w]?\ 1—|w|2>” 12
—_— du(z) <2 —— 4 0 1.
[ () e din<2| | (i) dua) | =0 as i
Hence, Lemma 4.1 is proved. ||
The next result provides a characterization of p-thin sequences in terms

of p-Carleson measures.

LemMa 4.2, Let pe(0,1] and {z,} be a sequence of points in the unit
disc. Then the following conditions are equivalent:
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(i) {z,} is p-thin;
(i) lim,_ _ inf

m+#n

p(z,.2,) =1 and

lim sup — Y (1—1z,]%)7=0.
r—1 Icod |I| z,€SU), p(z,, zp) =7
Proof. (i)=>(ii). Let I be an arc of the unit circle and w=z,. Given
e>0, if 0 <1 —r is sufficiently small, one has

&> Z (1 _|¢w(zn)|2)p

n:p(z,, w)=r

1—|w» (1 =z,
>y (( ||E 2|n|>
s [1—wz,|
plz,.w)=r
=Cclur Yy (=P
z,eS()
pE W)=

(i1) = (i). Given we 4 let I =04 be the arc such that w=_z,and 4, be
the point associated to the arc 2XI. Observe that p(z,, w) >r implies that
there exists j=j(r) > oo (as r —> 1) such that

inf p(z,, A)=p(r)—>1 as r— L.
k<j

Since 3 (1 —|z,|%)” 0. 1s a p-Carleson measure, we get

Y U=lpuz)P)r<2il= Y (1-1z[?)”

n:p(w,z,)=r z,€S(1),
pOvz,) =7

J
+2 3 @ Y (I=lz,P)”
=1 z,€S(2k1),
P(z,5 ) = p(r)

2 ) Y (150

k=j+1 z,€S(2K1)

as r— 1.

So, (i) holds. |

Remarks. (i) In the case p=1, the conditions of Lemma 4.2 are
equivalent to

g U=l o o (49)

= 2
m#n |1_ZW'Z’1|
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(see [19]). However the corresponding condition, in the case pe (0, 1),

(1 =1z, D)1 =z, [*)]”
I1—2,z2,/?

m Z}T

)

m#n

-0 as n-— oo, (4.10)

is necessary but not sufficient for {z,} to be p-thin. The necessity is easily
seen taking w =z, in the definition of p-thin sequence. To check that it is
not sufficient we construct counterexamples.

Case 1. pe(0,1/2). Choose integers k, — oo such that 27"k, — co and
27"k, —0. Let z;=(1—-2"")exp(i0,), 0,=jk, ", j=1, .., k,. Then

k

Y (1—|z])” =27k, — o0

Jj=1

while

(1—1z 1) =1z, *)1]”

|1_Z_mz/|2

2-2wf, 0.

))

J#*m

le
<27 ) T s

Jj=1 n

Case 2. p=1/2. Choose integers k,— co such that 272k, — oo and
27", log k,— 0, and let z; be as above.

Case 3. pe(1/2,1). Likewise, choose integers k, such that 27"k, — 0
and 27"k, — oo, also take z; as in case 1, then we still find that {z}
satisfies (4.10) but {z,} is not p-thin.

The next result allows us to make big hyperbolic perturbations of p-thin
sequences.

LemMmA 4.3. Let pe(0,1]. If a sequence {z,} =4 is p-thin, then there
exists a sequence {p,} of positive numbers, with lim,,_, , p, =1, such that
whenever {&,} = 4 satisfies p(z,, &) <p,, n=1,2,..,{&,} is also p-thin.

Proof. Since {z,} =4 is p-thin, for any sequence r, tending to 1 one
has
sup Z (1_|(pw(zn)|2)p_)0 as r—1.
wl=r n:p(w, z,)=r,
Arguing as in Lemma 4.1, one can find a sequence of positive numbers a,,

tending to infinity such that

sup Z an(l - |(pw(zn)|2)p_> 0 as r— 1.

Wwl=r n:p(w, z)=r,
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Here, we may, for example, take

—1/2
a,= inf Y (I=leJz)1?)7”
veEAL 21>z,
Pz W)=,
Now, fix numbers r, tending to 1 satisfying
1 —inf,
lnm;énp(zmazn)_)o as n— oo. (411)

1—r,

Then, consider the corresponding sequence {a,} and pick numbers p,
tending to 1 satisfying

1—
L) (4.12)
l—p,

Also, by taking p, — 1 suﬁiciently slow one can assume that p(z,, &,) <p,
implies (1 —&,1?)” <a,(1 —|z,1?)” and that &, e S(I), p(&,, z)) = (1, +p,)/
(1+4r,p,) implies that z, e S(2I).

Let &, be a sequence of points in the unit disk, p(&,, z,) <p,, n=1,2, ...
We are going to show that {&,} is p-thin using (ii) of Lemma 4.2. Given
an arc I of the unit circle let 2=z, and set

_ . 1 r}1+pn
—{énES(I) . p(in’ A‘)Z 1 +pnrn}'

Given ¢ >0, if || is small enough we have

1

1
NG Y (=&)< Y a(l=lz,[?)”

¢, e |1| z,€S(2I),
p(z,,,i)zr,,

< Y all-lez)P) <e

n: p(z,, ) =r,

On the other hand, if £,e S(I) but &, ¢ Q, that is,
P A)<(r,+p)/(1+p,1,),
then we deduce that

1—p(z,,2)=C,.
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From (4.11) it follows that there is at most one &,, e S(/)\Q and hence

Y (1=[¢, 7 ”<T Y (1=1&, 127+ (1 —=r?)".
&,eS8(I) 1717 &, e
p&,,)=r

G

An easy calculation using the triangle inequality for the pseudohyperbolic
distance [ 11, p.2-6] and (4.11), (4.12) shows that

inf p(&,,¢&,)—-1 as n— oo. |

m#n

4.4. Interpolation by Non-analytic Functions

As in [19], to interpolate by Q, ,n H™ functions we first construct
non-analytic interpolating functions.
It is clear that a Blaschke sequence {z,}, that is, a sequence satisfying

Y=z, ) <o

n

can at most accumulate non-tangentially in a set of points (on 04) of
length zero. We will refine this fact.

LemMA 44. Let {z,} =4 be a Blaschke sequence. Then there exists an
increasing function h(t) on [0, o) depending on {z,} and satisfying h(0) =0,
lim, ot 'h(t)=o0 and |{e”€dA: Card(I,(e"”)n{z,})=00}|=0, where
Card(E) means the cardinal number of the set E, and

Tye)y={zed:|z—e"| <h(1—|z|)}.
Proof. Assume that |z,|<|z,,,| for all n. Let A, be an increasing

sequence, 1, > o0 as n— oo so that

Y (1=lz,|) h, < o0.

n

Define #(1—|z,|)=(1—|z,|)h, and extend linearly between 1—|z, ]|
and 1—|z,|. It is clear that 4(0)=0 and

lim h(1)/t =

t—0
In addition, the set E={e”edd: Card(I,(e”)n{z,})=00} can be

covered by

U [h(1—1z,D/(=1z,D1 L,

nzn,
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where n,> 0 is any given integer. So |E| can be bounded by

Z h(1_|2;7|): Z (1_|Z;7|)hn_)0 as ng— o

nz=n, nz=n,

and hence |E|=0. |

In order to construct a non-analytic interpolating function, we use the
idea of Generations in [11, p. 299-300] to split p-thin sequences. Let {&,}
be a p-thin sequence of points of the unit disk, pe (0, 1). Given an arc
I <= 04, consider the dyadic subarcs of I, that is, forn=1, 2, ...

on

=) 1,

k=1

where 1" are 2" disjoint subarcs of I with length 2" |I|. Now, we will
divide {&,} into generations. For I=04, consider the maximal dyadic
subarcs J of 94 such that T(S(J)) contains some points in {&,} and then
the first generation G, of {&,} consists of these points in {&,}. Since {&,}
satisfies

inf p(C,, &) =1 as n— oo,

m#n

T(S(J)) can contain at most one point of {&,} whenever |J| is sufficiently
small. Next, for each &,e G, one repeats the above selection replacing 04
by the dyadic subarc J < 04 such that &, e T(S(J)). In this way one obtains
a new subcollection of the sequence which will be denoted by G,(&,)-the
first generation corresponding to &,. The second generation of {&,} is
defined as

Gz = U Gl(fn)-

¢, eGy

The later generations, G5, G, ... are defined recursively. See Figure 1.
For n large enough, if £, € G, for some j, then there exists a unique
¢,,€G;_ such that S(¢,) = S(E,,). Moreover,

Y =g pr<cine (4.13)

£,€G;. ¢, eSU)

holds for any arc I < 04, where C >0 is a constant independent of j and 1.

We can now state a non-analytic interpolation theorem which is the
main difference between our proof and the one for VMOA n H* due to
C. Sundberg and T. Wolff [19].
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0A

F1G. 1. The points marked with dots are in the first generation and those with crosses are
in the second.

THEOREM 4.5. Let pe(0,1). Let {z,} =4 be a p-thin sequence with
|z,| <|z,4 1| for all n. Then there exists an increasing sequence {K,} of
positive numbers, K, — oo as n— oo, and ¢ >0, such that whenever {w,} is
a sequence of complex numbers satisfying

|l/V}’l - WI71 |2

—— 0 k 4.14
max{K,, K,,} - as K= ( )

sup

m,n>k
there exists ¢ € C*(A) with ¢(z)=w, in {z: p(z, z,) < ¢} satisfying
(i) Ve(z)=0 in A\, R,, where {R,} are some pairwise disjoint
regions on A and z,€ R,,;
(i) |Ve(2)]? (1 —|z|?)” dm(z) is a p-vanishing Carleson measure;
(il) [dp(2) (1—12]) SIVe(2)] and (1—|z]?) [Vo(2)| S 1, where Ag
means the Laplacian of ¢;
(IV) SupzeA |¢(Z)|<2supn |M;n|’ l.'f‘supn |Wn|<OO>

(v) If w,>0 increases when (1 —|z,|) decrease, one has 0 < ¢(z) <
2w, for ze R,,.

Proof. Observe that one only has to do the construction when n is
large. Hence one may assume that {z,} are very close to 04.

Let I,=1. (ie, S(z,)=S(1,)) and &, be the point associated to the arc
2%, . By Lemma 4.3, K,, can be chosen tending to oo sufficiently slowly so
that {&,} is also p-thin.
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dA

FiG. 2. The shadowed region is the tower over z, when K, =2.

Forn=1, 2, .., we consider a region 7{(z,) which will be called the tower
over z,,

T(z,)=T(S(1,)) v T(S(2,)) U --- U T(S(2%1,)).

See Figure 2. Since S(2*1,) = S(&,,), the decomposition of {&,} into genera-
tions gives a corresponding decomposition for the towers, that is,

{T(Zn)} = U {T(Zn): fn € G/}
j
If K, — oo sufficiently slowly, then the following properties hold:

(1) inf{p(7(z,), T(z,,)):n#mand &,, &, €G;} — 1 as n — o, where
p(E, F)=inf{p(z,w): ze E, we F} stands for the pseudohyperbolic dis-
tance between Ec 4 and F< A.

(2) For any arc <04 one has
Y (=&)<
T(z,) =S)

Moreover, using a slightly bigger Carleson box as a substitute for S(z,,)
one can also assume
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(3) Given a tower T(z,) of the j-generation, that is ¢, € G;, there is
a unique z, in the (j—1) generation, that is ¢, e€G; ,, such that
I(z,) = S(z,,).

Next, we will determine a neighborhood R(z,), the so-called extended
tower over z,,, of T(z,). For j=1, ..., K, consider the brothers of T(S(2/1,)) as

Sy, .8

(j)
S*(K,l*j)’ w7

which are the 2(K,—j)+ 1 adjacent (from both sides) truncated Carleson

boxes to T(S(2/1,)) of the same size. So, S§' = T(S(2/1,)). Also, for j=0,
consider

0 0 0
SO sy SO,y SO

the 2K, + 1 adjacent (from both sides) Carleson boxes to S(I,)=S{".
Then consider

K, K,—j
R(z,) =< g U s<,f>>.
J=0 I=—(K,—))
See Figure 3. If K,, — oo sufficiently slowly, and again replacing S(z,) by a
slightly bigger Carleson box if necessary, one can assume that properties
(2) and (3) hold for R(z,) instead of T(z,).

Finally, for /= —K,,, ..., K,,, consider a point ¢ = £(/) in the radial projec-
tion of S onto 04 so that S\~ I,(¢) do not intersect any extended
tower R(z,,), m #n, where A is the function given by Lemma 4.4. One may
also assume that the usual truncated Stolz angles

rEl)={zeS©V: z—&)<2(1—|z)}, I=-K,, .. K,

are pairwise disjoint. Now, define

an{R(z,,)\Un s;w} u{ U (e n s .

It follows from properties (1) and (3) that {R,} are pairwise disjoint.

We will define the function ¢ as the limit of some ¢;e C*(4) which will
be constructed using generations. The function ¢; will be constant outside
the sets R, corresponding to points z, in generations G,, k <j. The key
estimate will be

max, -, { |Wn — Wy |: K€ S(Zm)i R(Zn) < S(Zm)}
K b

n

(I—=1z) IVo,(2)| <

ze R(z,).
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F1G. 3. The shadowed region is the extended tower over z, when K, = 3.

It will be clear from the construction below how to define ¢,. Assume
we have defined ¢; ; with the following properties.

(@) @, 1=w,in {z:p(z,z,)<c} if z,e U/} Gy.

(b) SUPP(VW_/—l)CU'/\{le Uz”eGA, R,.

(C) (1 - |Z|) |V(Pj71(2)| < (maxmgn |1/Vn 71Vm|)/Kn> ZER(Zn) if R(Zn)
< S(z,,).

After that, let us construct ¢;. Given a point z,,€ G, _; let R=R(z,) be
the largest extended tower of G, contained in S(z,,), namely,

1 - |én| :Sup{l - |ék |: CkEGja R(Zk) CS(ZM)}

We want to find a function = in S(z,,), which satisfies the analogues
of (a)—(c). Let w, be the value that one wants to interpolate at z,,.
Take w @ =w,, w, ., w& =w,  with

m

m

| —wE D) =K, —w
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and define
Y=yr=wlU*" in SV, 1= —(K,—j), . K,—),
j=0,..K,

and Yy =¢, , in A\R(z,). So, after a regularization we can assume that
Y e CP(4) with Yy =w, in {z: p(z, z,) < c}, satisfies

(I=lz]) [4p(2) < IVY(2)l,  zed4, (4.15)
(1—1z]) IV¥(2)| <1, zed, (4.16)
and
[w, —w,,|

(I=1zD) VY (2) z€R(z,). (4.17)

K b}

n

Furthermore, we can do the regularization in such a way that
V(z) =0, zeS(z,,)\R,,. (4.18)

This is just the place where the cones I,(£(/)) are used. Actually, we can
do the regularization in such a way that

V(z)=0,  zeJ(SI"\LED)),  1=lzI>h7(IL,]),
/

where I'(¢(l))={zed:|z—¢&()| <2(1 —|z|)} are the usual Stolz angles
and

H(1 =) V) < el g0 ),

K >

n

1—|z|<%h*'(|1n|). (4.19)

In the sequel, we shall take care of the remaining extended towers in
S(z,,) and select the maximal one, say, R* = R(z,) for some k. If R* does
not intersect the preceding one R= R(z,), then repeat the same construc-
tion. Otherwise, just repeat the construction with ¢, , replaced by ¥ =y
and S(z,,) by the Carleson box S!* = R which contains z,. In this way we
get a function Y * = . satisfying (4.15) and (4.16). Note that even if ¢,
has been substituted by ¥z, the estimates (4.17) and (4.19) still hold if we
replace the right-hand term by

max |w, —w,,|/K,.

ms<n
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Continue this process. If it ends after finitely many steps, that is, if there is
a finite number of points of the sequence {z,} in S(z,,), then we take ¢, to
be the last i . If there are infinitely many points of {z,} in S(z,,), then the
corresponding y/  converges pointwise to a function which will be our ¢;.
It is clear from (4.15)—(4.19) that ¢; satisfies (a)-(c). Finally, we define ¢
as the pointwise limit of ¢, and it is clear from the construction that ¢
satisfies (1) (iii) (iv) and (v) in Theorem 4.5. To show (ii) we will use the
estimates

Vo(z)=0,  ze{J(SI"\LEWD),  1=lz2l>h" (L)),

max,, <, |w,—w
K

n

(I—=1z]) IVe(2)l £ ml, z€R(z,), (4.20)

maxm <n |M/n - M;m |
K 2

n

h(1—|z]) [Ve(2)| <

1
zeS)V N I(EW), 1—|Z|<§h"(lln|),

(4.21)

which follow from the similar inequalities (4 17) and (4.19) for ¢;.
Put I, =, SO nI(&)n{z1—|zl<3sh~'(|1,])}, where S‘O) are the
Carleson sectors in R(z,). Estimates (4.20) and (4.21) give respectlvely

[ Ve (=121 dm(z)
R(z,)\I,

Z Z (2/(1—1z,1%)"

n J=0 —(K,—J)

< max,, -, [w,—w,,| 1>
~ K

maxm <n |Wn
~ K,

n

Wl [25(1—z,0%)]1” (4.22)

and
[ VP (1= 1227 dmz)
r,nsS;

2 _ 2
< max || m&Rmen Wl |1 g0 (403
r<1—|z,| h(t) K

n
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Now, let S(7) be a Carleson box and let n be such that R, S(I) # .
Then

o o VN (1 =127 i)

(] S ORI ERR e
Rz )\, AS(I) T, S(I)
—(4)+ (B)
If 2% |1,] < |I], then as in (4.22) we have

max,, <, |w,—w
K

n

(A)< nl” o — 12,1777,

Otherwise, that is, if 2% |I,| > |I|, we get

2

(A) smaxmén |n}n_wm|

K

n

11 (251,)]”.

On the other hand, if |7| > |,|, then using (4.23) we obtain

t 2 max,, <, |M}n_wm| 2 . |I|
B)< L < LNy ANIAL
( )N[é?a"z,,h(r)} { K } min i p Koy 1]

n

and if |7] <|I,,],

t 1?[max,, , |w,—w,,|*]?
B < - m=n n m IP.
( “{f‘ﬁﬁhm} [ K } d

n

So,

[ VeI (1= 1212 dm(z)
R, S(I)
max,, ., |[w,—w
_max,, .
K

n

nl” 250y 2107

+ 4 maxm<n|wﬂ_wm|2
max N
t<max{|I|, |1,|} h(l) K

n

[1 + min {||II||, KHH [min{|/|, |7,]} ]
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Applying the assumption (4.14) and the fact that

Y (1=1&,1)7 0, =Y 2% 11,7 o,

n n

is a p-Carleson measure we arrive at (ii). Hence, the proof is completed. ||

Remarks. (i) In the case p =1, Theorem 4.5 still holds with property
(i1) in place of the weaker condition that |Vg(z)| dm(z) is a 1-vanishing
Carleson measure. This fact can be shown in a similar way.

(i) Any bounded sequence {w,} satisfies (4.14), but one can also
take unbounded sequences {w,} tending to infinity sufficiently slowly.

(i) If ¢ satisfies (ii) and (iii) of Theorem 4.5, there exists
be Q, o(04) " L*(A4) such that db=0J¢p. This follows from the fact that
when [0p(z)| dm(z) and |A4¢p(z)|(1 —|z|) dm(z) are 1-Carleson measures
and sup._, |dp(z)| (1 —|z|) < o0, any smooth solution b of 9b =3¢ which
is bounded on the unit circle is already bounded on the unit disk [21]

[5,p.53].

4.5. Sufficient Condition for Interpolation in Q, ¢ H%

After this long preparation, we can give a proof for the sufficient
condition for Q, o N H *-interpolation.

Proof of sufficiency in Theorem 1.4. Without loss of generality, let {z,}
be a p-thin sequence of points in the unit disk, |z,|<|z,, | for all n, and
let {w,} =C be a bounded sequence of complex numbers. Choose K, —» «©
verifying Theorem 4.5. Also let ¢ be the function given by Theorem 4.5.

Since |Vo(z)|? (1 —|z|?)? dm(z) is a p-vanishing Carleson measure,
Lemma 4.1 provides a function k(z) >0 increasing to infinity (as |z] — 1)
such that [k(z) |Ve(z2)|]1? (1 — |z|?)” dm(z) is still a p-vanishing Carleson
measure. Setting

k,= inf k(z)"?

zZeR,

where R, are given by Theorem 4.5, and replacing k, by smaller numbers,
increasing to infinity as well, one can assume that

|log k,, —log k., |*

-0 as k— oo.
nom=k maX{Kns Km}
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Another application of Theorem 4.5 with the values {logk,} gives a
function s satisfying (i)—(v) in Theorem 4.5. So, Y(z,) — o0 as n — oo and
0<y(z)<2logk, for ze R,. Using the third remark after Theorem 4.5, we
can find a function aeL*(4)nQ, ((94)) so that da=0y. Hence
F=expla—y)eQ, nH”, F(z,)—>0 as n— oo and |F(z) “1<k(z) for
zelJ, R,.

Let B be the Blaschke product with zeros {z,}. Then the measure

2

Vo) (112127 digz)

‘B(Z)F(Z)

is a p-vanishing Carleson measure. Now, from Theorem 3.1 it follows
that there is a function be Q, ((04) N L*(04) with b =0¢p/BF, and then
that f=¢ —BFbeQ, ,nH” because here Corollary 2.5 is applied to
FeQ,,nH” with F(z,) -0 and so FBeQ, ,n H*. It is obvious that
this function f interpolates w, at z, for n=1,2, ... |

Remark. 1f {z,} = 4 is 1-thin, using Remark (i) after Theorem 4.5, one
can assume |V¢(z)| dm(z) is a 1-vanishing Carleson measure. Repeating the
same argument we also get that

‘ Vol(z) dm(z)

B(z) F(z)

is a l-vanishing Carleson measure. So, it remains to check that the
equation

- 0
h=22
b=3r=%

can be solved by b e VMO(94) n L*(04). This is well-known and follows,
for instance, from the Fefferman-Stein decomposition. Actually the function

1
by(z) = g(S)

nigz—¢&

dm()

is in VMO(04) and 0b,=g. Hence b, =u + #, where u, ve C(04) and one
can take b=b,+ i(v+ i) e VMO(04) n L*(04). Finally, the interpolating
function ¢ —bBF is in VMOANH* cBy,n H™.
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